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On Definable J-sets

Zhentao Zhang

Abstract. We study definable J-sets for definable groups and compare them with weakly
generic sets. We show that J-property, the property that J-sets coincide with weakly generic
sets, is invariant on enough saturated models, and hence a model-theoretical property. We
have a positive result for superstable commutative groups. We also give an example without
J-property.

1 Introduction

In [4], J-sets are studied in combinatorics for semigroups and are regarded as
“large” sets. We can study them among definable subsets of a definable group G.
The method for Stone-Céch compactification can be replaced by the type space of
externally definable subsets of G in [5]. It is natural to compare J-sets with weakly
generic sets given in [5] which are also about largeness.

In Section 2, we give some basic properties on J-sets. Let X be a definable subset
of G. We can study whether X is a J-set of G on different models. Like Lemma 2.1
[5] for weakly generic sets, the question has the same answer on Ny-saturated models.
Hence, whether J-sets coincide with weakly generic sets is invariant for Rg-saturated
models. Thus, the property that J-sets coincide with weakly generic sets on enough
saturated models (for convenience, named by J-property) is for the theory of G. Then
we focus on commutative groups.

In Section 3, we show that J-property is related to the classification theory. We
show that superstable commutative groups have J-property.

In Section 4, we study the group (Z, +). This is the group where the classical
combination theory arose (but for all subsets, not only for the definable ones). Fol-
lowing [3], we give an example which is an expansion of (Z, +) by a unary predicate
and does not have J-property. However, the theory is not stable. So we ask whether
there exist stable examples.

For notation, we always let M be a structure and G a group definable over M.
We usually work in a monster model M of T' = Th(M), the theory of M. We say that
a set X is defined in M if X = X (M) is definable in the structure M. If we do not
say in which a definable set X is defined, it is considered in M and X = X (M). We
always write G = G(M). We say that G is stable/superstable if its induced theory

Received 2025-11-09

Zhentao Zhang School of Philosophy, Fudan University
ztzhang22@m.fudan.edu.cn



50 Studies in Logic, Vol. 19, No. 3 (2026)

from 7' is, and for convenience, we assume that 7" is stable/superstable in this case.
Sometimes, we assume that 0 € N, while sometimes, to start from 1, we assume that
0¢N.

2 Basic Properties

We recall the definition of J-sets from Definition 14.14.1 [4]:

Definition 1. A subset X of G(M) is called a J-set of G in M, if for every F' €
Prin(G(M)Y) := {F € G(M)N : |F| < Ng}, there are m € N, t € j,, := {s €
N™ : s(j) < s(j + 1) forall j} and a € G(M)™*! such that for every f € F,

x(m,a,t, f) = a(1)f(t(1)a(2) f(t(2)) - - a(m) f(t(m))a(m + 1) € X
We call a type p on G over M is a J-type, if every X € pisalJ-setin M.

Remark 1. It is easy to see that if X is a J-set of G in M and g € G(M), then
gX ={gr 2 € X}and Xg :={zg: v € X} are also J-sets of G in M.

Note that (see Lemma 14.14.6[4]) if X U Y is a J-set of G in M, then at least
one of X and Y is a J-set of G in M. Hence, every F.I.P (finite intersection property)
family of definable J-sets of G in M can be extended to a J-type over M and J-types
always exist.

Let SZ'(M) be the type space of externally definable subsets of G(M) given in
[5] Section 4. It is known that (S&'(M), ) is a compact right topological semigroup
where for p, ¢ € S&'(M) and externally definable X C G(M),

Xepxq iff {geGM):g7'X €q} €p.

Moreover, G(M) naturally (left) acts on SE(M) and (S&'(M), *) is the envelope
semigroup of the action. Then every G(M)-subflow (i.e. a closed space which is
closed under the G(M )-action) is a left ideal. Let AP (M) be the minimal two-side
ideal of S&'(M) whose elements are called almost periodic in [5]. It is the union
of all minimal G(M)-subflows. Let WGeng (M) be the closure of AP (M) whose
elements are called weakly generic in [5]. Here, the definition of weak genericity is
not original but from Corollary 1.8 [5].

Originally, from Definition 1.1 [5], a subset of X of G(M) is generic if G(M)
can be covered by finitely many (left) translates of X, and a subset of X of G(M)
is weakly generic if X U Y is generic for some non-generic (definable, see Re-
mark 1.2 [5]) Y. A type on G over M is (weakly) generic if every its element is
(weakly) generic. Let Geng (M) be the subspace of generic types in Sg*(M). Note
that generic types always exist and play an important role in stable groups. But in
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general, generic types may not exist, while weakly generic types always exist. More-
over, when Geng (M) # @, by Corollary 1.9 [5], WGeng (M) is the only minimal
G(M)-subflow and then APg (M) = WGeng (M) = Geng(M).

We denote the subspace of J-types in S&'(M) by J(M). Then like Theorem
14.14.4 [4], we have

Proposition 1. Jo(M) is a compact two-sided ideal of S (M).

Proof. Clearly, Jo(M) is the intersection of [X] := {p € Sg' (M) : X € p} for
all externally definable X with G(M)\ X not a J-set for G in M. Hence, Jg(M) is
closed in SZ'(M) and is compact. As J(M) is closed by the G (M )-action, it is a
left ideal of SE(M).

Let X € p*q. We show that X is a J-set in M. Let F' € Pg,(G(M)Y). As
{g € G(M) : g7'X € ¢} is in p and hence a J-set of G in M, there are m €
N, t € j, and a € G(M)™*! such that for every f € F, x(m,a,t, f)"'- X €
q. Then (;cp x(m, a,t, f)~t- X € qis nonempty and we take b from it. Then
x(m,a,t, f)b € X forevery f € F. Weletc € G(M)™! with c(i) = a(i) for
i <mandc(m + 1) = a(m + 1)b. Then x(m,c,t, f) € X forevery f € F. O

As J (M) is a two-sided ideal of S (M), Jo(M) D AP (M ). Then by close-
ness of Jo(M) in S&(M), we have Jg(M) D WGeng(M). In summary, we have
that

Corollary 1. Every definable weakly generic sets of G in M is a J-set of G in M.
Now we study the J-sets in different models:

Proposition 2. Assume that A/ < N and X C G is definable in M. If X(N) is
a J-set of G in IV, then X is a J-set of G in M. Moreover, if M is Ng-saturated, the
converse holds.

Proof. Let F' € Pg,(G(M)Y) be arbitrary. Then there are m € N, a € G(N)™+!
and t € j,, such that x(m,a,t, f) € X forevery f € F. Then

N ): Hyl"'merl /\ “X(mvylv"'vym+17t>f) € X”
fer

As M < N and the statement is over M, we have

ME3y o ymir N X, Yt f) € X7
feF

Then there is @’ € G(M)™*! such that x(m, d’, ¢, f) € X forevery f € F.
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Now we show the “moreover” part. If X (V) is not a J-set of G in N, then there
are f1,..., fn € G(N)N such that for every m € Nand t € j,,,

n
N EYY - ymn \ X1, ym £ fi) ¢ X7
=1

Let C be a finite set of M over which X and G are defined. As M is Ng-saturated,
after reordering the index set of f; ; by (N, <), we can find g; ; € G(M) inductively
such that

tp(gi;:1<i<n,jeN/C)=tp(fi;j:1<i<n,jeN/C)

Let g; € G(M)N with g;(j) = gi j. Then for every m € Nand t € j,y,,

n
M EYy - ymir X091, Yt g0) & X7
i=1

which is a contradiction. ]
And, for weakly generic sets, we have

Fact 1 (Lemma 2.1 [5]). Assume that M < N and X C G is definable in M. If
X (M) is weakly generic for G(M), then X () is weakly generic for G(IV). More-
over, if M is Np-saturated, the converse holds.

Then we have

Proposition 3. Assume that M < N and they are both Ng-saturated. Then J-sets of
G (M) coincide with weakly generic sets of G(M) iff J-sets of G(IN) coincide with
weakly generic sets of G(IV).

Proof. The direction <« is obvious from the above results.

For the other direction, we assume that J-sets of G(M) coincide with weakly
generic sets of G(M). Since the direction < is known, we may assume that N = M.
For convenience, we assume that G is @-definable. If the result fails, there are a
formula ¢(z; z) without parameters and a tuple ¢ in M such that X = p(M,¢) C
G (M) is, in M, a J-set but not weakly generic. As M is Ry-saturated, there is a tuple
¢ in M such that tp(¢/) = tp(c). Then there is an isomorphism o of M such that
' = o(c). Obviously, X' := p(M, ¢’) is, in M, a J-set but not weakly generic. Then
X'(M) = p(M, ) is, in M, aJ-set but not weakly generic, which is a contradiction.

O

Since whether J-sets coincide with weakly generic sets is invariant on Rg-saturated
models, we have
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Definition 2. We say that a definable group G has J-property if every weakly
generic set of G in M is a J-set of GG in M for some (any) Ng-saturated model M.

In particular, we can study the J-property in the monster M. And for conve-
nience, if we do not say in which model a definable set of G is a J-set, then it is
considered in M.

3 Positive Results for Commutative Groups

As AP (M) = WGeng (M) = Geng(M) for stable groups, we study the rela-
tion between the properties on S&*(M) and the place of the induced theory of G in
T = Th(M) in the classification theory.

Now we show that every superstable commutative group has J-property. Note
that as every type over M is definable, every externally definable set is in fact defin-
able and S&'(M) = Sg(M). Forp € Sg(M) and N < M, by p|N we denote the
restriction of p on N.

Theorem 2. Assume that G is commutative and superstable. Then G has J-property.

Proof. Assume that G is superstable and X = X (M) is a definable J-set of G. For
convenience, we assume that they are @-definable.

Let p € Sg(M) be a generic global type with p x p = p. Such idempotent p
exists by the famous Ellis’s Lemma. Let (););cn be an elementary increasing chain
where M; 1 is |M;|*-saturated for each i. Let f; € G(M;)N be a Morley sequence
of p| My and inductively, f;11 € G(M;;1)" be a Morley sequence of p|M;.

As X isaJ-set of G, foreach k € Nand {f; : 1 < i < k}, there are my, € N,
ar € G and ty, € j,, such that for every i < k,

ar+ Y filte(§) € X
j=1

Let b1, = Z;”:’cl fi(ti(j)) fori,k € Nand p(x;y) := “x,y € Gandz +y € X"
Then M = ¢(ay, b; ;) when i < k.

We claim that for each k& € N, the sequence (b; . )icn is a Morley sequence of p.

Note thatb; ;, € G(M;) forevery i, k. As pxp = p, we have p|M;*p|M; = p|M;
and consequently tp(b;41 x/M;) = p|u, for every i € N. It completes the proof of
the claim because G is stable (see Fact 7.3[6]).

Then as G is stable, by Proposition 7.6 [6], there is [ € N which depends only
on ¢(z;y) such that for every & € N, either [{i € N : M = ¢(ag;b;x)}| < lor
H{i € N: M = —~¢(ag;big)}| < l. Weleta = a; and b; = b;; for i € N. Then
{i € N: M = —=p(a; b;)}| <l and thereis [; € N such that M |= ¢(a; b;) for every
i>1.
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Then as G is superstable, by Proposition 5.7 [6], the extension of tp(a/M; 1) D
tp(a/M;) forks only for finitely many 4, and there is lo € N such that tp(a/M;1) is
nonforking over M; for ¢ > lo.

Take I’ > maxly,ls. Let M = My and b = by 1. Then a and b are independent
over M. Hence,

tp(a + b/M) = tp(a/M)  tp(b/M) = tp(a/M) * p|M

which is generic. As M = ¢(a;b), we have X (M) € tp(a + b/M). Hence, X is
generic. U

As a corollary, every algebraic group in an algebraically closed field has J-
property. In addition, it is reasonable to study the J-property for definable groups
in geometric fields in further research.

4 An Example for Expansions of (Z, +)

Now we study expansions of (Z, +). We give an example without J-property.

We follow [3]. For a € N with @ > 1, it has a unique binary expansion a =
>, €(i)2'. Wecall {i € N : €(i) = 1} the support of a and denote it by supp(a). Let
By :={2F,2F 4-1,... 2k — 1} for k € Nand

A= {n € N: B;\supp(n) # @ for every k}

In [3], A C Nis shown to be a J-set (in the semigroup N) but not piecewise syndetic.
We do not give the original definition of piecewise syndetic here, but by Theorem 3.2
[3], a subset X of a (discrete) group S is piecewise syndetic iff there is p in the min-
imal two-sided ideal of 8.5 with X € p. Here 8.5 is the Stone-Céch compactification
of the discrete space S and it can be considered as the collection of all ultrafilters on
S. The product on £S5 is given by

Xepxq iff {seS:s'Xeqlep

forallp,g € S and X C S.

As we study groups, we transfer (N, +) into a group (Z, +). Obviously, fZ =
BN U (—pN) where =N := {—p : p € fN} and —p := {—-X : X € p}. We
denote the minimal two-sided ideal of SN by K. Then clearly, K=KU (—K)is
the minimal two-sided ideal of SZ. Hence, A is not piecewise syndetic in (Z,+).
Note that 5Z can be regard as the type space over Z in the theory that every subset of
Z is definable, and in this theory, the notions of piecewise syndetic sets and weakly
generic sets are the same.

We let A be a unary predicate, 7" the theory of M := (Z, +, A) with A = A(M),
M = (M, +, A) a monster model and G := (M, +). By restricting p € SZ to
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externally definable sets in M, we have a surjective semigroup morphism = : SZ —
S&Y(M). Ttis also a map of Z-actions and by Lemma 1.4 [5], A is not weakly generic
in G(M). Then we have

Proposition 4. A is a J-set of G in M which is not weakly generic in M.

For things on M, we should study the proof of Lemma 5.2 [3] carefully. Note
that from Remark 4.46 [4], a subset X of a semigroup S is piecewise syndetic iff
Uer{s € S : tx € X} is thick for some finite subset i of S. Here, a subset X
of a semigroup S is called thick if for every finite subset H of S, there is s € S
such that Hs C X (Definition 4.45 [4]). Hence, to show that A is not piecewise
syndetic in (N, 4), it is equivalent to showing that for every ci, ..., ¢, € N, there
are by, ..., b, such that for every x € N, thereisy € = + {b1,...,b,} with (y +
{c1,...,em}) (A = @. We prove a better form that n depends only on m.

Lemma 1. For every m € N. Letn = 92"t Then for every ci,...,cm € Nand
zeN, thereisy € x + {1,...,n} such that (y + {c1,...,cn}) A= 2.

Proof. Letcy,...,cy € Nand x € N be arbitrary.

Inductively, we give ¢, and dj, for 1 < k < m. Let ¢| = ¢; and assume that
¢} = Y je1;2) where er; € {0,1}. Letdy = 35,5 (1 — €1,;)2/. Given ¢}, and
dy, we let ¢ | = cg + di. Assume that ¢, = Zj er,j2) where €, ; € {0,1}. Let
dev1 = (X<jcn @) + jep,,, (1 — €rg)2).

Let d = d,y,. It is easy to see that supp(d + c;) D By forevery 1 < k < m.
Clearly, there always exists y €  + {1,...,n} such thaty = d (mod n = 22",
Then y + ¢, = d + ¢ (mod n) and supp(y + cx) {1,...,2™F ! — 1} = supp(d +
ce)N{1,...,2m* — 1} D By, foreach k. Then (y + {c1,...,cx})NA=2. O

The advantage of the above from is that for given m and n = 227”“, the state-
ment is first order and can be transferred. Then we have

Proposition 5. A is not weakly generic for GG in M.

Proof. To make use of the structure (N, +), we add < into the language of 7. Then
we may assume that (M™% +, A) is a monster model of (N, +, A). Then by trans-
ferring the above lemma for each m to (M™?, 4), we have that A is not piecewise
syndetic in (M™%, +). Like the above argument from (N, +) to (Z, +), we have that
A is not piecewise syndetic in (M, +). Also by the same argument above, we have
that A is not weakly generic for G in M. U

Now we show that A is a J-set of G in M. Like Lemma 5.1 [4], we have

Lemma 2. Let fi,...,fn € MY, Then there is m € Nand t € im such that
e filh) € 2" M for each i.
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Proof. Note that Z/2"*17Z is finite, and we have M/2" "M = Z/2"17Z. Let
Iy = N. Inductively, we can find I; C I;_; for¢ = 1,...,n such that for every
g1, J2 € L, fi(j1) — fi(j2) € 2""IML Letm = 2"t and t € j,,, witht C I,,. Itis
easy to check that these m and ¢ are what we want. O

Then we modify the proof of Lemma 5.2 [3] which is original on (N, +) to
(Z,+).

Lemma 3. Let by,...,b, € 2"\ Z. Then there is a € Z such that a + b; € A for
every 1.

Proof. Let b € 2"!N such that b > |b;| for each i. Let co,i = b+ b; for each i.
Note that 2" < ¢; € 2"TIN for each i. The next paragraph is from the proof of
Lemma 5.2 [3].

Let | € N be the least such that 2! > n. As 271 < n + 1, we have 2/~ ! ¢
By_1\supp(co;). As |Bj| = 2! > n, there is g € B; such that B;\supp (2 +coi) #
@ foreachi. Letc; = 2"°4cg ;. Inductively, given ¢ ;, as | By ;| = 217 > p, there
is r; € By ; such that By ;\supp(2'7 + ¢;;) # @ for each i. We can stop at j = k
when 22°7° > max; co ;. Letc = Z?:o 273, It is easy to check that ¢ + ¢p; € A for
each i.

Leta =b+ c. Thena + b; € A for each 7. ([l

It is clear that the statement of Lemma 3 is first order on each n and hence holds
in (M, 4+, A). Combining with Lemma 2, we have

Proposition 6. A is a J-set of G in M.
Hence, witnessed by A, we have

Proposition 7. The definable group G in T" does not have J-property.
However, this theory 7' is not stable:

Proposition 8. The upper Banach density § of A in N is > 0. Hence, by Theorem
D [2], the theory T is not stable.

Proof. It is easy to see that for d > 1,

An1. 22 1y T eY o
92d+1 - 92d+1 _H( )

k=0

Clearly, the limit Hzio(l—2_2k) existsand > Hgozo(l—2_2k). To show [ [72 ,(1—
2-2") > 0, it suffices to show Yoo log(1—272") converges. Note that log(1+x) =



Zhentao Zhang / On Definable J-sets 57

r—3a?+323— 1o+ . when|z| < 1. Then |log(1+z)| < |z|+|z[>+|z 4+ - =

1|_I‘|x| for |z| < 1. Then for each k,

ok 2_2k 1 ok
‘log(l - 2 2 )‘ — 1 2_2k = 22k _ S 2 2 !
Hence, Y 72, log(1 — 2_2k) converges absolutely. O

As we have shown that every superstable commutative group has J-property and
it is well-known that (Z, +) is superstable, it is natural to ask:

Question 1. Is there a stable expansion of the superstable group (Z, +) by a unary
predicate for A C N such that A := A(M) avoids J-property?

More weakly, we have the following natural question:
Question 2. Is there a stable commutative group without J-property?

Remark 2. No example for Question 2 can be found within the pure group lan-
guage. To see this, let G be a commutative group. It is easy to check that for a
definable subgroup H of G, it is a J-set iff it is of finite index iff it is generic. In the
pure group language, every definable set is a Boolean combination of pp-formulas
(see [1], Chapter 1, Theorem 4.12), and hence a Boolean combination of cosets of
definable subgroups. Thus, one can easily verify that G has J-property in the pure
group language.
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