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Intuitionistic Epistemic Logic IEL with Justification™

Youan Su

Abstract. In Artemov and Protopopescu (2016), an intuitionistic epistemic logic IEL is in-
troduced, in which the axiom A — K A is accepted whereas the axiom KA — A is rejected.
This paper explores the relation between knowledge and justification on the basis of IEL. The
expressions for the knowledge of a proposition “A” denoted as “/K A” and the justification “¢”
of a proposition “A” denoted as “¢: A” are included. The proposed systems contain the axioms
of IEL and the axioms of the logic of proof LP (or JT4). It also includes a connection axiom
t:A — KA. This paper gives Hilbert systems and Kripke-Fitting semantics for the newly in-
troduced systems and shows that they are sound and complete for the intended semantics.

1 Introduction

In Artemov and Protopopescu ([3]), systems of intuitionistic epistemic logic
IEL are introduced. Different from the well-known Hintikka-style classical epis-
temic logic, IEL provides the conception of intuitionistic knowledge based on the
BHK interpretation, in which “K A” (A is known) is explained as “conclusive evi-
dence of verification that A has a proof”. As a consequence, a formula in the form
of A — K A is accepted as an axiom (co-reflection axiom), but the 7T-axiom in the
form of KA — A is no longer valid. The intuitionistic propositional system with
the K-axiom K(A — B) — (KA — KB) and the above co-reflection axiom is
named as IEL ™, which is designed to express the intuitionistic belief. Adding the
intuitionistic reflection axiom in the form of K A — ——A into IEL ™, we can obtain
the system IEL of intuitionistic knowledge. The proof-theoretic properties of IEL
have been studied in [7, 16, 25], and a first-order expansion in [24].

Justification logic is introduced first in the name of the logic of proof LP in
Artemov. ([4]) In LP, Artemov revived a project begun by Godel to formalize the
intuitionistic truth in the classical provability. He succeeded in developing an explicit
proof-terms for provability in S4. After that, it is realized that proofs were only one
kind of justification, LP is renamed as JT4 and became a member of a big family.
The family of justification logic has gained more and more attention.

In justification logic, a formula in the form of ¢: A is read as ““t is a justification
for A”. The K-axiom of modal logic is named as Application-axiom in justification
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logic, given as s:(A — B) — (t:A — s - t:B). Similar to the modal logic, justi-
fication logic is a family containing, for example, JD,JT, J4,JD4, etc. ([5]) Many
studies have been conducted on this topic, for example, self-referentiality of justifica-
tion terms is studied in [6, 27, 28], and justification logic over relevant logic is studied
in [21, 23].

As an extension of the studies in justification logic, the efforts to keep both epis-
temic modal operators and justification operators in one system have been made in
Artemov and Nogina ([1]), Fitting ([9, 10]). This system is named as LPS4. By
putting an axiom in the form of ¢: A — K A, it provides a bridge to connect the ex-
plicit/implicit knowledge in one epistemic logic system.

This paper proposes bimodal IEL systems expanded with justification. The new
introduced systems are named as JIEL ™ and JIEL. The modal axioms and rules from
justification logic JT4, namely the K -axiom, T-axiom and 4-axiom and necessitation
rule are added into IEL systems. All original axioms of IEL and IEL ™ remain. Fur-
thermore, a connection axiomatic schema in the form of t: A — K A and a negation
introspection schema —(t:A) — K—(t:A) are also valid in the new systems. The
internalization property of the system is built. Kripke-Fitting semantics is proposed.
Soundness and Completeness theorems are shown.

2 Hilbert Systems of JIEL
A justification term ¢ is defined as follows:
tu=cloft-t|t+t|t

where, c is called a justification constant and v is called a justification variable. Op-
erator “- ” is called “application”, “+” is called “sum is called “positive intro-
spection”.
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A formula A in the language £ is defined as follows:
Au=p|L|ANAJAV AJA— A|KA|t:A.

The negation of a formula A, — A is definedas A — L.

The systems JIEL™ and JIEL are introduced in the following table.

We have the following two axioms in our new systems: negative introspection:
—(t:A) — K—(t:A); connection axiom: ¢:A — K A. These two axioms are provided
for the convenience. The latter can be derived from T-axiom (it is called explicit
reflexivity ) in the form ¢: A — A and CR-axiom (co-reflection axiom) in the form of
A — KA. The Negation introspection is nothing but a special case of CR-axiom.

The notion of ¢:F' according to [2], can be explained as “t is a justification of

FE TS

F”, “tis accepted by agent as a justification of F'”, “t is a sufficient resource for F”.
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Hilbert system JIEL™
(N-AX) A1 NAy — A; (izlori:2)
A— (B— (AADB))
(\/-AX) Ai—>A1\/A2 (7:101'222)
(A-C)—=(B—C)—= (AVvB—=C())
(—-Ax) A— (B— A
(A-(B—-0C)—= (A= B)—=(A—=0))
(L-Ax) 1= A
X) K(A— B) — (KA — KB)
(CR) A—- KA
(Application) s:(A— B) = (ttA — s - t:B)
(Union) tiiA— (t1 +t2:A) (i=1ori=2)
(Explicit reflexivity) tA— A
(Proof checker) t:A =ttt A
(Explicit-implicit connection) t¢:A — KA
(Negation introspection) —(t:A) = K—(t:A)
(MP) From A and A — B, infer B.
(AN) F c: A where A is an axiom and c is a constant
Hilbert system JIEL
All the axioms and rules of JIEL ™ plus:
(IR) KA — —--A

Artemov has mentioned, “Justification Logic provides a novel, evidence-based
mechanism of truth-tracking which seems to be a key ingredient of the analysis of
knowledge.”([2]) By adding justification terms into IEL, we obtain a method to do
truth-tracking in a deduction. For example, a formula t:(KA — KB) — (s:KA —
s-t: K B) states that “given a justification ¢ of knowing A implies knowing B, combing
a justification of knowledge of A we can derive that a justification s - ¢ of knowledge
of B.” Justification term s - ¢ can be seen as a track of the validity of a knowledge of
B.

As Artemov has pointed out, we can have factive justifications or partial justi-
fications. ([2]) A factive justification always entails truth, i.e., the axiomatic schema
t:A — A is valid, while a partial justification does not. Here, we only consider a jus-
tification as a factive justification on IEL. The reason is that, according to Brouwer,
an intuitionistic truth is seen as the existence of a proof. ([26, p. 4]) It is very natural
to see a genuine intuitionistic justification as a proof. That is to say, a justification
always entails a truth.

However, when we consider an intuitionistic knowledge, it cannot be factive.
That is because, according to Artemov and Protopopescu ([3, p. 273]), an intuition-
istic knowledge is the conclusive verification of the existence of a proof. This ver-
ification can be given by zero-knowledge protocols, the testimony of an authority,
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classified sources, and existential generalization. ([3]) Based on this explanation,
KA — Aisnotvalid. Because “it is possible to have a provably verified proposition
A without possessing a specific proof of A itself” ([3]), a verification does not always
provide a proof. If we follow this notion, a factive justification can be thought as a
source of conclusive verification. As a result, whenever given a justification ¢ of a
proposition A, we can derive a conclusive evidence that A has a proof. That is to say,
t:A — K A is valid. On the other hand, KA — ¢: A is not valid, since a verification
cannot yield a factive justification.

To conclude it, we can check the following expression. Give an arbitrary formula
A, we can have the following chain in JIEL. The left formula always implies the right
formula.

ttA — A — KA — ——A

Here, t: A stands for an intuitionistic truth A with justification ¢. A stands for an
intuitionistic truth, namely a proof of A. K A stands for an intuitionistic knowledge,
namely a conclusive verification of the existence of a proof of A. Finally, -—A,
according to Artemov and Protopopescu ([3]), is a classical truth.

Definition 1. A constant specification CS is a set of formulas in the form of ¢ : A,

where A is an axiom and c is a justification constant. Let JIEL ™ ¢s and JIEL¢gs be the

fragments of the systems with only formulas from CS being allowed by the rule (AN).

Especially, JIEL ™ 5 and JIEL are the systems without any constants specification.
A CS has the following property:

* axiomatically appropriate: For each axiom A, there is a constant ¢ such that
c:AeCS.

* schematic: If c:A € CS and B is an instance of the same axiom schema with
Athenc:B € CS.

Proposition 1. JIEL ™ ¢s, JIEL¢s are closed under substitutions of justification terms
for justification variables and formulas for propositional variables.

Proof. Proofisstandard. Inthe proofof substitutions, CS is required to be schematic
in the case of (AN )-rule. O

Lemma 1 (Internalization). Let A € {JIEL™ ,JIEL}, if Ay,--- , Ay Fa.s B then
there exists a term t(x1, ...xy,) such that

x1: AL - Tt Ay Fags t(2, .xn):B.

Proof. We proceed by induction on the derivation. Suppose B is an instance of the
axioms, then there is a constant ¢ such that ¢ : B € CS. Then, we can apply the
(AN) rule. Suppose B is obtained from (AN), namely, B = t:C' € CS, we show
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that there is a term e such that -5 e:(¢:C). Since we always have - ¢:C —!t:(¢:C),
we can derive that - ¢:(¢:C'). In the case that B is in one of the Ay, - - - Ay, the proof
is trivial. When B is derived from M P rule, we need to apply induction hypothesis
and axiom of application. O

By internalization theorem, we can see that whenever there is proof in the sys-
tems JIEL™ and JIEL, we can always give it a justification term. In that case, we
say this proof is being internalized. By an argument similar to the above proof we
can have the following result.

Proposition 2 (Constructive Necessitation). Let A € {JIEL—,JIEL}, if Acs - A
then there exists a variables-free term t such that Acs + t: A.

3 Kripke-Fitting Semantics

The semantics of justification logic is originated from the following two studies
on LP:

* Mkrtychev gives a proof-theorem assignment function from justification terms
to the set of formulas. ([18]) This function is required to be closed under the
term operators. Associating with the standard propositional truth-assignment,
the JT4 (or, LP) is shown to be complete and sound.

« Fitting gives an evidence function on the setting of Kripke model. ([10]) The
evidence function is required to satisfy the monotonicity condition on the Kripke
binary relation.

Since one-state semantics from Mkrtyche is difficult to be used on the intuition-
istic logic ([18]), this paper adopts the semantics from Fitting ([10]), especially from
Fitting ([9]).

Definition 2. A Kripke-Fitting model is a tuple M = (W, <, R, ¢, V'), where:

« (W, <) is a preorder i.e., < satisfies reflexive and transitive conditions.
* R is a binary relation on W such that

1. RC<, e, ifwRv, then w < v, and
2. <oR C R, ie., ifw <wvand vRu, then wRu.

* V is a mapping from propositional variables to subsets of W, satisfying:
— ifw <wvandw € V(p) thenv € V(p).

* € is an evidence function from states and terms to sets of formulas on (W, <)
satisfying:
— (App) if A — B € ¢(w, s) and A € €(w, t) then, B € ¢(w, s - t)
— (Mono) if w < v then e(w, t) C €(v,t).
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- (P.C)if A € e(w,t) thent : A € e(w,t).
— (Sum) €(w, s) U e(w,t) C e(w, s+ t).

Definition 3. The class of all Kripke-Fitting models is denoted as M. Further-
more, M, is used to mean the class of all models in which R is serial; that is, for any
w € W, there is a v € W such that wRwv.

Next, we move to the truth definition. Generally, in the study of intuitionistic
modal logic or intuitionistic epistemic logic, we need to add a new binary relation into
the frame, like in [15, 19, 22]. However, since our preorder in the frame is already
reflexive and transitive, we can directly use the < relation as an epistemic accessibility
relation. We say that a justification, for example ¢: A, holds in the state w if and only
if A is true in any <-accessible state from w, and A is assigned to a pair of state w
and term ¢ by an evidence function.

Definition 4. Given a closed formula A in £, we inductively define the satisfaction
relation M,w = A as follows:

M,wEp ifft we V(p).

M,wkF L.

M,wEAANB iff M,wkE Aand M,w = B.

M,wEAVB iff MwkE=AorM,w = B.

M,wkEA— B iff forallve Wiw<wvand M,v E A
imply M,v = B.

M,wE KA iff forall v € W, wRv implies M, v |= A.

M,wEt:A iff forallv e W,w < vimplies M,v = A,
and A € e(w,t).

Definition 5. For a set I' U { A} of formulas and a class M of models, I' =y A
means that for all models M € M and all states w in M, for every formula B € T,
M,w = B implies M, w = A. When T is an emptyset, we simply write =1 A to
say that A is valid in M.

Definition 6. Given a CS, we say that a model M is meeting with CS, noted as
MFCS if for each ¢ : A € CS, given an arbitrary w € W, we have A € ¢(w, c). In
the same line, we say a class M of models is meeting with a CS, noted as M if for
each model M € M, M is meeting with CS.

Proposition 3 (Persistency). For any model M, for any w,v € W, if w < v then
M,w = Aimplies M,v = A.

Proof. We proceed by induction on formula A. Propositional cases are standard. In
the case where A is in the form of K B, we need to apply < oR C R condition.
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In the case where A is in the form of ¢: B, we assume w < v and M, w = ¢:B.
We will show that M, v |= t:B. Fix an arbitrary u such that v < u. We can derive
that w < w from the transitivity of < in W. Then M, w |= t:B gives M,u = B.
Furthermore, M, w = t:B gives B € €(w, t). Combining with the (Mono) condition
and w < v, we can derive that B € €(v, t). Then we can have that M, v = t:B. 0O

Next, based on an argument about the connection between Kripke semantics and
BHK-interpretation in [24], this part explains the notion of justification terms in our
semantics.

As was explained by van Dalen, the <-relation in semantics represents the course
of time, along which the idealized mathematician (this notion can be attributed to
Brouwer) extends his or her knowledge . ([8, p. 164]) That is to say, the set of proved
propositions held by the idealized mathematician always increases toward the future,
and never decrease.

According to [24], the idealized mathematician can have not only proved propo-
sitions but also verified propositions at an arbitrary state. Let Proved,, denote the set
of proved propositions in the state w, Verified,, denote the set of verified formulas in
w. Then, the axiom A — K A states that a proof always implies a verification, that
is, Proved,, C Verified,, for any w. From this approach, we can interpret the binary
relations < and R as:

w<wv iff Proved, C Proved,
wRv  iff Verified,, C Proved,

Based on this interpretation, we can justify the conditions R C < and < o R C R.
([24, p. 623))

Artemov and Protopopescu ([3, p. 280]), state that if a <-successor of a stage s
represents the “principally (logically) possible” state from s, then an R-successor can
be thought of as a “possible” state of verification. Combined with the above expla-
nation, the possibility of the verification in the form of R-successor can be naturally
thought as a kind of “promise” that the verified formulas are all proved in that future
state. ([24, p. 623])

Now, we are ready to put justification terms into this explanation. Artemov sug-
gests that “Evidence operators ¢ : F' model real knowledge of the agent which pro-
vides a justification that F'is true in all situations...An assertion ¢ : F' if true in a world
holds in all worlds of a model, the present, future, or past ones.” ([1]) However, in
the setting of intuitionistic logic, as we mentioned above, an idealized mathematician
is said to increase his proved contents along the flow of time. In this case, we only
need to consider the future, which is reflected by the < relation.

Then, the idealized mathematician at a moment, holds not only proved proposi-
tions and verified propositions but also justification terms. The set of these terms is
also increasing in the course of time (according to (Mono) ) and is closed under the
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operation (App), (P.C.) and (Sum). Thus, it describes the closed theory-like informa-
tion that becomes the explicit resources supporting some of the proved propositions.
However, not all proved propositions have some terms as resources. When this is
compared to the set of verified propositions, as we observe above, all verified propo-
sitions must be proved in some future. However, not all verified propositions can be
justified in the future. That is to say, every justified proposition is verified, however,
not every verified proposition can be justified.

Theorem 4 (Soundness). Let A be a formula in L, given a CS,

1 if IEL ¢s - A then MS5 = A
2 if JIELcs + A then MSS |= A

Ser

Proof. We proceed by induction on the length of the proof. The validity of the
propositional axioms and rules can be shown in a standard way. To prove the va-
lidity of the K axiom, we need to apply reflexivity of < and persistency proved in
Proposition 3. The validity of the (C'R) axiom can be given by R C< condition and
persistency proved in Proposition 3. The validity of the (I R) axiom can be given by
seriality of R.

The validiy of the (Application) axiom can be shown as follows. Fix any w, u €
W, suppose w < wand M,u |= s:(A — B), we show M,u = t:A — s - t:B. Fix
any v € W, suppose u < v and M,v |= t:A, we show M,v |= s - t:B. Fix any
x € W, suppose v < x, we aim to that M,z = B and B € ¢(v,s - t). From the
persistenty by proposition 3, we can derive that M,v = s:(A — B). Sincev < x
and M,v = t:A, we can see that M,z = B. From definition, we can have that
A — B € ¢(v,s)and A € €(v,t). According to the (App) condition, we can derive
B € e(v,s-t).

The validity of (Union) can be easily obtained from (Sum) condition and tran-
sitivity of <. The validity of (Explicitly-re flexivity) can be obtained from the re-
flexivity of <. To see the validity of (Proof checker), we need the transitivity of <,
persistency in proposition 3 and (P.C). In the case of (Ezplicit-implicit connection)
and (Negation introspection), as we have mentioned their validity are covered in
the cases of (C'R) and (Explicit reflexivity).

The validity of (AN) can be seen from the fact that we are handling the class of
models meeting with the CS. ]

Then let us see an example of the invalidity. As is shown in Artemov and Pro-
topopescu, the usual T-axiom in the form of KA — A is not derivable. ([3]) This to
say, a conclusive evidence of the existence of a proof does not always give a proof. In
the IEL with justifications, this amounts to suggest that an implicit knowledge does
not yield an explicit knowledge. Next, we show that the converse explicit-implicit
connection in the form of KA — ¢: A is not derivable.



100 Studies in Logic, Vol. 19, No. 3 (2026)

Proposition 5. Given a propositional variable p, given a CS, Kp — t:p is not deriv-
able in JIELs.

Proof. We difine a model M meeting with CS. Let W = {1,2}, <= {(1,2)} U
{(z,2)|z € W}, e(1,t) = €(2,t) = {p}, R = {(1,2),(2,2)}, V(p) = {2}, some
irrelevant conditions concerning € are omitted. In the following picture, we use dotted
lines to represent <, lines to represent K.

To see that MCS 1 ¥ Kp — t:p, we show that M€, 1 |= Kpand MCS, 1 ¥ t:p.
We can observe that M¢S, 1 = Kp, because 2 is the only state R-accessible from 1
and M®S 2 |= p. Even though we have p € ¢(1,t), we cannot have ¢:p satisfied in
state 1. It is because, 1 ¢ V(p) and 1 is <-accessible from 1. Then, we apply the
soundness in Theorem 4. O

4 Completeness

This section provides a proof to show that the completeness of JIEL ™ and JIEL.

Definition 7. GivenaCS,let A € {JIEL ¢s, JIEL¢s}, we call a set I of formulas
A-consistent prime theory,

e I'Fa L

+ for any formula A, T" -5 A implies A € T};

* for any formulas Aand B, AV B € I"'implies A € "'or B € T

Lemma 2. GivenaCS, let A € {JIEL ¢s,JIEL¢s}, given a set 'U{ A} of formulas
such that I ¥\ A, there exists a A-consistent prime theory A such that, I' C A and
A¢A.

This can be established by a standard construction. (see Lemma 6.3.8 in [8])

Definition 8. Given a CS, let A € {JIEL™ ¢s,JIEL(s}, we define the canonical
model M™ as follows:

» W is the set of all A-consistent prime theories.

o forany ', A e W, T <AiffI' C A.

« foranyI'y A € W, TRA iff K~ (I') C A, where K~ (I') = {A|[KA € T}.
e foranyI' € W, term ¢, e(I',t) = {A[t:A € T'}.
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« forany I' € W, propositional variable p, I' € V(p) iff p € T.

Proposition 6. Given a CS. Let A € {JIEL ¢s,JIELcs}, the model M™ is a
Kripke-Fitting model.

Proof. When we consider R C< condition, for any formula A € T, from I'"'RA and
A — KA €T we can derive that A € A. When we consider < oR C R condition,
fix any I', A such that ' < oR A, we show that ' RA. Take a II such that I' C II
and K~ (II) € A.Takean A € K~ ('), then KA € I' C II. From K (II) C A,
we derive A € A. In the case of seriality of R in M?Elcs | we need to apply the
(I R)-axiom. Other frame properties can be easily checked.

In the case of € function, we only show the following conditions.

* (App)Fixastate I', formulas A and B, terms ¢ and s, suppose A — B € ¢(T, s)
and A € €(I',t). Then, according to the definition, s:(A — B) € I' and
t:AeTl. Since (s:A — B) — (A — (s-t):B) € I', we have (s - t):B € T".
Then we have B € €(I', s - t).

* (Mono) Fixastate I', A, aterm ¢. Suppose I' < A. We show €(I',t) C (A, t).
Fix any formula A, suppose A € ¢(I',¢). Then, we have t:A € I" C A. That
gives t:A € A, ie., A € e(A,t).

+ (P.C. Fix a state I, a formula A, a term ¢. Suppose A € €(I',t). We show
t:A € (', It). This can be easily given by the fact that t:A —!t:6:A € T,

* (Sum) Fix a state I, terms s and ¢. The condition €(T", s) Ue(T', t) C e(T', s+1)
can be confirmed by observing that s:A — (s +t):A € 'and t : A —
(s +t):A €T for an arbitrary formula A.

* (Meeting CS) Fix a formula c:A € CS, fix an arbitrary [' € W. We can see
that CS CI'. Then A € ¢(I',¢) = {B|e:B € I'}. O

Lemma 3 (Truth Lemma). Given a CS. Let A € {JIEL ¢s,JIELcs}, let A be a
formula in L. For anyT' € W of M»,

MAMT = AiffAcT.

Proof. Propositional cases are standard. ([8])

In the case where A is in the form of K B, we show that M* T' |= K B if and
only if KB € T. Suppose KB € T, we show that M* T' = KB. Fix any A,
suppose T'RA, we show M* A = B. From 'RA we have K—(I') C A. Since
B € K~ (I'), we have B € A. Then we have M, A |= B by induction hypothesis.

On the other direction. Suppose KB ¢ T, we show M T ¥ KB. From
KB ¢ T, we can find that ' ¥, KB, then K~ (I') ¥, B holds. Then by Henkin
construction in Lemma 2, we get a consistent prime theory A € W such that B ¢ A
and K~ (I') C A, ie., 'RA. Besides, from B ¢ A, we obtain MA A ¥ Bby
induction hypothesis.
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In the case where A is in the form of ¢:B, we show that M, T = ¢:B if and
only if :B € T'. Suppose M, T |= t:B. We can see that B € ¢(T', t) from the truth
definition. Since €(T',t) = {C|t:C € T'}, we derive that t:B € T.

On the other direction, assume that t:B € T'. We show M* T k= ¢:B. Fix an
arbitrary A € W s.t, I' < A. We show that M* A = B. Since t:B € I" and
I' € A, we can derive that t:B € A. We know that A is a prime theory, which
implies t: B — B € A. Itis obvious that B € A. By induction hypothesis, we have
M, A = B. Furthermore, from ¢:B € T we see that B € ¢(T', t) by the definition
of ¢ function. Thus, M, T k= ¢:B holds. a

Theorem 7 (Completeness). Let A be a formula in L, given a CS,

1 ifMSP = A, then JIEL™ , F A,
2 ifMSS = A, then JIEL , - A.

ser

Proof. Let A € {JIEL ¢s,JIELcs}. Let MITEL cs pe MCT, MIELes be MSS.

Suppose A ¥ A. According to proposition 2, there is a A-consistent prime theory A
such that A ¢ A. By truth lemma 3, M™, A ¥ A for M* € M*. O

5 Future Studies

In Artemov ([4]), he gave a proof to show that embedding theorem between LP
and S4, namely the famous Realization Theorem. Artemov also suggests that when
combine with the famous embedding theorem from S4 to Int (propositional intuition-
istic logic) introduced by Godel ([14]), McKinsey and Tarski ([17]), the realization
theorem can be considered as a BHK -style provability semantics. Furthermore, Arte-
mov raises a question as to whether LPS4 (a classical system with both implicit and
explicit knowledge) enjoys the realization property. ([1]) This question is answered
in Fitting ([11]). He provides a proof for Local Realization Property and claims it
to be a part of a project to understand the deeper aspects of Artemov’s Realization
Theorem.

In Protopopescu ([20]), the realization theorem for IEL is studied, where the
justification systems are classical and separated from the implicit epistemic systems.
However, the local realization property of IEL has not been studied. In the next step,
it is necessary to study whether the newly introduced JIEL satisfies the realization
property, especially with respect to the notion of locality in [11].

Also, when considering the proof theoretic properties, the Hilbert system alone
seems not enough. Justification logic has been studied in sequent calculi ([4, 12]), and
in tableaux ([9, 13]). It is interesting to study the JIEL in a different proof system.
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