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Discrete and Topological Correspondence Theory for
Modal Meet­Implication Logic and Modal
Meet­Semilattice Logic in Filter Semantics*

Fei Liang Zhiguang Zhao

Abstract. In the present paper, we give a systematic study of the discrete correspondence the­
ory and topological correspondence theory of modal meet­implication logic and modal meet­
semilattice logic, in the semantics provided in [21]. The special features of the present paper
include the following three points: the first one is that the semantic structure used is based on
a semilattice rather than an ordinary partial order; the second one is that the propositional vari­
ables are interpreted as filters rather than upsets, and the nominals, which are the “first­order”
counterparts of propositional variables, are interpreted as principal filters rather than principal
upsets; the third one is that in topological correspondence theory, the collection of admissi­
ble valuations is not closed under taking disjunction, which makes the proof of the topological
Ackermann lemma different from existing settings.

1 Introduction

In the studies of propositional logics, one part is the study of the different syn­
tactic fragments of well­known propositional logics. The [∧,→]­fragment of intu­
itionistic propositional logic as well as implicative meet­semilattices are well studied
([4, 11, 16, 18, 19, 20]).

Duality theory plays an impoartant role in the study of propositional logics. The
duality theory for distributive and implicative meet­semilattices are also well­studied
([1, 2, 3]). For meet­semilattices, in [12], a duality for meet­semilattices was given,
where the topological spaces have a partial order which is also a meet­semilattice (as
a partial order).
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In [21], de Groot and Pattinson study the [2,∧,→]­fragment of intuitionistic
modal logics, which turns out to be a common modal fragment of many different
formalizations of intuitionistic modal logics. The special feature in [21] is that the
relational semantics used there is based on meet­semilattices rather than just posets,
and propositional variables are interpreted as filters rather than just upsets. We call
this kind of semantics “filter semantics” in our paper.

In [17], Fornasiere and Moraschini studied the correspondence and canonicity
theory for different fragments of intuitionistic propositional logic. Their result is es­
sentially based on generalized Esakia duality ([14, 15]).

The present paper aims at obtaining correspondence theory results in the lan­
guage of modal meet­implication logic (resp. modal meet­semilattice logic), char­
acterizing formulas in the language of modal implicative semilattices (resp. modal
meet­semilattices) in terms of first­order conditions on the dual modal I­spaces (resp.
descriptive modal M­frames), which can be regarded as topological correspondence
theory, as well as modal I­frames (resp. modal M­frames), which can be regarded as
discrete correspondence theory.

Our methodology follows algorithmic correspondence theory ([9, 10]), which
uses an algorithm ALBA1 to transform an input formula/inequality in the language
of certain algebras into its first­order correspondent on the dual topological spaces.

The special feature in the present paper includes the following three points: the
first one is that the semantic structure used is based on a semilattice rather than an ordi­
nary partial order; the second one is that the propositional variables are interpreted as
filters rather than upsets, and the nominals, which are the “first­order” counterparts of
propositional variables, are interpreted as principal filters rather than principal upsets;
the third one is that in topological correspondence theory, the collection of admissi­
ble valuations is not closed under taking disjunction, which makes the proof of the
topological Ackermann lemma different from existing settings. The present work can
also be taken as another step towards correspondence theory for logics which are not
based on bounded lattices, after [24].

The paper is organized as follows: Section 2 gives the preliminaries on the alge­
braic, topological and relational structures that are related to modal meet­implication
logic and modal meet­semilattice logic, as well as the object­level duality and equiv­
alence involved. Section 3 gives the languages to describe modal meet­implication
logic and modal meet­semilattice logic, as well as their semantics. Section 4 gives
the expanded modal languages that the algorithms manipulate as well as the first­
order correspondence languages. Section 5 defines the inductive inequalities and in­
ductive formulas for the language of modal meet­implication logic, and Sahlqvist in­
equalities and inductive quasi­inequalities for the language of modal meet­semilattice
logic. Section 6 describes the algorithms that compute the first­order correspon­

1Here ALBA means “Ackermann Lemma Based Algorithm”.
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dents of the modal formulas/inequalities/quasi­inequalities. Section 7 shows that
the algorithms succeed on inductive formulas/Sahlqvist inequalities/inductive quasi­
inequalities. Section 8 proves that the algorithms are sound for inductive formu­
las/inductive quasi­inequalities with respect to arbitrary valuations. Section 9 does
the same with respect to admissible valuations and gives the proof of the right­handed
topological Ackermann lemma. Section 10 gives conclusions of the paper.

2 Preliminaries

In the present section, we give the preliminaries on the algebraic, topological
and relational structures that are related to modal meet­implication logic and modal
meet­semilattice logic, as well as the object­level duality and equivalence involved.
For more details, see [21].

2.1 Basic algebraic, topological and relational structures

Given a poset (X,≤), we say a subset Y ⊆ X is an upset (resp. a downset) if for
any x, y ∈ X , if x ∈ Y and x ≤ y (resp. y ≤ x) then y ∈ Y . We use ↑U (resp. ↓U ) to
denote the upward (resp. downward) closure of U under the partial order ≤. We use
↑x (resp. ↓x) to denote the principal upset (resp. downset) ↑{x} (resp. ↓{x}). Given
a full set X , we use Y c to denote the complement of Y relative to X , i.e. X − Y .

2.1.1 Semilattices

Definition 1 (Semilattice, see page 3 in [21]). A meet­semilattice is a poset (A,≤)

where any two element a, b has a greatest lower bound (which we call the meet of a
and b), denoted as a ∧ b, and there is a greatest element ⊤ with respect to the partial
order≤. We use interchangeably (A,∧,⊤) and (A,≤) for a semilattice, where a ≤ b

iff a ∧ b = a.

A filter in a meet­semilattice A is a non­empty upset F ⊆ A which is closed
under taking meets. It is easy to see that principal upsets of the form ↑x are filters.

WewriteF(A) as the collection of filters of a meet­semilatticeA. With conjunc­
tion ∩ and top element A, the set F(A) forms a meet­semilattice. For every a ∈ A

the collection ã = {F ∈ F(A) | a ∈ F} is a filter in F(A).

2.1.2 M­spaces

On the object­level, the duals of meet­semilattices are M­spaces.

Definition 2 (M­Space, see page 4 in [21]). An M­space is a tuple (X,⊓,⊤, τ)
such that (X,⊓,⊤) is a meet­semilattice, and (X, τ) is a Stone space generated by a
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subbase of clopen filters and their complements.

Let SL be the collection of semilattices, MSpace be the collection of M­spaces.
Define F t : SL → MSpace sending a semilattice A to the M­space (F(A),∩,

A, τA) where F(A) is the semilattice of filters of A, τA is a topology generated by
ã = {F ∈ F(A) | a ∈ F} and ãc = {F ∈ F(A) | a /∈ F} with a ranging over A.

DefineClpf : MSpace → SL sending anM­space (X,⊓,⊤, τ) to (Clpf (X),∩,
X) where Clpf (X) is the collection of clopen filters ofX , with meet ∩ and top X .

Then we have thatClpf (F t(A)) is a semilattice isomorphic toA, andF t(Clpf (

X)) is homeomorphic toX which is also order­isomorphic (see Theorem 2.3 in [21]).

2.1.3 Distributive semilattices and implicative semilattices

Definition 3 (Distributive Semilattice, see page 5 in [21]). A meet­semilattice A is
called distributive if for all a, b, c ∈ A, if a∧ b ≤ c then there are a′, b′ ∈ A such that
a ≤ a′, b ≤ b′ and c = a′ ∧ b′.

In a distributive meet­semilattice A we can define the smallest filter containing
two given filters F and F ′ by ⟨F, F ′⟩ = {a∧ b | a ∈ F, b ∈ F ′}. It is easy to see that
it is a filter.

Proposition 1 (Proposition 2.4 in [21]). If A is a distributive semilattice, then so is
F(A).

We now define the algebraic structure of our study, i.e. implicative semilattices:

Definition 4 (Implicative Semilattice, see page 5 in [21]). A semilattice A is im­
plicative if we can define a binary operation → such that x ≤ y → z iff x ∧ y ≤ z

for all x, y, z ∈ A.

Proposition 2 (Proposition 2.6 and Corollary 2.7 in [21]). • The semilattice un­
derlying an implicative semilattice is a distributive semilattice.

• If A is a distributive semilattice, then so is F(A).
• If A is an implicative semilattice, then so is F(A).

It is clear that an implicative semilattice satisfies all the intuitionistic proposi­
tional logic laws that involve ∧,→,⊤ only.

2.1.4 I­spaces

We now define the “Stone spaces” of our setting, i.e. I­spaces, which are dual to
implicative semilattices.
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Definition 5 (I­Space, Definition 3.6 in [21]). An I­space is an M­space whose un­
derlying partial order ⊑ is an implicative semilattice and whose collection of clopen
filters is closed under the operation→ given by

a→ b = {x ∈ X | for all y ⊒ x, if y ∈ a then y ∈ b}.

2.1.5 relational structures: I­frames and descriptive I­frames

We now define the “Kripke frames” of our setting, i.e. I­frames.

Definition 6 (I­Frame, Definition 3.2 in [21]). An I­frame is an implicative semilat­
tice regarded as a Kripke frame (X,⊑) with ⊑ as the partial order of the implicative
semilattice. That is, an I­frame is a poset (X,⊑) with a meet ⊓ and an implication
⇀.2

In the definition of the semantics of formulas, rather than using upsets as de­
notations of formulas, we use filters (i.e. upsets closed under finite meets), since the
collection of filters is closed under intersections, but not under unions.

We now define the “descriptive general frames” of our setting, i.e. descriptive
I­frames which are also dual to implicative semilattices:

Definition 7 (Descriptive I­Frame, Definition 3.5 in [21]). A descriptive I­frame is
a tuple (X,⊑, A) consisting of an I­frame (X,⊑) and a collection A ⊆ F(X,⊑) of
filters such that

• A is closed under ∩ and→, given by

a→ b = {x ∈ X | for all y ⊒ x, if y ∈ a then y ∈ b}.

• A is differentiated: if x ̸⊑ y in (X,≤) then there exists F ∈ A such that x ∈ F

and y /∈ F ;
• (X,⊑) is compact: every cover ofX consisting of elements in A and comple­
ments of elements in A has a finite subcover.

Descriptive I­frames are equivalent to I­spaces (see Proposition 3.7 in [21]):

• If (X,⊓,⇀,⊤, τ) is an I­space, we can define an order ⊑ on X by x ⊑ y iff
x ⊓ y = x. Then the tuple (X,⊑, Clpf (X)) is a descriptive I­frame.

• Given a descriptive I­frame (X,⊑, A), we have an implicative semilattice (X,⊓,
⇀,⊤). Generate a topology τA from the subbase A ∪ {ac | a ∈ A}. Then
(X,⊓,⇀,⊤, τA) is an I­space.

2In the present paper, we use ∧,→,⊤,≤ to denote the meet, implication, top element and order in
an algebraic structure, and ⊓,⇀,⊤,⊑ to denote the meet, implication, top element (defined from the
partial order) and the partial order in a relational structure and a topological structure.
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In the remainder of the paper, we associate a descriptive I­frame with the topol­
ogy of its equivalent I­space.

By the constructions F t and Clpf , it is easy to see the object­level duality be­
tween I­spaces and implicative semilattices.

We can use the following picture to describe relations between the structures that
we are using (again here we only consider the object­level): we use IS to denote the
class of implicative semilattices, ISpace to denote the class of I­spaces, IFrame to de­
note the class of I­frames, DIFrame to denote the class of descriptive I­frames. Here
∼= means equivalence, ∼=∂ means dual equivalence, U is the operation of forgetting
the topology (in categorical settings it is called the forgetful functor).

IS ISpace

IFrame

DIFrame

U

∼=∂ ∼=

2.2 Adding modalities

2.2.1 Adding modalities to implicative semilattices

In this subsection, we add modalities for implicative semilattices, and relations
for I­frames and descriptive I­frames.

Definition 8 (Modal Implicative Semilattice, see page 11 in [21]). 3 A modal im­
plicative semilattice is a tuple A = (A,∧,→,⊤,2) such that (A,∧,→,⊤) is a im­
plicative semilattice, 2⊤ = ⊤ and 2(a ∧ b) = 2a ∧2b for all a, b ∈ A.

Definition 9 (Modal I­Frame, Definition 4.1 in [21]). 4 A modal I­frame is a tuple
F = (X,⊑, R)where (X,⊑) is an I­frame andR is a binary relation onX satisfying:

• ⊤Rx iff x = ⊤, and xR⊤ for all x ∈ X;
• If xRy ⊑ z then xRz;
• If xRy and x′Ry′ then (x ⊓ x′)R(y ⊓ y′);
• If (x⊓x′)Rz then there are y, y′ ∈ X such that xRy and x′Ry′ and y⊓y′ = z.

Definition 10 (General Modal I­Frame and Descriptive Modal I­Frame, Definition
5.1 in [21]). 5 A general modal I­frame is a tuple F = (X,⊑, R,A) where (X,⊑

3In [21] it is called “implicative semilattices with operators”.
4In [21] it is called “2­frame”.
5In [21] they are called “general 2­frame” and “descriptive 2­frame”.



Fei Liang, Zhiguang Zhao / Correspondence Theory for Modal Semilattice­Based Logic in Filter Semantics 31

, R) is a modal I­frame and (X,⊑, A) is a descriptive I­frame such that A is closed
under 2(a) := {x ∈ X | R[x] ⊆ a} (here R[x] := {y ∈ X | xRy}). It is called a
descriptive modal I­frame if R[x] =

∩
{a ∈ A | R[x] ⊆ a} for all x ∈ X .

The duality between implicative semilattices and descriptive I­frames can be
naturally extended to modal implicative semilattices and descriptive modal I­frames.

We can use the following picture to describe relations between the structures
here: we use MIS to denote the class of modal implicative semilattices, MIFrame
to denote the class of modal I­frames, DMIFrame to denote the class of descriptive
modal I­frames.

MIS

MIFrame

DMIFrame

U

∼=∂

2.2.2 Adding modalities to meet­semilattices

The following definitions for meet­semilattices are similar to their counterparts
in the setting of implicative semilattices:

Definition 11 (Modal Meet­Semilattice). A modal meet semilattice is a tuple A =

(A,∧,⊤,2) such that (A,∧,⊤) is a meet­semilattice, 2⊤ = ⊤ and 2(a ∧ b) =

2a ∧2b for all a, b ∈ A.

Definition 12 (M­Frame, Definition 3.2 in [21]). AnM­frame is a meet­semilattice
regarded as a Kripke frame (X,⊑)with⊑ as the partial order of the meet­semilattice.
That is, an M­frame is a poset (X,⊑) with a meet ⊓.

Definition 13 (Modal M­Frame). Amodal M­frame is a tuple F = (X,⊑, R)where
(X,⊑) is an M­frame and R is a binary relation on X satisfying:

• ⊤Rx iff x = ⊤, and xR⊤ for all x ∈ X;
• If xRy ⊑ z then xRz;
• If xRy and x′Ry′ then (x ⊓ x′)R(y ⊓ y′);
• If (x⊓x′)Rz then there are y, y′ ∈ X such that xRy and x′Ry′ and y⊓y′ ⊑ z.

Notice that due to the lack of distributivity, the fourth condition is different from
the implicative semilattice setting.
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The following definition is equivalent to an M­space, like the equivalence be­
tween descriptive I­frames and I­spaces. Therefore, we associate a descriptive M­
frame with the topology of its equivalent M­space.

Definition 14 (Descriptive M­Frame). A descriptive M­frame is a tuple (X,⊑, A)
consisting of an M­frame (X,⊑) and a collection A ⊆ F(X,⊑) of filters such that

• A is closed under ∩;
• A is differentiated: if x ̸⊑ y in (X,≤) then there exists F ∈ A such that x ∈ F

and y /∈ F ;
• (X,⊑) is compact: every cover ofX consisting of elements in A and comple­
ments of elements in A has a finite subcover.

Definition 15 (General Modal M­Frame and Descriptive Modal M­Frame). A gen­
eral modalM­frame is a tupleF = (X,⊑, R,A)where (X,⊑, R) is a modalM­frame
and (X,⊑, A) is a descriptive M­frame such that A is closed under 2(a) := {x ∈
X | R[x] ⊆ a} (here R[x] := {y ∈ X | xRy}). It is called a descriptive modal
M­frame if R[x] =

∩
{a ∈ A | R[x] ⊆ a} for all x ∈ X .

3 Syntax and Semantics

In the present section, we give the syntax and semantics of the logical formulas
for modal meet­implication logic and modal meet­semilattice logic. We follow the
presentation of [21, 23, 24].

3.1 Modal meet­implication logic

3.1.1 Language and syntax

Definition 16. Let us fix a countable set Prop of propositional variables.

• The L­formulas of the modal language L is defined as follows:

φ ::= p | ⊤ | φ ∧ φ | φ→ φ | 2φ,

where p ∈ Prop.
• The L­inequalities of the modal language L is of the form φ ≤ ψ where φ and
ψ are L­formulas. Intuitively, φ ≤ ψ expresses the model­level truth of the
implicative formula φ→ ψ.

• TheL­quasi­inequalities of the modal languageL is of the formφ1 ≤ ψ1 & . . .

& φn ≤ ψn ⇒ φ ≤ ψ where φ1 ≤ ψ1, …, φn ≤ ψn, φ ≤ ψ are L­
inequalities.

• We use the notation p to denote a list of propositional variables and use φ(p) to
indicate that the propositional variables occur in φ are all in p⃗.
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• We call a formula pure if it does not contain propositional variables.
• We use the notation θ to indicate a finite list of formulas.
• We use the notation θ(η/p) to indicate uniformly substituting p by η.

3.1.2 Semantics

We interpret formulas on the modal I­frames (X,⊑, R) and descriptive modal
I­frames (X,⊑, R,A), with two different kinds of valuations, namely arbitrary valu­
ations which interpret propositional variables as arbitrary filters, and admissible val­
uations which interpret propositional variables as elements in A (i.e. clopen filters in
the associated topology of the descriptive modal I­frames).

In a modal I­frame (X,⊑, R) or a descriptive modal I­frame (X,⊑, R,A), we
abuse notation to use X to denote the frame. We callX the domain of the frame.

Definition 17. An arbitrary modal I­model is a tuple M = (F, V ) where F is a
modal I­frame and V : Prop → F(X) is an arbitrary valuation sends a propositional
variable to a filter ofX .

An admissible modal I­model is a tuple M = (F, V ) where F is a descriptive
modal I­frame and V : Prop → A is an admissible valuation sends a propositional
variable to an element of A, i.e. a clopen (with respect to the associated topology of
F) filter of the space.

The interpretation of formulas in a modal I­modelM = (X,⊑, V ) is defined as
follows:

M, w ⊩ p iff w ∈ V (p)

M, w ⊩ ⊤ : always
M, w ⊩ φ ∧ ψ iff M, w ⊩ φ andM, w ⊩ ψ

M, w ⊩ φ→ ψ iff for all v ⊒ w, ifM, v ⊩ φ thenM, v ⊩ ψ

M, w ⊩ 2φ iff for all v such that wRv, we haveM, v ⊩ φ

Given a valuation V , a propositional variable p ∈ Prop, an filter F ⊆ X , we
can define V p

F , the p­variant of V as follows: V p
F (q) = V (q) for all q ̸= p and

V p
F (p) = F .

For any formula φ, we let V (φ) = {w ∈ X | M, w ⊩ φ} denote the truth set of
φ inM.

Lemma 1. 1. In a modal I­frame F = (X,⊑, R), we have that if x ⊑ yRz, then
xRz.

2. If F ⊆ X is a filter of X , then 2F := {w ∈ X | R[w] ⊆ F} is again a filter
of X .

3. For any formula φ, any arbitrary modal I­model (F, V ), V (φ) is a filter ofX .
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4. For any formulaφ, any admissible modal I­model (F, V ), V (φ) ∈ A, i.e. V (φ)

is a clopen filter of X .

Proof. 1. If x ⊑ yRz, then xR⊤ and yRz, therefore by Definition 9, we have
that (x ⊓ y)R(⊤ ⊓ z), i.e. xRz.

2. To show that 2F is a filter of X , it suffices to show that ⊤ ∈ 2F , 2F is a
⊑­upset and 2F is closed under taking ⊓.
For any R­successor x of ⊤, by Definition 9, x = ⊤, since F is a filter, we
have x = ⊤ ∈ F , therefore ⊤ ∈ 2F .
For any x ∈ 2F and y ∈ X such that x ⊑ y, it suffices to show that y ∈ 2F .
Consider any z ∈ X such that yRz, we have that x ⊑ yRz, by item 1 we have
xRz. Since x ∈ 2F , we get z ∈ F . Therefore y ∈ 2F , so 2F is a ⊑­upset.
For any x, y ∈ 2F , to show that x ⊓ y ∈ 2F , consider any z ∈ X such
that x ⊓ yRz, then there are x′, y′ ∈ X such that xRx′, yRy′ and x′ ⊓ y′ = z.
Therefore x′, y′ ∈ F , and sinceF is a filter, we have z = x′⊓y′ ∈ F . Therefore
x ⊓ y ∈ 2F , 2F is closed under taking ⊓.

3. We prove by induction on the formula structure.

• For p, it follows from the definition of valuation.
• For ⊤, it follows from that X is a filter of X .
• For ∧, since F(X) is closed under taking intersection, we have that if

V (φ) and V (ψ) are filters ofX , then V (φ∧ψ) = V (φ)∩V (ψ) is again
a filter of X .

• For→, assume that V (φ) and V (ψ) are filters ofX . It is easy to see that
V (φ→ ψ) is a⊑­upset and⊤ ∈ V (φ→ ψ). To show that V (φ→ ψ) is
closed under taking ⊓, assume that x, y ∈ V (φ→ ψ), it suffices to show
that x ⊓ y ∈ V (φ→ ψ).
Consider any z ⊒ x⊓ y, then if z ∈ V (φ), then sinceX is an implicative
semilattice (hence distributive), there are x′, y′ ∈ X such that x ⊑ x′,
y ⊑ y′ and x′ ⊓ y′ = z. Since z ∈ V (φ), we have that x′ ⊓ y′ ∈ V (φ).
Since V (φ) ∈ F(X), we have x′, y′ ∈ V (φ). Since x, y ∈ V (φ → ψ),
by x ⊑ x′, y ⊑ y′, x′, y′ ∈ V (φ) we have x′, y′ ∈ V (ψ). Since V (ψ) ∈
F(X), we have z = x′ ⊓ y′ ∈ V (ψ). Therefore x ⊓ y ∈ V (φ → ψ),
V (φ→ ψ) is a filter of X .

• For 2, it follows from item 2.

4. We prove by induction on the formula structure.

• For p, it follows from the definition of admissible valuation.
• For ⊤, it follows from that X is a clopen filter of X .
• For ∧,→,2, it follows from the definition of descriptive modal I­frame.

□
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Definition 18. We say that

• φ is globally true onM (notation: M ⊩ φ) ifM, w ⊩ φ for every w ∈W .
• φ is admissibly valid on a descriptive modal I­frame F (notation: F ⊩A φ) if φ
is globally true on (F, V ) for every admissible valuation V .

• φ is valid on a modal I­frame F (notation: F ⊩ φ) ifφ is globally true on (F, V )

for every arbitrary valuation V .

For the semantics of inequalities and quasi­inequalities,

• M ⊩ φ ≤ ψ iff V (φ) ⊆ V (ψ);

• M ⊩ φ1 ≤ ψ1 & . . . & φn ≤ ψn ⇒ φ ≤ ψ iff
M ⊩ φ ≤ ψ holds wheneverM ⊩ φi ≤i ψi for all i = 1, . . . , n.

The definitions of validity are similar to formulas.

3.2 Syntax and semantics for modal meet­semilattice logic

The language of modal meet­semilattice logic is defined similar to its modal
meet­implication counterpart, the only difference is that there is no implication →
here. The semantic interpretation is on modal M­frames and descriptive modal M­
frames, and the semantic clauses for the formulas are almost the same as modal meet­
implication logic, except that there is no clause for→. Other semantic definitions are
similar to the modal meet­implication setting (we just replace the letter I by the letter
M).

The proof of the semilattice counterpart of Lemma 1 is a bit different, which we
give below:

Lemma 2. 1. In a modal M­frame F = (X,⊑, R), we have that if x ⊑ yRz, then
xRz.

2. If F ⊆ X is a filter of X , then 2F := {w ∈ X | R[w] ⊆ F} is again a filter
of X .

3. For any formula φ, any arbitrary modal M­model (F, V ), V (φ) is a filter of
X .

4. For any formula φ, any admissible modal M­model (F, V ), V (φ) ∈ A, i.e.
V (φ) is a clopen filter of X .

Proof. 1. This proof is the same as Lemma 1.1.
2. This proof is a bit different from Lemma 1.2. To show that 2F is a filter of

X , again it suffices to show that ⊤ ∈ 2F , 2F is a ⊑­upset and 2F is closed
under taking ⊓.
To show that ⊤ ∈ 2F and 2F is a ⊑­upset, the proofs are the same as in
Lemma 1.2. The proof that 2F is closed under taking ⊓ is a bit different:
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For any x, y ∈ 2F , to show that x ⊓ y ∈ 2F , consider any z ∈ X such that
x ⊓ yRz, then there are x′, y′ ∈ X such that xRx′, yRy′ and x′ ⊓ y′ ⊑ z.
Therefore x′, y′ ∈ F , and since F is a filter, we have x′ ⊓ y′ ∈ F , since a filter
is also an ⊑­upset, we have that x′ ⊓ y′ ⊑ z ∈ F . Therefore x ⊓ y ∈ 2F , 2F
is closed under taking ⊓.

3. The proof is almost the same as Lemma 1.3, except that we do not need the
clause for→.

4. The proof is almost the same as Lemma 1.4, except that we do not need the
clause for→.

□

4 Preliminaries on Algorithmic Correspondence

In this section, we give preliminaries on the correspondence algorithms in the
style of [10, 22, 23]. The algorithm for modal meet­implication logic transforms the
input formula φ → ψ into an equivalent pure quasi­inequality which contains no
propositional variable, and therefore can be translated into the first­order correspon­
dence language via the standard translation of the expanded language (see page 40).
The algorithm for modal meet­semilattice logic does similar things, but the input is
either an inequality or a quasi­inequality.

4.1 Semantic environment of modal meet­implication logic

In the present subsection, we will provide the semantic environment for the cor­
respondence algorithm ALBA in the settings of modal meet­implication logic, in the
style of [22, Section 3]. We will show the semantic properties which will be used for
the interpretation of the expanded modal language of the algorithm ALBA in Section
4.1.3.

The first notable feature of this language is that it includes special variables (be­
sides the propositional variables), the so­called nominals. In existing settings (see
the table below), they are interpreted as atoms (in complete atomic Boolean alge­
bras), completely join­prime elements (in perfect distributive lattices), completely
join­irreducible elements (in perfect (non­distributive) lattices), regular open closures
of singletons (in the setting of possibility semantics). The common feature of these
settings are that the selected class of elements join­generates the relevant complete
lattices. Therefore, since in our setting, given a modal I­frame (X,⊑, R), the rele­
vant algebraic structure is F(X), the implicative semilattice of filters of X (which
is the “perfect” counterpart in the setting of implicative semilattices). Since arbitrary
intersection of filters of a semilattice is still a filter, F(X) is a complete semilattice,
hence is a complete lattice. This is the algebraic structure we are focusing on. We
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will show that the principal filters are a suitable class of interpretants for nominal
variables.

Propositional base Nominals/join­generators
perfect Boolean algebras atoms
perfect distributive lattices complete join­primes
perfect general lattices complete join­irreducibles

constructive canonical extensions closed elements
possibility semantics regular open closures of singletons

“perfect” implicative semilattices principal filters

The second notable feature of the expanded language ofALBA is that it includes
additional modal operators interpreted as the adjoints of the modal operators of the
original language. In what follows, we will show that also these connectives have a
natural interpretation in F(X).

The third feature that we will focus on is the interpretation of the disjunction in
the expanded language. Althoughwe do not have disjunction in our original language,
we still have a natural interpretation of disjunction in F(X).

4.1.1 A class of interpretants for nominals, as well as the interpretation of ∨

As mentioned early on, the key requirement for a suitable class of interpretants
for nominals is that it is join­dense in F(X). We have the implicative semilattice
structure of F(X) as (F(X),∩,→, X). Since arbitrary intersections of filters of X
is again a filter, (F(X),

∩
, X) is a complete meet­semilattice. Therefore, F(X) is a

complete lattice where the arbitrary join operation is defined as follows:∨
Fi∈Y

Fi :=
∩

{F ∈ F(X) | Fi ⊆ F for all Fi ∈ Y }.

Indeed, we can show the following proposition:

Proposition 3 (cf. Lemma 2.14 in [5]).∨
Fi∈Y

Fi = {x1 ⊓ . . . ⊓ xn | xj ∈ Fj for a finite collection of filters Fj in Y }.

Proof. We denote {x1⊓ . . .⊓xn | xj ∈ Fj for a finite collection of filters Fj in Y }
as Z. First of all, Z contains all elements in {xi | xi ∈ Fi ∈ Y }, i.e. Fi. Therefore,

Z ⊇
∪

Fi∈Y
Fi.

Next we prove thatZ is a filter ofX . It is easy to see thatZ is closed under taking
⊓ and contains⊤, and therefore is non­empty. Now take any x1⊓ . . .⊓xn ∈ Z. Then
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for any y1 ∈ X such that x1 ⊓ . . . ⊓ xn ⊑ y1, since X is an implicative semilattice,
it is a distributive semilattice, therefore there are z1, y2 ∈ X such that x1 ⊑ z1
and x2 ⊓ . . . ⊓ xn ⊑ y2 and z1 ⊓ y2 = y1. By repeating this procedure, there are
z2, . . . , zn ∈ X such that x2 ⊑ z2, …, xn ⊑ zn, and z1 ⊓ . . . ⊓ zn = y1. Now since
xi ∈ Fi for i = 1, . . . , n, we have zi ∈ Fi for i = 1, . . . , n, therefore y1 ∈ Z. So Z
us closed under taking ⊑­upsets. Therefore Z ∈ F(X).

From the above we have that Z ∈ {F ∈ F(X) | Fi ⊆ F for all Fi ∈ Y }. It
suffices to prove that Z ⊆

∩
{F ∈ F(X) | Fi ⊆ F for all Fi ∈ Y }.

For any F ∈ F(X) such that Fi ⊆ F for all Fi ∈ Y , it suffices to prove that
Z ⊆ F . For any y ∈ Z, y is of the form x1 ⊓ . . . ⊓ xn where xi ∈ Fi and Fi ∈ Y

for i = 1, . . . , n. Therefore x1, . . . , xn ∈ F , and thus y = x1 ⊓ . . . ⊓ xn ∈ F . So
Z ⊆ F . □

Therefore, we have the following proposition:

Proposition 4. For any filter F ∈ F(X), F =
∨
{↑x | x ∈ F}.

Proof. It is easy to see that for any x ∈ F , ↑x ⊆ F , therefore
∨
{↑x | x ∈ F} ⊆ F .

For any y ∈ F , we have y ∈ ↑y ⊆
∨
{↑x | x ∈ F}, therefore F ⊆

∨
{↑x | x ∈ F}.

□

We will interpret nominals as principal upsets (i.e. principal filters) in the next
subsection.

Although in the signature of the modal language, we do not have ∨, in the ex­
panded modal language, we will have ∨ which is interpreted as the join of the com­
plete lattice F(X), i.e.

F1 ∨ F2 = {x1 ⊓ x2 | x1 ∈ F1 and x2 ∈ F2}.

For similar interpretations of ∨, see [5] and [13, Section 3.3].

4.1.2 Interpreting ♦: the left adjoint of 2

As we know, F(X) is a complete lattice, and the operation 2 : F(X) → F(X)

where 2F := {w ∈ X | R[w] ⊆ F} is clearly completely meet­preserving, there­
fore 2 has a left adjoint, which are denoted by ♦. It will be used in the semantic
interpretation of the additional connectives in the expanded modal language in the
next subsection.

In what follows we will prove that ♦ : F(X) → F(X) is exactly ♦F :=

R[F ] = {w ∈ X | (∃v ∈ F )(Rvw)}.

Proof. It suffices to prove the following two items:
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1. For any F ∈ F(X), R[F ] ∈ F(X).
We prove that ⊤ ∈ R[F ], R[F ] is a ⊑­upset and R[F ] is closed under taking
⊓.
By the definition of a filter, we have that F ̸= ∅, therefore ⊤ ∈ F . By Defini­
tion 9, we have that ⊤R⊤, so ⊤ ∈ R[F ].
For any x ∈ R[F ] and y ⊒ x, there is a z ∈ F such that zRx ⊑ y, by Definition
9 we have zRy, therefore y ∈ R[F ]. So R[F ] is a ⊑­upset.
For any x, y ∈ R[F ], we have x′, y′ ∈ F such that x′Rx and y′Ry. By Defi­
nition 9 we have x′ ⊓ y′Rx ⊓ y. Since F is a filter, it is closed under taking ⊓,
so x′ ⊓ y′ ∈ F , therefore x ⊓ y ∈ R[F ]. So R[F ] is closed under taking ⊓.

2. For any F,G ∈ F(X), R[F ] ⊆ G iff F ⊆ 2(G).
⇒: Assume that R[F ] ⊆ G and x ∈ F . Then for any y ∈ X such that xRy,
y ∈ R[F ] ⊆ G, so x ∈ 2(G). Therefore F ⊆ 2(G).
⇐: Assume that F ⊆ 2(G). For any x ∈ R[F ], there is a y ∈ F such that
yRx. So y ∈ F ⊆ 2(G). So by yRx we have x ∈ G. Therefore R[F ] ⊆ G.

□

4.1.3 The expanded modal language

In the present subsection, we give the definition of the expanded modal language
L+, which will be used in ALBA:

φ ::= p | i | ⊥ | ⊤ | φ ∧ φ | φ ∨ φ | φ→ φ | 2φ | ♦φ

where i ∈ Nom is called a nominal. L+­inequalities and L+­quasi­inequalities are
defined in the expected ways.

• For i, it is interpreted as a principal upset (i.e. principal filter).
• For ♦, it is interpreted as the diamond modality on the inverse relation R−1.
• For ⊥, it is interpreted as the bottom element of F(X), i.e. the smallest filter
of X , i.e. {⊤}.

• For ∨, it is interpreted as the join of F(X).

Also notice that although ⊥,∨ are not in the language of the modal implicative
semilattices, they are in the expanded language for the sake of the algorithm.

For the semantics of the expanded language, the valuation V is extended to
Prop ∪ Nom such that V (i) = ↑i for some i ∈ X for each i ∈ Nom.6 The ad­
ditional semantic clauses can be given as follows:

6Notice that we allow admissible valuations to interpret nominals as ↑w, even if it might not be inA
(i.e. it might not be a clopen filter). The admissibility restrictions are only for the propositional variables.
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M, w ⊩ ⊥ iff w = ⊤
M, w ⊩ i iff i ⊑ w

M, w ⊩ φ ∨ ψ iff there exist u, v ∈ X such that w = u ⊓ v and M, u ⊩ φ

andM, v ⊩ ψ

M, w ⊩ ♦φ iff ∃v(Rvw and M, v ⊩ φ)

4.1.4 The first­order correspondence language and the standard translation

In the first­order correspondence language, we have:

• Binary predicate symbols R,⊑ corresponding to the binary relation and the
partial order in the (descriptive) modal I­frames;

• Binary function symbol ⊓ corresponding to the meet of the partial order in the
(descriptive) modal I­frames;

• Constant symbol ⊤ corresponding to the top element of the partial order in the
(descriptive) modal I­frames;

• Unary predicate symbols P corresponding to propositional variables p;
• Constant symbols i corresponding to nominals i.

Definition 19. The standard translation of the expanded language is defined as fol­
lows:

• STx(p) := Px

• STx(i) := i ⊑ x

• STx(⊥) := x = ⊤
• STx(⊤) := x = x

• STx(φ ∧ ψ) := STx(φ) ∧ STx(ψ)
• STx(φ ∨ ψ) := ∃y∃z((x = y ⊓ z) ∧ STy(φ) ∧ STz(ψ))
• STx(φ→ ψ) := ∀y(x ⊑ y ∧ STy(φ) → STy(ψ))

• STx(2φ) := ∀y(Rxy → STy(φ))

• STx(♦φ) := ∃y(Ryx ∧ STy(φ))
• ST (φ ≤ ψ) := ∀x(STx(φ) → STx(ψ))

• ST (φ1 ≤ ψ1 & . . . & φn ≤ ψn ⇒ φ ≤ ψ) := ST (φ1 ≤ ψ1) ∧ . . . ∧
ST (φn ≤ ψn) → ST (φ ≤ ψ)

It is easy to see that this translation is correct:

Proposition 5. For any (descriptive) modal I­model M, any w ∈ X and any L+­
formula φ,

M, w ⊩ φ iff M ⊨ STx(φ)[w].

Proposition 6. For any (descriptive) modal I­model M, any w ∈ X and any L+­
inequality Ineq, L+­quasi­inequality Quasi,
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M ⊩ Ineq iff M ⊨ ST (Ineq);
M ⊩ Quasi iff M ⊨ ST (Quasi).

4.2 The Case of Modal Meet­Semilattice Logic

In this subsection, we will discuss the semantic environment of the modal meet­
semilattice logic, define the expanded modal language and the standard translation.

Since in finding the potential interpretations of nominals and disjunction, in
Proposition 3, the distributivity of implicative semilattice is essentially used, so here
we need to find new interpretations for nominals and disjunction.

4.2.1 A class of interpretants for nominals, as well as the interpretation of ∨

Again, the key requirement for a suitable class of interpretants for nominals is
that it is join­dense inF(X). We have the semilattice structure ofF(X) as (F(X),∩,
X). Since arbitrary intersections of filters of X is again a filter, (F(X),

∩
, X) is a

complete meet­semilattice. Therefore, F(X) is a complete lattice where the arbitrary
join operation is defined as follows:∨

Fi∈Y
Fi :=

∩
{F ∈ F(X) | Fi ⊆ F for all Fi ∈ Y }.

For the concrete definition of arbitrary joins, it is different from Proposition 3,
which is given below:

Proposition 7.
∨

Fi∈Y Fi =
∪
{↑(x1 ⊓ . . . ⊓ xn) | xj ∈ Fj for a finite collection of

filters Fj in Y }.

Proof. We denote
∪
{↑(x1 ⊓ . . . ⊓ xn) | xj ∈ Fj for a finite collection of filters Fj

in Y } as Z. First of all, Z contains all elements in {xi | xi ∈ Fi ∈ Y }, i.e. Fi.
Therefore,

Z ⊇
∪

Fi∈Y
Fi.

Next we prove thatZ is a filter ofX . It is easy to see thatZ is closed under taking
⊑­upsets and contains ⊤ (therefore is non­empty). To show that Z is closed under
taking ⊓, suppose that y1, y2 ∈ Z, then there are x1 ∈ F1 ∈ Y, . . . , xn ∈ Fn ∈ Y ,
x′1 ∈ F ′

1 ∈ Y, . . . , x′m ∈ F ′
m ∈ Y such that x1⊓. . .⊓xn ⊑ y1 and x′1⊓. . .⊓x′m ⊑ y2,

so y1 ⊓ y2 ∈ ↑(x1 ⊓ . . . ⊓ xn ⊓ x′1 ⊓ . . . ⊓ x′m) ⊆ Z.
From the above we have that Z ∈

∩
{F ∈ F(X) | Fi ⊆ F for all Fi ∈ Y }. It

suffices to prove that Z ⊆
∩
{F ∈ F(X) | Fi ⊆ F for all Fi ∈ Y }.

For any F ∈ F(X) such that Fi ⊆ F for all Fi ∈ Y , it suffices to prove that
Z ⊆ F . For any y ∈ Z, y ⊒ x1⊓. . .⊓xn where xi ∈ Fi andFi ∈ Y for i = 1, . . . , n.
Therefore x1, . . . , xn ∈ F , and thus x1 ⊓ . . . ⊓ xn ⊑ y ∈ F . So Z ⊆ F . □
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Therefore, we have the following proposition, the proof of which is the same as
Proposition 4:

Proposition 8. For any filter F ∈ F(X), F =
∨
{↑x | x ∈ F}.

We will interpret nominals as principal upsets (i.e. principal filters) in the next
subsection.

The interpretation of ∨ in the expanded modal language is different from the
implicative setting, which is given as follows:

F1 ∨ F2 =
∪

{↑(x1 ⊓ x2) | x1 ∈ F1 and x2 ∈ F2},
i.e. x ∈ F1 ∨ F2 iff there are x1 ∈ F1 and x2 ∈ F2 such that x1 ⊓ x2 ⊑ x.

4.2.2 The interpretation of ♦

The interpretation of♦ is exactly the same as in themodal meet­implication logic
setting.

4.2.3 The expanded modal language

The expanded modal language L+ is also similar to the modal meet­implication
logic setting, except that we do not have→.

φ ::= p | i | ⊥ | ⊤ | φ ∧ φ | φ ∨ φ | 2φ | ♦φ.
For the semantics of the expanded language, the valuation V is extended to

Prop ∪ Nom such that V (i) = ↑i for some i ∈ X for each i ∈ Nom. The addi­
tional semantic clauses can be given as follows:

M, w ⊩ ⊥ iff w = ⊤
M, w ⊩ i iff i ⊑ w

M, w ⊩ φ ∨ ψ iff there exist u, v ∈ X such that u ⊓ v ⊑ w andM, u ⊩ φ

andM, v ⊩ ψ

M, w ⊩ ♦φ iff ∃v(Rvw and M, v ⊩ φ)

4.2.4 The first­order correspondence language and the standard translation

The first­order correspondence language is defined the same as in the modal
meet­implication logic setting. The standard translation is almost the same as in the
modal meet­implication logic setting except that we do not have → here and ∨ is
interpreted differently:

STx(φ ∨ ψ) := ∃y∃z((y ⊓ z ⊑ x) ∧ STy(φ) ∧ STz(ψ))
It is easy to see that this translation is correct, similar to Proposition 5 and 6.
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5 Inductive Formulas/Quasi­Inequalities in the Two Settings

5.1 The modal meet­implication logic case

In this subsection, we define inductive inequalities and inductive formulas for
modal meet­implication logic. The definition is similar to [24, Section 5].

We first define positive formulas with propositional variables in A ⊆ Prop as
follows:

POSA ::= p | ⊤ | 2POS | POS ∧ POS

where p ∈ A ⊆ Prop.
Then we define the dependence order on propositional variables as any irreflex­

ive and transitive binary relation <Ω on them. Then we define the PIAp formulas7
with main variable p (where p is a fixed variable) as follows:

PIAp ::= p | ⊤ | 2PIAp | POSAp → PIAp

whereAp = {q ∈ Prop | q <Ω p} in PIAp. Then we define the inductive antecedent
as follows:

Ant ::= PIAp | Ant ∧ Ant

where p ranges over Prop. Then we define the inductive succedent as follows:

Suc ::= p | ⊤ | PIAq → Suc | 2Suc | Suc ∧ Suc

where p, q range over Prop.
Finally, an Ω­inductive formula is a formula of the form Ant → Suc. An induc­

tive formula is an Ω­inductive formula for some Ω.

5.2 The modal meet­semilattice setting

In the modal meet­semilattice setting, a notable phenomenon is that all inequal­
ities of the form φ ≤ ψ are Sahlqvist inequalities. We will also consider quasi­
inequalities.

Definition 20 (Inductive Quasi­inequality). Given an irreflexive and transitive bi­
nary relation <Ω on propositional variables (i.e. a dependence order), we say that a
quasi­inequality φ1 ≤ ψ1 & . . . & φn ≤ ψn ⇒ φ ≤ ψ is Ω­inductive, if for each
φi ≤ ψi, each propositional variable p occurring inφi and each propositional variable
q occurring in ψi, we have p <Ω q. A quasi­inequality is inductive if it isΩ­inductive
for some <Ω.

7Here PIA means “Positive Implies Atomic”.
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6 Algorithms

In this section, we give the first­order correspondence algorithms for both modal
meet­implication logic and modal meet­semilattice logic.

6.1 The modal meet­implication logic case

In the present subsection, we define the algorithm ALBA which computes the
first­order correspondence of the input formula in the style of [10, 24]. The algorithm
ALBA proceeds in three stages. Firstly, ALBA receives a formula Ant → Suc as
input and transforms it into the inequality Ant ≤ Suc.

1. Preprocessing and first approximation:

(a) We apply the following distribution rules exhaustively: In Suc, rewrite
every subformula of the former form into the latter form:

• α→ β ∧ γ, (α→ β) ∧ (α→ γ)

• 2(α ∧ β), 2α ∧2β

(b) Apply the splitting rule:

α ≤ β ∧ γ
α ≤ β α ≤ γ

Now for each obtained inequality φi ≤ ψi, We apply the following first­
approximation rule:

φi ≤ ψi

i0 ≤ φi ⇒ i0 ≤ ψi

Now we focus on each quasi­inequality i0 ≤ φi ⇒ i0 ≤ ψi, which we call
a system, and use S to denote a meta­conjunction of inequalities. When S is
empty, we denote it as ∅. We use parentheses around the quasi­inequality to
separate it from other quasi­inequalities when necessary.

2. The reduction­elimination cycle:
In this stage, for each i0 ≤ φi ⇒ i0 ≤ ψi, we apply the following rules to
eliminate all the propositional variables:

(a) Splitting rules:
S ⇒ α ≤ β ∧ γ

(S ⇒ α ≤ β) (S ⇒ α ≤ γ)

S & α ≤ β ∧ γ ⇒ φ ≤ ψ

S & α ≤ β & α ≤ γ ⇒ φ ≤ ψ

(b) Residuation rules:
S ⇒ α ≤ 2β

S ⇒ ♦α ≤ β
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S & α ≤ 2β ⇒ φ ≤ ψ

S & ♦α ≤ β ⇒ φ ≤ ψ

S ⇒ α ≤ β → γ

S ⇒ α ∧ β ≤ γ

S & α ≤ β → γ ⇒ φ ≤ ψ

S & α ∧ β ≤ γ ⇒ φ ≤ ψ

(c) Approximation rule:
S ⇒ φ ≤ ψ

S & i ≤ φ ⇒ i ≤ ψ

The nominal introduced by the approximation rule must not occur in the
system before applying the rule.

(d) Deleting rules:

S & α ≤ ⊤ ⇒ φ ≤ ψ

S ⇒ φ ≤ ψ

S ⇒ α ≤ ⊤
∅ ⇒ α ≤ ⊤

(e) The right­handed Ackermann rule. This rule eliminates propositional
variables and is the core of the algorithm, the other rules are aimed at
reaching a shape in which the rule can be applied.

&n
i=1 θi ≤ p & &m

j=1 ηj ≤ ιj ⇒ φ ≤ ψ

&m
j=1 ηj(θ/p) ≤ ιj(θ/p) ⇒ φ(θ/p) ≤ ψ(θ/p)

where:

i. p does not occur in θ1, . . . , θn;
ii. Each ηi, ψ is positive, and each ιi, φ negative in p, for 1 ≤ i ≤ m;
iii. θ := θ1 ∨ . . . ∨ θn.

3. Output: If in the previous stage, for some systems, the algorithm gets stuck, i.e.
some propositional variables cannot be eliminated, then the algorithm halts and
output “failure”. Otherwise, each initial system after the first approximation has
been reduced to a set of pure quasi­inequalities Reduce(i0 ≤ φi ⇒ i0 ≤ ψi),
and then the output is a set of pure quasi­inequalities

∪
i∈IReduce(i0 ≤ φi ⇒

i0 ≤ ψi). Then we can use the conjunction of the standard translations of the
quasi­inequalities to obtain the first­order correspondence (notice that in the
standard translation of each quasi­inequality, we need to universally quantify
over all the individual variables).
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Example 1. We give an example of how ALBA is executed. Here for the sake
of clarity we add propositional quantifiers and nominal quantifiers before the quasi­
inequality.

∀p(2p→ p)

∀p(2p ≤ p)

∀p∀i(i ≤ 2p ⇒ i ≤ p)

∀p∀i(♦i ≤ p ⇒ i ≤ p)

∀i(i ≤ ♦i)
∀i∀x(STx(i) → STx(♦i))
∀i∀x(i ⊑ x→ ∃y(Ryx ∧ STy(i)))
∀i∀x(i ⊑ x→ ∃y(Ryx ∧ i ⊑ y)).

Example 2. We give another example showing how ALBA is executed, up to the
end of Stage 2.

∀p∀q((2(p→ q) ∧22p) → 2(p ∧ q))
∀p∀q(2(p→ q) ∧22p ≤ 2(p ∧ q))
∀p∀q∀i(i ≤ 2(p→ q) ∧22p ⇒ i ≤ 2(p ∧ q))
∀p∀q∀i(i ≤ 2(p→ q) & i ≤ 22p ⇒ i ≤ 2(p ∧ q))
∀p∀q∀i(♦i ≤ p→ q & ♦♦i ≤ p ⇒ i ≤ 2(p ∧ q))
∀p∀q∀i(♦i ∧ p ≤ q & ♦♦i ≤ p ⇒ i ≤ 2(p ∧ q))
∀p∀q∀i(♦i ∧ ♦♦i ≤ q ⇒ i ≤ 2(♦♦i ∧ q))
∀p∀q∀i(&∅ ⇒ i ≤ 2(♦♦i ∧ (♦i ∧ ♦♦i))).

Here&∅means that there is no inequality in the antecedent part of the quasi­inequality.

6.2 The modal meet­semilattice logic case

In the present subsection, we define the algorithm ALBA which computes the
first­order correspondence of the input inequality and quasi­inequality in the style of
[10, 24]. The algorithm ALBA proceeds in three stages. Firstly, ALBA receives an
inequality of the form φ ≤ ψ or a quasi­inequality of the form

φ1 ≤ ψ1 & . . . & φn ≤ ψn ⇒ φ ≤ ψ,

and treat it as a quasi­inequality (in case of an inequality, we take n to be 0).

1. Preprocessing and first approximation:

(a) Apply the following distribution rule exhaustively: Inφ1 ≤ ψ1& . . . &φn ≤
ψn ⇒ φ ≤ ψ, in ψ1, . . . , ψn, φ, rewrite every subformula of the form
2(α ∧ β) into 2α ∧2β.
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After this step, we obtain a quasi­inequality of the form

φ1 ≤ ψ′
1 & . . . & φn ≤ ψ′

n ⇒ φ′ ≤ ψ.

(b) Apply the splitting rule exhaustively to eachψ′
i inφ1 ≤ ψ′

1& . . . &φn ≤
ψ′
n ⇒ φ′ ≤ ψ (notice that this rule operates on an inequality rather than

the whole quasi­inequality):

α ≤ β ∧ γ
α ≤ β α ≤ γ

After this step, we obtain a quasi­inequality of the form

S ⇒ φ′ ≤ ψ,

where S is a (possibly empty) meta­conjunction of inequalities.
(c) Apply the first­approximation rule to the quasi­inequality S ⇒ φ′ ≤ ψ

obtained in the previous stage (notice that this rule operates on the whole
quasi­inequality):

S ⇒ φ′ ≤ ψ

S & i ≤ φ′ ⇒ i ≤ ψ

We call a quasi­inequality also a system, and use S to denote a meta­conjunction
of inequalities.

2. The reduction­elimination cycle:
In this section, for the system S ⇒ i ≤ ψ, we use the splitting rule and the
residuation rule to the inequalities in S and finally apply the right­handed Ack­
ermann rule to the whole system. In this stage, the splitting rule and the resid­
uation rule operate on a single inequality and the right­handed Ackermann rule
operates on the whole quasi­inequality.

(a) Splitting rule:
α ≤ β ∧ γ

α ≤ β & α ≤ γ

(b) Residuation rule:
α ≤ 2β

♦α ≤ β

(c) The right­handed Ackermann rule. This rule eliminates propositional
variables and is the core of the algorithm, the other rules are aimed at
reaching a shape in which the rule can be applied.

&n
i=1 θi ≤ p & &m

j=1 ηj ≤ ιj ⇒ i ≤ α

&m
j=1 ηj(θ/p) ≤ ιj ⇒ i ≤ α(θ/p)

where:
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i. p does not occur in θ1, . . . , θn;
ii. p does not occur in ι1, . . . , ιm;
iii. θ := θ1 ∨ . . . ∨ θn. When n = 0, θ := ⊥.

3. Output: If in the previous stage, the algorithm gets stuck, i.e. some proposi­
tional variables cannot be eliminated, then the algorithm halts and output “fail­
ure”. Otherwise, the initial system after the first approximation has been re­
duced to a pure quasi­inequality Reduce(φ1 ≤ ψ1 & . . . & φn ≤ ψn ⇒ φ ≤
ψ), and then the output is the pure quasi­inequality and its standard transla­
tion (notice that in the standard translation of the quasi­inequality, we need to
universally quantify over all the individual variables).

7 Success of the Algorithm

In the present section, we show the success of the algorithm on any inductive
formula for the modal meet­implication logic case and the success of the algorithm
on any Sahlqvist inequality and any inductive quasi­inequality for the modal meet­
semilattice case.

7.1 The modal meet­implication logic case

In the present subsection, we show the success of ALBA on any inductive for­
mula.

Theorem 9. ALBA succeeds on any inductive formula φ → ψ and outputs a set of
pure quasi­inequalities and a first­order formula.

Proof. The proof is similar to [24, Section 7]. We check the shape of the inequality
or system in each stage, for the input formula Ant → Suc:

Stage 1. After applying the distribution rules, it is easy to see that Ant is of the
form

∧
PIAp, and Suc becomes the form

∧
Suc′, where

Suc′ ::= p | ⊤ | PIAq → Suc′ | 2Suc′.

Then by applying the splitting rule, we get a set of inequalities of the form∧
PIAp ≤ Suc′.
After the first approximation rule, each system is of the form i0 ≤

∧
PIAp ⇒

i0 ≤ Suc′.
Stage 2. In this stage, we deal with each system i0 ≤

∧
PIAp ⇒ i0 ≤ Suc′.

• For the inequality i0 ≤
∧

PIAp, by first applying the splitting rule for ∧ and
then exhaustively applying the residuation rules for 2 and→, we get inequali­
ties of the form MinValp ≤ p or MinValp ≤ ⊤, where

MinValp ::= i | ♦MinValp | MinValp ∧ POSAp ,
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where Ap = {q ∈ Prop | q <Ω p}.
Now the system is of the form&(MinValp ≤ p) & &(MinValp ≤ ⊤) ⇒
i0 ≤ Suc′. By applying the deleting rule, we get a system of the form &
(MinValp ≤ p) ⇒ i0 ≤ Suc′.

• Now we deal with the i0 ≤ Suc′ part.
– If the system is of the form

&(MinValp ≤ p) ⇒ i0 ≤ PIAq → Suc′,

then we apply the residuation rule for→ and get

&(MinValp ≤ p) ⇒ i0 ∧ PIAq ≤ Suc′,

then we apply the approximation rule for the succedent and get

&(MinValp ≤ p) & j ≤ i0 ∧ PIAq ⇒ j ≤ Suc′,

then we apply the splitting rule for the antecedent and get

&(MinValp ≤ p) & j ≤ i0 & j ≤ PIAq ⇒ j ≤ Suc′,

then by the reduction for i0 ≤ PIAp, we get a system of the form

&(MinValp ≤ p) & j ≤ i0 ⇒ j ≤ Suc′.

– If the system is of the form

&(MinValp ≤ p) ⇒ i0 ≤ 2Suc′,

then we apply the residuation rule for 2 and get

&(MinValp ≤ p) ⇒ ♦i0 ≤ Suc′,

then we apply the approximation rule for the succedent and get

&(MinValp ≤ p) & j ≤ ♦i0 ⇒ j ≤ Suc′.

Therefore, by the reduction strategies above, we get a quasi­inequality of the
form

&(MinValp ≤ p) & Pure ⇒ j ≤ q

or
&(MinValp ≤ p) & Pure ⇒ j ≤ ⊤.

The second case can be further reduced by the deleting rule for the succedent
to

∅ ⇒ j ≤ ⊤,

and all propositional variables are eliminated.
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• Now we are ready to apply the right­handed Ackermann rule to an Ω­miminal
variable q to eliminate it. Then since there are only finitely many propositional
variables, we can always find another Ω­miminal variable to eliminate. Finally
we eliminate all propositional variables and get a pure quasi­inequality and its
standard translation.

□

7.2 The modal meet­semilattice logic case

In the present subsection, we prove that the algorithm succeeds on any inequality
φ ≤ ψ and any inductive quasi­inequality φ1 ≤ ψ1 & . . . & φn ≤ ψn ⇒ φ ≤ ψ,
i.e. there exists an execution such that the algorithm output a quasi­inequality and the
standard translation.

Theorem 10. ALBA succeeds on any inequality φ ≤ ψ.

Proof. In the preprocessing stage, by the distribution rule, φ ≤ ψ is transformed
into

∧
i αi ≤ ψ, where each αi is of the form 2kip or 2ki⊤ or 2ki⊥ for some propo­

sitional variable p and ki ≥ 0 (we call this kind of αi a boxed atom).

By the first­approximation rule, we get i ≤
∧

i αi ⇒ i ≤ ψ.

In the reduction­elimination cycle, by the splitting rule, we have&i i ≤ αi ⇒
i ≤ ψ.

By the residuation rule, we have&i ♦ki i ≤ p & Pure ⇒ i ≤ ψ, where Pure
is a meta­conjunction (possibly empty) of pure inequalities.

Then by the right­handed Ackermann rule we can eliminate all propositional
variables. □

Given a dependence order <Ω, we say that a quasi­inequality α1 ≤ β1 & . . .

& αn ≤ βn ⇒ α ≤ β satisfies the variable occurrence restriction of <Ω, if for
each αi ≤ βi, each propositional variable p occurring in αi and each propositional
variable q occurring in βi, we have p <Ω q.

Theorem 11. ALBA succeeds on any inductive quasi­inequality φ1 ≤ ψ1 & . . . &
φn ≤ ψn ⇒ φ ≤ ψ.

Proof. We assume that the dependence order is <Ω.

In the preprocessing stage, by applying the distribution rule exhaustively, we get
a quasi­inequality of the form φ1 ≤ ψ′

1 & . . . & φn ≤ ψ′
n ⇒ φ′ ≤ ψ, where each
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ψ′
i and φ′ are conjunctions of boxed atoms, where the variable occurrence restriction

of <Ω is still satisfied.

By applying the splitting rule exhaustively, we get a quasi­inequality of the form
S ⇒ φ′ ≤ ψ, where φ′ is a conjunction of boxed atoms, and for each inequality
α ≤ β in S, we have that β is a boxed atom, and the variable occurrence restriction
of <Ω is still satisfied.

By applying the first­approximation rule, we get a quasi­inequality of the form
S & i ≤ φ′ ⇒ i ≤ ψ, where S and φ′ are described as above, and the variable
occurrence restriction of <Ω is still satisfied.

In the reduction­elimination cycle, by the splitting rule, we have S & S′ ⇒ i ≤
ψ, where for each inequality α ≤ β in S, we have that β is a boxed atom, and each
inequality in S′ is of the form i ≤ β where β is a boxed atom, and the variable occur­
rence restriction of <Ω is still satisfied.

By applying the residuation rule, we have T & T′ ⇒ i ≤ ψ, where in each
inequality γ ≤ δ in T, δ is a propositional variable or ⊥ or ⊤, and in each inequality
γ ≤ δ in T′, γ is pure and δ is a propositional variable or ⊥ or ⊤. The variable oc­
currence restriction of <Ω is still satisfied.

Now we can choose a propositional variable p which is <Ω­minimal. By the
<Ω­minimality of p and the variable occurrence restriction of<Ω, for each inequality
γ ≤ p in T and T′, we have that γ is pure.

Therefore, we can apply the right­handed Ackermann rule. After applying this
rule, we can check that the quasi­inequality is of the form U & U′ ⇒ i ≤ ψ′, where

• in each inequality γ ≤ δ in U, δ is a propositional variable or ⊥ or ⊤;

• in each inequality γ ≤ δ in U′, γ is pure and δ is a propositional variable or ⊥
or ⊤;

• the variable occurrence restriction of <Ω is still satisfied.

Therefore we can choose a<Ω­minimal propositional variable from the remain­
ing variables, and apply the right­handed Ackermann rule on it, and after applying
this rule, the three conditions above are still satisfied. By repeating this procedure,
we can eliminate all the propositional variables. □
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8 Soundness of the Algorithms: The Discrete Case

8.1 The modal meet­implication logic case

In this subsection we show the soundness of the algorithm for inductive formulas
with respect to modal I­frames. The soundness proof follows the style of [10].

Theorem 12 (Soundness). If ALBA runs according to the success proof on an input
inductive formula φ → ψ and outputs a first­order formula FO(φ→ ψ), then for
any modal I­frame F = (X,⊑, R),

F ⊩ φ→ ψ iff F ⊨ FO(φ→ ψ).

Proof. The proof goes similarly to [10, Theorem 8.1]. Let φ→ ψ denote the input
formula, {i0 ≤ φi ⇒ i0 ≤ ψi}i∈I denote the set of quasi­inequalities after the
first­approximation rule, let {Reduce(i0 ≤ φi ⇒ i0 ≤ ψi)}i∈I denote the sets of
quasi­inequalities after Stage 2, let FO(φ→ ψ) denote the standard translation of
the quasi­inequalities in Stage 3 into first­order formulas, then it suffices to show the
equivalence from (1) to (4) given below:

F ⊩ φ→ ψ (1)
F ⊩ i0 ≤ φi ⇒ i0 ≤ ψi, for all i ∈ I (2)
F ⊩ Reduce(i0 ≤ φi ⇒ i0 ≤ ψi), for all i ∈ I (3)
F ⊨ FO(φ→ ψ) (4)

The equivalence between (1) and (2) follows from Proposition 13;
The equivalence between (2) and (3) follows from Propositions 14, 17;
The equivalence between (3) and (4) follows from Proposition 6. □

In the remainder of this section, we prove the soundness of the rules in each
stage.

Proposition 13. The distribution rules, the splitting rule are sound in F, and the first­
approximation rule is sound in F, i.e. (1) and (2) are equivalent.

Proof. For the distribution rules and the splitting rule, the proof is similar to [10].
For the distribution rules, it follows from the following equivalences: for any

modal I­frame F, any valuation V on F, any world w ∈ X ,

• F, V, w ⊩ α→ β ∧ γ iff F, V, w ⊩ (α→ β) ∧ (α→ γ);
• F, V, w ⊩ 2(α ∧ β) iff F, V, w ⊩ 2α ∧2β.
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For the splitting rule, it follows from the following equivalence: for any modal
I­frame F, any valuation V on F,

F, V ⊩ α ≤ β ∧ γ iff F, V ⊩ α ≤ β and F, V ⊩ α ≤ γ.

For the first­approximation rule, we have the following lemma:

Lemma 3. For any modal I­frame F, any valuation V on F, if V (i) = ↑i, then

F, V ⊩ i ≤ α iff F, V, i ⊩ α.

Proof of Lemma 3

F, V ⊩ i ≤ α

iff V (i) ⊆ V (α)

iff ↑i ⊆ V (α)

iff i ∈ V (α)

iff F, V, i ⊩ α.

□

Therefore, for any modal I­frame F,

• Assume F ⊩ φi ≤ ψi. For any valuation V on F, if F, V ⊩ i ≤ φi, then V (i) =
↑i for some i ∈ X . Thus F, V, i ⊩ φi, so i ∈ V (φi). Since F ⊩ φi ≤ ψi, we
have V (φi) ⊆ V (ψi), so i ∈ V (ψi), therefore F, V, i ⊩ ψi, i.e. F, V ⊩ i ≤ ψi.
So we get F, V ⊩ i ≤ φi ⇒ i ≤ ψi for any V on F.

• For the other direction, assume that F ⊩ i ≤ φi ⇒ i ≤ ψi. Then for any
valuation V onF, it suffices to prove that V (φi) ⊆ V (ψi). Take any i ∈ V (φi),
consider the valuation V ′ = V i

↑{i}, then since i does not occur in φi, we have
that V ′(i) = ↑i and V ′(φi) = V (φi). So we have F, V ′, i ⊩ φi, by Lemma 3
we have F, V ′ ⊩ i ≤ φi, so from F ⊩ i ≤ φi ⇒ i ≤ ψi we get F, V ′ ⊩ i ≤ ψi

and F, V ′, i ⊩ ψi. So i ∈ V ′(ψi), since i does not occur in ψi, we have that
V ′(ψi) = V (ψi). So i ∈ V (ψi), therefore V (φi) ⊆ V (ψi). Since V and i are
arbitrary, we have F ⊩ φi ≤ ψi.

□

The next step is to show the soundness of each rule of Stage 2. For each rule,
before the application of this rule we have a system S ⇒ Ineq, after applying the
rule we get a system S′ ⇒ Ineq′, the soundness of Stage 2 is then the equivalence of
the following:

• F ⊩ S ⇒ Ineq
• F ⊩ S′ ⇒ Ineq′
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It suffices to show the following property for the splitting rule, residuation rules
and the deleting rules:

For any F, any arbitrary valuation V ,
F, V ⊩ S ⇒ Ineq iff F, V ⊩ S′ ⇒ Ineq′.

For the first­approximation rule, we prove it directly.
For the right­handed Ackermann rule, we also prove it directly.

Proposition 14. The splitting rule, the approximation rules, the residuation rules and
the deleting rule in Stage 2 are sound in both directions in F.

Proof. The soundness proofs for the splitting rules and the residuation rules are
similar to the soundness of the same rules in [10].

• For the splitting rules, it follows from the following equivalence: for any modal
I­frame F, any arbitrary valuation V on F,

F, V ⊩ α ≤ β ∧ γ iff F, V ⊩ α ≤ β and F, V ⊩ α ≤ γ.

• For the residuation rules, it follows from the following equivalence: for any
modal I­frame F, any arbitrary valuation V on F,

– F, V ⊩ α ≤ 2β iff F, V ⊩ ♦α ≤ β;

– F, V ⊩ α ≤ β → γ iff F, V ⊩ α ∧ β ≤ γ.

The first equivalence above follows from the fact that ♦ : F(X) → F(X) and
2 : F(X) → F(X) form an adjunction pair, and the second equivalence above
follows from the fact that ∩ and→ (as defined on page 29) form a residuation
pair (since F(X) is an implicative semilattice).

• For the approximation rule, the soundness proof is similar to the first­approximation
rule: for any modal I­frame F,

– Assume F ⊩ S ⇒ φ ≤ ψ. For any valuation V on F, if F, V ⊩ S and
F, V ⊩ i ≤ φ, then V (i) = ↑i for some i ∈ X . Thus F, V, i ⊩ φ, so i ∈
V (φ). Since F ⊩ φ ≤ ψ, we have V (φ) ⊆ V (ψ), so i ∈ V (ψ), therefore
F, V, i ⊩ ψ, i.e. F, V ⊩ i ≤ ψ. So we get F, V ⊩ S & i ≤ φ ⇒ i ≤ ψ

for any V on F.
– For the other direction, assume that F ⊩ S & i ≤ φ ⇒ i ≤ ψ. Then

for any valuation V on F, assume that F, V ⊩ S, it suffices to prove that
V (φ) ⊆ V (ψ). Take any i ∈ V (φ), consider the valuation V ′ = V i

↑{i},
then since i does not occur in φ and S, we have that V ′(i) = ↑i, V ′(φ) =

V (φ) and F, V ′ ⊩ S. So we have F, V ′, i ⊩ φ, by Lemma 3 we have
F, V ′ ⊩ i ≤ φ, so from F ⊩ S & i ≤ φ ⇒ i ≤ ψ we get F, V ′ ⊩ i ≤ ψ

and F, V ′, i ⊩ ψ. So i ∈ V ′(ψ), since i does not occur in ψ, we have that
V ′(ψ) = V (ψ). So i ∈ V (ψ), therefore V (φ) ⊆ V (ψ). Since V and i
are arbitrary, we have F ⊩ S ⇒ φ ≤ ψ.
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• The soundness of the deleting rule is trivial, since α ≤ ⊤ always holds in any
modal I­model.

□

Proposition 15. The right­handed Ackermann rule applied in the success proof is
sound in F.

Proof. Without loss of generality we assume that n = 2 andm = 1. Then it suffices
to show that the following are equivalent:

• F ⊩ θ1 ≤ p & θ2 ≤ p & η ≤ ι ⇒ φ ≤ ψ;
• F ⊩ η(θ1 ∨ θ2/p) ≤ ι(θ1 ∨ θ2/p) ⇒ φ(θ1 ∨ θ2/p) ≤ ψ(θ1 ∨ θ2/p).

↓: Assume that F ⊩ θ1 ≤ p & θ2 ≤ p & η ≤ ι ⇒ φ ≤ ψ. Then for
any arbitrary valuation V on F, if F, V ⊩ η(θ1 ∨ θ2/p) ≤ ι(θ1 ∨ θ2/p), then take
V ′ = V p

V (θ1∨θ2)
8, then since p does not occur in θ1, θ2, we have that V ′(θ1 ∨ θ2) =

V (θ1 ∨ θ2) = V ′(p), therefore V (η(θ1 ∨ θ2/p)) = V ′(η(θ1 ∨ θ2/p)) = V ′(η),

similarly V (ι(θ1 ∨ θ2/p)) = V ′(ι), so from F, V ⊩ η(θ1 ∨ θ2/p) ≤ ι(θ1 ∨ θ2/p) we
get V ′(η) ⊆ V ′(ι). Since V ′(θ1) ⊆ V ′(θ1 ∨ θ2) = V ′(p), V ′(θ2) ⊆ V ′(θ1 ∨ θ2) =
V ′(p), we get F, V ′ ⊩ θ1 ≤ p & θ2 ≤ p & η ≤ ι, therefore from F ⊩ θ1 ≤
p & θ2 ≤ p & η ≤ ι ⇒ φ ≤ ψ we get F, V ′ ⊩ φ ≤ ψ. Therefore V ′(φ) ⊆ V ′(ψ).
Similar to η and ι we get V ′(φ) = V (φ(θ1 ∨ θ2/p)) and V ′(ψ) = V (ψ(θ1 ∨ θ2/p)),
so F, V ⊩ φ(θ1 ∨ θ2/p) ≤ ψ(θ1 ∨ θ2/p). By the arbitrariness of V we get F ⊩
η(θ1 ∨ θ2/p) ≤ ι(θ1 ∨ θ2/p) ⇒ φ(θ1 ∨ θ2/p) ≤ ψ(θ1 ∨ θ2/p).

↑: Assume that F ⊩ η(θ1 ∨ θ2/p) ≤ ι(θ1 ∨ θ2/p) ⇒ φ(θ1 ∨ θ2/p) ≤ ψ(θ1 ∨
θ2/p). Then for any valuation V on F, if F, V ⊩ θ1 ≤ p & θ2 ≤ p & η ≤ ι, then
V (θ1) ⊆ V (p), V (θ2) ⊆ V (p), V (η) ⊆ V (ι). Therefore V (θ1 ∨ θ2) ⊆ V (p), so by
the polarity of p in η(θ1 ∨ θ2/p) and ι(θ1 ∨ θ2/p) we have that V (η(θ1 ∨ θ2/p)) ⊆
V (η) ⊆ V (ι) ⊆ V (ι(θ1 ∨ θ2/p)). So from F ⊩ η(θ1 ∨ θ2/p) ≤ ι(θ1 ∨ θ2/p) ⇒
φ(θ1 ∨ θ2/p) ≤ ψ(θ1 ∨ θ2/p) we get V (φ) ⊆ V (φ(θ1 ∨ θ2/p)) ⊆ V (ψ(θ1 ∨
θ2/p)) ⊆ V (ψ), so F, V ⊩ φ ≤ ψ. Therefore by the arbitrariness of V we get
F ⊩ θ1 ≤ p & θ2 ≤ p & η ≤ ι ⇒ φ ≤ ψ. □

8.2 The Modal Meet­Semilattice Logic Case

For the soundness proof of the algorithm for inductive quasi­inequalities with
respect to modal M­frames, the proof for the rules here are essentially the same as the
same rules in the modal meet­implication logic setting. Notice that the right­handed
Ackermann rule here is a special case of the right­handed Ackermann rule there.

8This is the point where we will dicuss in the next section.
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9 Soundness of the Algorithms: The Descriptive Case

9.1 The modal meet­implication logic case

In this subsection we show the soundness of the algorithm for inductive formulas
with respect to descriptive modal I­frames. The proof also follows the style of [10].

Theorem 16 (Soundness). If ALBA runs according to the success proof on an input
inductive formula φ → ψ and outputs a first­order formula FO(φ→ ψ), then for
any descriptive modal I­frame F = (X,⊑, R,A),

F ⊩A φ→ ψ iff F ⊨ FO(φ→ ψ).

Similar to the modal I­frame case, it suffices to show the soundness of each
rule in the algorithm with respect to the admissible semantics. Indeed, for most of
the rules, since in the equivalence involved, either they do not change valuation (so
admissible valuation remains admissible), or only the valuation of a new nominal
changes (so admissibility of valuation does not change either), the proof is essen­
tially the same as in the soundness proof with respect to arbitrary semantics. The
only exception is the right­handed Ackermann rule, which changes the valuation of
a propositional variable. In arbitrary semantics it does not matter, since the value
of θ1 ∨ θ2 and other formulas in the minimal valuation part always exist in F(X).
However, we cannot guarantee that the value of θ1 ∨ θ2 and other formulas in the
minimal valuation part is a clopen filter, so we need another soundness proof of the
right­handed Ackermann rule with respect to descriptive modal I­frames.

9.1.1 Analysis of the right­handed Ackermann rule

Before we show the soundness of the right­handed Ackermann rule with respect
to descriptive modal I­frames, we consider the application of the right­handed Acker­
mann rule in the success proof. The analysis is very similar to the one in [24, Section
9.1].

Before the application of the right­handed Ackermann rule, the system is of the
shape S ⇒ j ≤ t, where p is the current Ω­minimal propositional variable, and t
might be p or another propositional variable or a pure formula, and S consists of the
following inequalities:

• MinVal′p,1 ≤ p, . . . ,MinVal′p,n ≤ p;
• inequalities of the form MinVal′q ≤ q, where q ̸= p;
• pure inequalities.

Here MinVal′r ∈ Cr for r = p, q, where Cr is defined as follows:

Cr ::= i | ⊤ | ⊥ | s | ♦Cr | 2Cr | Cr ∧ Cr | Cr ∨ Cr
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where s is a propositional variable of dependence order below r. It is easy to see
that each MinVal′p,i is pure (since all propositional variables below p are already
eliminated), and MinVal′q may or may not contain p.

Now denote
∨

i MinVal′p,i as Vp. After the application of the right­handed Ack­
ermann rule, the system is of the shape S′ ⇒ j ≤ t(Vp/p), and S′ consists of the
following inequalities:

• inequalities of the form MinVal′q(Vp/p) ≤ q;
• pure inequalities.

It is easy to see that in the system, in each non­pure inequality in S′, they are of
the form MinVal′q(Vp/p) ≤ q, which still fall in the categories described as before
the application of the right­handed Ackermann rule. Also, the first application of the
right­handed Ackermann rule is a special case of the situation described above.

Therefore, it suffices to show that for the system S ⇒ j ≤ t, t is p or another
propositional variable or a pure formula, and S consists of the following inequalities:

• MinVal′p,1 ≤ p, . . . ,MinVal′p,n ≤ p;
• inequalities of the form MinVal′q(p) ≤ q, where q ̸= p and MinVal′q(p) con­
tains positive occurrences of p;

• inequalities that do not contain p;

The application of the right­handed Ackermann rule on variable p is sound with re­
spect to admissible valuations.

9.1.2 Proof of topological Ackermann Lemma

In what follows, when we refer to F and X , if we do not mention specifically,
they refer to a descriptive modal I­frame. We use C(X) to denote the set of closed
filters ofX andA to denote the set of clopen filters ofX . We also denote♦Y := R[Y ]

and 2Y := (R−1(Y c))c.

Lemma 4 (Lemma 2.2 in [21]). Let (X,⊓,⊤, τ) be an M­space and F ⊆ X a filter
in (X,⊓,⊤). Then F is closed in (X, τ) if and only if it is the intersection of all
clopen filters that contain F .

Corollary 1. For any Y ∈ C(X), Y is an intersection of a non­empty downward­
directed collection of elements inA, i.e. ∀Y ∈ C(X), Y =

∩
iXi for some non­empty

downward­directed {Xi}i∈I ⊆ A.

Lemma 5. A filter of X is closed iff it is principal, i.e. of the form ↑x. Therefore,
↑x ∈ C(X) for any x ∈ X . Especially, {⊤} ∈ C(X).

Proof. The proof is similar to [5, Lemma 2.8].



58 Studies in Logic, Vol. 18, No. 3 (2025)

To prove that every ↑x is closed, it suffices to show that ↑x =
∩
{F ∈ A | x ∈

F}. It is easy to see that for any F ∈ A such that x ∈ F , ↑x ⊆ F , so ↑x ⊆
∩
{F ∈

A | x ∈ F}. If y /∈ ↑x, then x ̸⊑ y, by differentiatedness there is an F ∈ A such that
x ∈ F and y /∈ F . so y /∈

∩
{F ∈ A | x ∈ F}. Therefore

∩
{F ∈ A | x ∈ F} ⊆ ↑x.

To prove that every closed filter is principal, suppose otherwise, there is a closed
filter F which is not principal, then for any x ∈ F there is a y ∈ F such that x ̸⊑ y.
Then by differentiatedness there is an Fx ∈ A such that x ∈ Fx and y /∈ Fx, so
F ⊈ Fx. While F ⊆

∪
x∈F Fx, so by compactness there are x1, . . . , xn ∈ F such

that F ⊆
∪n

i=1 Fxi . Now for each xi ∈ F there is a yi ∈ F such that xi ̸⊑ yi
and yi /∈ Fxi . So y1 ⊓ . . . ⊓ yn /∈ Fxi for each i = 1, . . . , n, but F is a filter, so
y1 ⊓ . . . ⊓ yn ∈ F , a contradiction to F ⊆

∪n
i=1 Fxi . □

Lemma 6. If Y ∈ C(X) and Z ∈ C(X), then Y ∨ Z ∈ C(X).

Proof. By Lemma 5, Y = ↑y and Z = ↑z for some y, z ∈ X . Then Y ∨ Z =

{y′ ⊓ z′ | y ⊑ y′ and z ⊑ z′} = ↑{y ⊓ z} ∈ C(X). □

Lemma 7 (A Variation of Proposition 4.4 in [6]). Let (X,⊑, R,A) be a descriptive
modal I­frame. If Y ∈ C(X), then R[Y ] ∈ C(X), i.e. ♦Y ∈ C(X).

Proof. Let Y ∈ C(X). Let x /∈ R[Y ] =
∪
{R(y) : y ∈ Y }. Then x /∈ R[y] for all

y ∈ Y . By Definition 10, R[y] =
∩
{a ∈ A | R[x] ⊆ a}, therefore R[y] ∈ C(X)

and there exists Uy ∈ A such that x /∈ Uy and R(y) ⊆ Uy. So y ∈ 2Uy for all
y ∈ Y . Consider the family I = {2Uy : y ∈ Y }, then Y ⊆

∪
I. By Corollary 1

and compactness, we have that there are y1, . . . , yn ∈ Y such that Y ⊆ 2Uy1 ∪ . . .∪
2Uyn ⊆ 2(Uy1 ∪ . . . ∪ Uyn) and x /∈ Uy1 ∪ . . . ∪ Uyn .

Now take Vx to be Uy1 ∨ . . . ∨ Uyn , then Y ⊆ 2(Uy1 ∪ . . . ∪ Uyn) ⊆ 2(Uy1 ∨
. . . ∨ Uyn) ⊆ 2(Vx), then R[Y ] ⊆ Vx. Then by Lemma 6, Vx ∈ C(X).

Then we can show that R[Y ] =
∩

x/∈R[Y ] Vx: If z ∈ R[Y ], then z ∈ Vx for all
x /∈ R[Y ], so z ∈

∩
x/∈R[Y ] Vx. If z /∈ R[Y ], then z /∈ Vz , so z /∈

∩
x/∈R[Y ] Vx. Since

each Vx ∈ C(X), we have that R[Y ] ∈ C(X). □

Lemma 8. 1. A ⊆ C(X).
2. 2

∩
iXi =

∩
2iXi, for any Xi ⊆ X .

3. If Y ∈ C(X), then 2Y ∈ C(X).

Proof. 1. Trivial.
2. By the fact that 2 is completely intersection preserving.
3. An easy corollary of items 1 and 2.

□

Lemma 9. ♦
∩

iXi =
∩
♦iXi for any non­empty downward­directed {Xi}i∈I ⊆

C(X).
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Proof. The proof is essentially the same as [24, Lemma 4]. The direction♦
∩

iXi ⊆∩
♦iXi is easy. For the other direction, suppose there is a Y ∈ C(X) such that

♦
∩

iXi ⊆ Y . Then there is a collection {Zj}j∈J ∈ A such that Y =
∩

j Zj .
Therefore, ♦

∩
iXi ⊆ Zj for all j. Thus

∩
iXi ⊆ 2Zj for all j. By compactness and

the downward­directedness ofXi, we have that for all j and some kj depending on j,
Xkj ⊆ 2Zj , i.e., ♦Xkj ⊆ Zj , so

∩
i ♦Xi ⊆ Zj for all j, so

∩
i ♦Xi ⊆

∩
j Zj = Y.

Now take Y = ♦
∩

iXi, we have
∩

i ♦Xi ⊆ ♦
∩

iXi. □

Lemma 10. For any formula α(q, i, p) built up from nominals, ⊤, ⊥, propositional
variables using ♦,2,∧,∨, consider the following valuation: V (q) = Y , where Y ∈
A, V (i) = ↑x, where x ∈ X , V (p) = Z, where Z ∈ A, then V (α(q, i, p)) ∈ C(X).

Proof. By induction on the complexity of α(q, i, p).

• For nominals, from Lemma 5, ↑x ∈ C(X) for all x ∈ X .
• For ⊤, it is easy to see that X is a clopen filter of X .
• For ⊥, from Lemma 5, {⊤} ∈ C(X).
• For propositional variables, it follows from Lemma 8.
• For ♦, it follows from Lemma 7.
• For 2, it follows from Lemma 8.
• For ∧, it follows from that C(X) is closed under taking intersection.
• For ∨, it follows from Lemma 6.

□

Lemma 11. For any formula α(q, i, p) built up from nominals, ⊤, ⊥, propositional
variables using ♦,2,∧,∨, for any Y ∈ A corresponding to q, any ↑x (where x ∈ X)
corresponding to i, any non­empty downward­directed {Zi}i∈I ⊆ C(X) correspond­
ing to p, we have

∩
i β(Y , ↑x,Zi) = β(Y , ↑x,

∩
i Zi).

9

Proof. By induction on the complexity of α(q, i, p).

• For nominals, ⊤, ⊥, propositional variables, trivial.
• For ♦, it follows from Lemma 9.
• For 2, it follows from Lemma 8.
• For ∧, trivial.
• For ∨, it suffices to prove that

∩
i(γ ∨ δ)(Y , ↑x,Zi) = (γ ∨ δ)(Y , ↑x,

∩
i Zi).

For the sake of simplicity, we write θ(Y , ↑x,Zi) as θ(Zi). Then we need to
prove that

∩
i(γ ∨ δ)(Zi) = (γ ∨ δ)(

∩
i Zi).

It is easy to see that
∩

i(γ ∨ δ)(Zi) ⊇ (γ ∨ δ)(
∩

i Zi). For the other direction,
we first prove the following statement:

9Here by β(Y , {x}, Zi)wemean V (β) under the valuation where V (q) = Y , V (i) = {x}, V (p) =

Zi.
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For any U ∈ A, if (γ ∨ δ)(
∩

i Zi) ⊆ U , then
∩

i(γ ∨ δ)(Zi) ⊆ U .

Proof of statement. Assume that (γ ∨ δ)(
∩

i Zi) ⊆ U , then γ(
∩

i Zi) ⊆ U

and δ(
∩

i Zi) ⊆ U . By induction hypothesis, we have
∩

i γ(Zi) = γ(
∩

i Zi)

and
∩

i δ(Zi) = δ(
∩

i Zi), so we have
∩

i γ(Zi) ⊆ U and
∩

i δ(Zi) ⊆ U . By
compactness and downward­directedness of {Zi}i∈I ⊆ C(X), we have that
there are j, k ∈ I such that γ(Zj) ⊆ U and δ(Zk) ⊆ U , so there is an l ∈ I

such that Zl ⊆ Zj ∩ Zk and γ(Zl) ⊆ U and δ(Zl) ⊆ U , so (γ ∨ δ)(Zl) ⊆ U ,
therefore

∩
i(γ ∨ δ)(Zi) ⊆ U . □

From this statement we can prove the second statement:

For any U ∈ C(X), if (γ ∨ δ)(
∩

i Zi) ⊆ U , then
∩

i(γ ∨ δ)(Zi) ⊆ U .

Proof of statement. Assume that (γ ∨ δ)(
∩

i Zi) ⊆ U and U =
∩

j∈J Vj
where Vj ∈ A for all j ∈ J . Then (γ ∨ δ)(

∩
i Zi) ⊆ Vj for all j ∈ J . By

the first statement, we have that
∩

i(γ ∨ δ)(Zi) ⊆ Vj for all j ∈ J . Therefore∩
i(γ ∨ δ)(Zi) ⊆ U . □

Now take U = (γ ∨ δ)(
∩

i Zi), then we get
∩

i(γ ∨ δ)(Zi) ⊆ (γ ∨ δ)(
∩

i Zi).

□

Now we come to the soundness proof of the right­handed Ackermann rule for
<Ω­minimal propositional variable p with respect to admissible valuations when we
have the system S ⇒ j ≤ t, where t is p or another propositional variable or a pure
formula, and S consists of the following inequalities:

• MinVal′p,1 ≤ p, . . . ,MinVal′p,n ≤ p;
• inequalities of the form MinVal′q(p) ≤ q, where q ̸= p and MinVal′q(p) con­
tains positive occurrences of p;

• inequalities that do not contain p;

and after the right­handed Ackermann rule, we have the system of the shape S′ ⇒
j ≤ t(Vp/p), and S′ consists of the following inequalities:

• inequalities of the form MinVal′q(Vp/p) ≤ q;
• inequalities that do not contain p before the application.

Proposition 17. The right­handed Ackermann rule applied as in the success proof is
sound in any descriptive modal I­frame F.

Proof. The spirit of this proof is essentially the same as [10, Lemma 9.3], but the
proof details are quite different.

Without loss of generality we assume that S contains the following inequalities
and t is p (since when t is not p then j ≤ t does not contain p and the proof will be
easier):
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• MinVal′p,1 ≤ p,MinVal′p,2 ≤ p;
• one inequality of the form MinVal′q(p) ≤ q, where q ̸= p and MinVal′q(p)

contains positive occurrences of p;
• one inequality Ineq that do not contain p.

Then after the application of the rule, we have the system of the shape S′ ⇒
j ≤ Vp, and S′ consists of the following inequalities:

• one inequality of the form MinVal′q(Vp/p) ≤ q;
• one inequality that do not contain p before the application.

• F ⊩A S ⇒ j ≤ p;
• F ⊩A S′ ⇒ j ≤ Vp.

For the ⇑ direction, the proof is essentially the same as in the arbitrary semantics
case (just replace “any valuation” by “any admissible valuation”).

For the ⇓ direction, assume that

F ⊩A MinVal′p,1 ≤ p & MinVal′p,2 ≤ p & MinVal′q(p) ≤ q & Ineq ⇒ j ≤ p.

Take any admissible valuation V on F. If

F, V ⊩ MinVal′q(Vp/p) ≤ q & Ineq and F, V ⊮ j ≤ Vp,

then we take the arbitrary valuation

V ′ = V p
V (Vp)

which is almost admissible except at p, since

V ′(p) = V (Vp) ∈ C(X)

by Lemma 10. Then since p does not occur in Vp, we have that

V ′(Vp) = V (Vp) = V ′(p),

therefore

V (MinVal′q(Vp/p)) = V ′(MinVal′q(Vp/p)) = V ′(MinVal′q(p)),

so from F, V ⊩ MinVal′q(Vp/p) ≤ q we get

V ′(MinVal′q(p)) ⊆ V (q) = V ′(q).

Now we denote MinVal′q(p) as θ(p), then we get

θ(V ′(p)) = V ′(θ(p)) ⊆ V ′(q).10

10See the notation on page 59.
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Since V ′(p) ∈ C(X), we have that

V ′(p) =
∩

{Y ∈ A | V ′(p) ⊆ Y }.

Since θ(p) ∈ Cq (see page 56), by Lemma 11, we have that

θ(V ′(p)) = θ(
∩

{Y }) =
∩
θ(Y ),

so
∩
θ(Y ) ⊆ V ′(q). Since Y ∈ A, we have θ(Y ) ∈ C(X) by Lemma 10. By

compactness and downward­directness and non­emptiness of {Y ∈ A | V ′(p) ⊆
Y } ⊆ A ⊆ C(X), there is a Y ∈ A such that θ(Y ) ⊆ V ′(q).

From F, V ⊮ j ≤ Vp we have

V (j) ⊈ V (Vp) = V ′(p) =
∩

{Y ∈ A | V ′(p) ⊆ Y }.

Assume that V (j) = ↑j for j ∈ X , then the above is equivalent to

j /∈
∩

{Y ∈ A | V ′(p) ⊆ Y },

so there is a Y ′ ∈ A such that V ′(p) ⊆ Y and j /∈ Y ′.
Now take Z = Y ∩ Y ′, then

j /∈ Z and θ(Z) ⊆ θ(Y ) ⊆ V ′(q),

so
V (j) ⊈ Z and θ(Z) ⊆ V ′(q).

Now define V ′′ := V p
Z , then V

′′ is an admissible valuation. Since p does not
occur in Vp, we have

V ′′(Vp) = V (Vp) = V ′(p) ⊆ Z = V ′′(p),

so
F, V ′′ ⊩ MinVal′p,1 ≤ p & MinVal′p,2 ≤ p.

By θ(Z) ⊆ V ′(q), since θ(Z) = V ′′(θ) and V ′′(q) = V ′(q), we have

F, V ′′ ⊩ θ(p) ≤ q, i.e. F, V ′′ ⊩ MinVal′q(p) ≤ q.

Since Ineq does not contain p, from F, V ⊩ Ineq we have

F, V ′′ ⊩ Ineq.

By

F ⊩A MinVal′p,1 ≤ p & MinVal′p,2 ≤ p & MinVal′q(p) ≤ q & Ineq ⇒ j ≤ p
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we get
F, V ′′ ⊩ j ≤ p,

i.e.
V (j) = V ′′(j) ⊆ V ′′(p) = Z,

a contradiction to V (j) ⊈ Z. So

F, V ⊩ MinVal′q(Vp/p) ≤ q & Ineq and F, V ⊮ j ≤ Vp

cannot hold, therefore

F, V ⊩ MinVal′q(Vp/p) ≤ q & Ineq ⇒ j ≤ Vp.

Since V is any admissible valuation, we have

F ⊩A MinVal′q(Vp/p) ≤ q & Ineq ⇒ j ≤ Vp.

□

9.2 The modal meet­semilattice logic case

For the soundness proof of the algorithm ALBA for inductive quasi­inequalities
with respect to descriptive modalM­frames, the proof for the rules here are essentially
the same as the same rules in the modal meet­implication logic setting. Notice that
the analysis of the right­handed Ackermann rule for descriptive modal I­frame setting
can be adapted here without modification.

10 Conclusion

In this paper, we study the correspondence theory for modal meet­implication
logic and modal meet­semilattice logic, in the semantics provided in [21]. We study
both the discrete correspondence theory over modal I/M­frames, and the topological
correspondence theory over descriptive modal I/M­frames.

We give the following concluding remarks:

• The kind of logics we study are not based on algebras that are bounded lattice
expansions, but based on (implicative) semilattices which does not necessarily
have join or bottom. Therefore, this paper can be regarded as another step of
correspondence theory for logics not based on bounded lattices, after [24].

• By the duality given in [21], the relational semantic structures used here (modal
I/M­frames and descriptive modal I/M­frames) are based on a semilattice rather
than just an ordinary partial order (like in intuitionistic propositional logic),
and the propositional variables are interpreted as filters rather than upsets in
arbitrary valuations, and in admissible valuations, propositional variables are
interpreted as clopen filters rather than clopen upsets.
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• In topological correspondence theory, the collection of admissible valuations
(which forms a modal (implicative) semilattice) is not necessarily closed under
taking disjunction and does not necesarily contain the interpretation of bottom,
which makes the proof of the topological Ackermann lemma different from
existing settings.

We point out the following future directions:

• Meet­dense subset. In the current setting, we are able to find the interprants for
the nominals, namely the set that join­generates F(X). However, we are not
able to find a set that meet­generates F(X). If we can find such a set, we are
able to introduce the so­called conominals (see [10]) and have more algorithm
rules that are applicable, and maybe even the left­handed Ackermann rule.

• Spectral correspondence theory. For modal (implicative) semilattices, the
duality that we use in our setting are Priestley­like dualities where the basis for
the topology are clopen sets. It is also interesting to investigate the spectral
correspondence theory (see e.g. [24]) based on spectral­like dualities for modal
(implicative) semilattices, similar to the dualities developed in [7, 8].

• Complexity issues. It is worth investigating the complexity of the problem of
checking whether a formula/an inequality/a quasi­inequality is inductive, and
the complexity of the algorithm given that the input formula/quasi­inequality
is inductive.
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滤语义下模态合取–蕴涵逻辑
与模态交半格逻辑的离散与拓扑对应理论

梁飞 赵之光

摘 要

本文对模态合取­蕴涵逻辑和模态交半格逻辑的离散与拓扑对应理论进行系
统的研究。本研究的主要特点有三点：第一，本文中的语义结构基于半格而非一

般的偏序；第二，命题变元解释成滤而非向上封闭的集合，作为命题变元的一阶

版本的专名解释成主滤而非单点生成的向上封闭的集合；第三，在拓扑对应理论

中，可容许赋值的集合不对析取封闭，从而使拓扑阿克曼引理的证明与已有情形

不同。
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