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Saturated Models and Ultrafilter Extension for
Weakly Aggregative Modal Logics™

Yifeng Ding Jixin Liu

Abstract. Weakly aggregative modal logics (WAML) are a series of natural weakenings of
the minimal modal logic K. The natural semantics for them are based on Kripke frames with
an N + l-ary relation, where O is true at a world iff all of its successor /N -tuples has at least
one world making ¢ true. We study the notion of saturated models and ultrafilter extension for
this relational semantics of WAML. The Goldblatt-Thomason theorem for WAML is proved
as an application.

1 Introduction

Let us call a modality O N-weakly aggregative, with N being a positive natural
number, if O is monotonic and validates OT and the following principle:

(Opo AOpa A= AOpn) = O((po Ap1) V (po Ap2) V-V (pN—1 ADN))-

Modalities of this kind arise naturally whenever we quantify over tuples or sets of
size at most IV in a V4 manner. For example, let Oy mean that: “in every pair of twin
primes, one of them satisfies property ¢”. Then, assuming Opg and Op; and Opo,
for every pair of twin primes (a, b), there is a function f : {pg, p1,p2} — {a, b} such
that f(p;) satisfies p;. By the pigeonhole principle, f is not injective, and either a or
b satisfies two of the properties in {po, p1, p2 }. This means O((po Ap1) V (po A p2) V
(p1 A p2)) is true.

Over Kripke models with an N + 1-ary relation, this V3-style quantification is a
natural way to talk about them using a unary modality. More formally, O is true at
w iff for any vy, ..., vy such that R(w, vy, ..., vy), thereisv € {v1,...,vn} such
that ¢ is true at v. It is easy to see using the pigeonhole principle that O thus defined
is an N-weakly aggregative modality.

This relational semantics based on standard Kripke models with an N + 1-ary
relation is first defined in [13], and the authors there also introduce the name “Weakly
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aggregative modal logic (WAML)”. One can quickly observe that Oy as understood
above is equivalent to V(¢, .. ., ¢) where V is the standard polyadic modal operator.
In a later paper ([2]), it is proved that the modal logic on all N + 1-ary frames is
exactly the smallest logic in which O is N-weakly aggregative. WAML have strong
connections to different areas, like paraconsistent reasoning ([13]), epistemic logic of
knowing value ([10]), neighborhood semantics ([1]) and group knowledge ([4]). This
paper will focus on the model theory on relational semantics of WAML; one may see
[11] for further literature on other aspects of WAML.

The aim of this paper is to find the right notion of saturation and ultrafilter ex-
tension (canonical extension) for WAML. This continues the study of model theory
for WAML in [12] and the canonical model construction used in [8]. There are some
related works on these topics, such as [3] and [6, 7]. But the first one mainly considers
the special case of NV = 1 and the other two concern neighborhood models. Though
they all work with the same language with a single unary modality as in this paper,
our work concerns the general IV + 1-ary relational semantics.

The remaining parts of this paper are structured as follows. In Section 2 we re-
call the model theoretical set up of WAML and define the complex algebra of frames.
In Section 3, we study the saturation condition for models. In Section 4, we study
the ultrafilter (canonical) extension for any Boolean algebra expanded with a weakly
aggregative modality. When applied to the complex algebra of the frame of a model
while keeping the valuation information, we obtain the ultrafilter extension of the said
model and show that it is saturated. In Section 5, to further justify the definition of ul-
trafilter extension, we show the Goldblatt-Thomason theorem for weakly aggregative
modal logic. In Section 6, we conclude with some unaddressed questions.

2 Relational Semantics and the Algebraic Perspective

Throughout the paper, let IV be a fixed positive natural number denoting the arity
parameter of the weakly aggregative modal logic we consider.

Definition 1. Let £ be the language of basic modal logic defined by the following
grammar:
pu=pl-p|(pAe)| DBy

where p is in a countably infinite set Prop of propositional atoms. We employ the
usual abbreviations, including G := —O—g.

Definition 2. An N-Kripke frame is a pair (W, R) where W is a non-empty set
and R is an N + l-ary relation. An N-Kripke model is a triple (W, R, V') where
(W, R) is an N-Kripke frame and V' : Prop — o(W). Given any N-Kripke model
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M = (W, R, V), we define the weakly aggregative semantics for £ as follows:

M,wE=p <~ weV(p)

MuwE-p = MwlEy

MwEeAY <= M,wE pand M,w

M,wEDOp <= Vuj,ue,...,uy € W: R(w,u,...,uny) =
Mui Epor M ug |=por -+ or M uyn = ¢.

From the above clause for O¢, one can directly verify the semantics for G¢:

M,w =0 <= Juy,ug,...,uy € W: R(w,uy,...,uy) and
M, uy = pand M,us = pand --- and M,un = ¢.

We introduce some notations to help shorten the above semantic clause for 0. Let
[1, N] be the set of natural numbers from 1 to N inclusive, and let W be the set of
all N-tuples using elements in W. Then for any @ € W¥ and any i € [1, N], @[i] is
the ith element of @ (& = (@[1], ..., @[n])). Finally, when b € W, we write R(a, b)
for R(a,b[1],...,b[N]). Thus, the above semantic clause for O can be written as
Vi € WN(R(w, @) = 3i € [1, N]JM, i[i] = ¢).

To better understand the above semantics for O, note that for the interpretation
of weakly aggregative modal logic, N-Kripke frames contain redundant informa-
tion. For example, say N = 2 and consider ({1,2,3},{(1,2,3)}) and ({1, 2,3},
{(1,3,2)}). Our language can never pick up the difference between these two N-
Kripke frames since they only differ in the ordering of the second and the third ar-
gument of their respective ternary relations. For any tuple , let set() be the set of
elements used in %. Then it is clear from the semantic clause for O that when R(w, ),
only set(«) matters in a monotonic way. If we want to remove the redundant infor-
mation, we can consider the following condition on N-Kripke frames.

Definition 3. An N-weakly aggregative frame (IN-WA frame for short) is a pair
(W, R) such that

* W is a non-empty set, i is an N + 1-ary relation on W;
« forany w € W and any @, v € W, if R(w, @) and set(@) C set(¥), then
R(w, V).

Note that the second condition is a first-order condition expressible by the formula:

VaVyp ... YynVzi .. . Van((R(z,y1,...,yN) A /\ \/ Yi = %)
1€[1,N] j€[i,N]

— R(x,z1,...,2N)).
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But to exactly capture the semantic content of an N-Kripke frame, it is best to
consider the algebra they generate.

Definition 4. An N-weakly aggregative algebra (/V-WA algebra for short) is a pair
B = (B, 0) where B is a Boolean algebra and O is a monotonic function from B to
B such that OT = T and the axiom K for the weakly aggregative modal logic is
valid:

« for any ag,ai,...,ay € B, /\i]\i0 Oa; < O(V, < (ai A ay)).

Here < is the order in the Boolean algebra B.

For any N-Kripke frame F' = (W, R), define its complex algebra cmp(F') =
(p(W),dR) where we endow p(TW) with its standard Boolean structure by inter-
section and complementation and O is defined according to the semantics of O:
Or(X) = {w e W | Vi € WV, if R(w, @) then X N set(@) # }. In the follow-
ing, the dual O will be used much more often, so we note its definition explicitly:
Or(X) ={w e W | 3z € WV, R(w, @) and set(#) C X}. We often write Op X
for Or(X), and further just write < for & when the context is clear. Observe that
cmp(F') must be an N-WA algebra.

Given an N-Kripke frame (W, R), consider Rt C WN*! defined by R (w, i)
iff there is ¥ € WY such that R(w,¥) and set(7) C set(). Then it is easy to
observe that (W, R") is an N-WA frame and cmp(W, R™) = cmp(W, R). In other
words, every IN-Kripke frame can be equivalently transformed into an N-WA frame
in a canonical way. Conversely, it can be checked that in all our later methods of
constructing a N-Kripke frame from an N-WA algebra, the resulting frame will in
fact be an N-WA frame.

3 Saturation

Saturation is an important concept in model theory. In the context of modal
logic, saturation is the most natural condition under which we can derive structural
equivalence, usually a version of bisimulation, from syntactical equivalence, usually
defined by satisfying the same formulas.

The right kind of bisimulation is already defined in [12]. We recall it here:

Definition 5. Let M; = (W1, Ry, V1) and My = (Wa, Ry, V) be N-Kripke mod-
els. A bisimulation F between M and M3 is a binary relation from W7; to Ws such
that for any (w1, ws) € E:

« for any p € Prop, w; € V(p) iff wy € V(p);
 forany vi € WlN such that Ry (wy,v7) there is v3 € WQN such that Ry (wg, v3)
and for any 7 € [1, N] there is j € [1, N] such that v7 [j] Ev3[i];



80 Studies in Logic, Vol. 17, No. 6 (2024)

« forany v5 € W4¥ such that Ry(ws, v3) there is o7 € W7" such that Ry (w1, v7)
and for any i € [1, N] there is j € [1, N] such that vi [i| Ev3[j].

The condition that for any i € [1, N]| thereis j € [1, N] such that vi[j] Ev3]i] can also
be understood as that E restricted to set(vi) x set(v3) is total on the set(v3) side.

Two pointed models M1, w; and My, wo are bisimilar, written M, w; €
Mo, ws if there is a bisimulation E between M and M5 such that wi Ews.

Let us also introduce a notation of syntactic equivalence:

Definition 6. Let M = (Wl, Ry, Vl) and My = (WQ, Rs, VQ) be N-Kripke mod-
els and wy € Wy and wo € Wy, We say that the two pointed models My, w; and
My, we are modally equivalent in language £, written M7, w; =, Ms, when for

any ¢ € L, My, w1 | piff Mo, wy = ¢.

Now we consider the saturation condition for WAML. Since we are working
with polyadic Kripke frames, it would be instructive to recall the standard saturation
condition for polyadic modal logic in [5].

Definition 7. Let PL be the language for a single N-ary polyadic modal operator
V built from Prop. Then, the semantics of V is given by the following clause:

(W,R,V),w = V(¢1,...,0N)
e Vi e W R(w,d) — i € [1,n](W,R,V),d[i] = ;).
We note that the semantics of the dual A := -V —is
(W, R, V),w = Apr, -, 9N)
& 3 € WH(R(w, @) AVi € [1,n)(W, R, V), dli] E o).
Now, for any N-Kripke model M = (W, R, V'), we say that it is polyadic saturated

(P-saturated for short) just in case for every w € W and every sequence Y1,..., 2N
of subsets of PL:
o ifforevery finite Ay C ¥q,..., Ay C Xy thereisu € W such that R(w, @)

and Vi € [1, N], M, d[i] = A,
+ then there is @ € W such that R(w, @) and Vi € [1, N|, M, [i] = %;.

By observing the difference between the semantics of V and O and the bisimu-
lation condition for O, we may come to the following definition:

Definition 8. For any N-Kripke model M = (W, R, V), we say that it is WA-
saturated just in case for every w € W and every sequence X1, . .., > of subsets of

L:
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« if forevery finite Ay C ¥1,..., Ay C Xy thereis @ € W such that R(w, i)
and Vi € [1, N]3j € [1, NJM, illi] = A,

« thenthereis@ € W suchthat R(w,@)andVi € [1, N]3j € [1, N], M, ii] =
5.

Indeed, it is quite easy to show that two modally equivalent WA-saturated pointed
models are bisimilar.

Proposition 1. Let My = (W1, Ry, V1) and My = (Wa, Ra, Vo) be WA-saturated
N-Kripke models and w1 € Wy and wy € Wa. Then if My, w1 = Mo, ws, then
My, w & Ma, wa.

Proof. It suffices to prove that the relation =, between M and M3 is a bisimula-
tion between them.

We focus on the forth condition, since the case for propositional letters is triv-
ially satisfied, and the back condition is completely analogous to the case we prove.
Assume that M1, w1 =, Ma,ws, 07 € WY, and Ry (w1, v7). Let ¥; be the set of
formulas true at v [i] for each i € [1, N].

Obviously, for every sequence of finite subset Ay C ¥4,..., A, C 3,, we
have Vi € [1,N]3j € [1, N] (which is just ¢ itself) My, vi[i]] = AA,. Hence
Mi,wr | OVjep v AAj. It follows that Mo, we = O Ve v A A, since
My, w1 =7 Mo, wo, which means there is @ € WQN such that Vi € [1, N|, Ma,
ali] & Vjep,ny A A, This means Vi € [1, N|3j € [1, N], My, dfi] = A;. Since
these A;’s are arbitrarily chosen and M is WA-saturated, there is v3 € WZN such
that Ry (we,v3) and Vi € [1, N]3j € [1, N|Mq,v3[i] = X, which means for each ¢
there is a j such that v [j] =, v3[i]. O

However, there is another version of the above saturation condition that is much
easier to handle.

Proposition 2. For any N-Kripke model M = (W, R, V), it is WA-saturated iff for
every w € W and every ¥ C L: if for every finite A C X there is @ € W such that
R(w, @) and Vi € [1, NJM,d[i| = A, then there is i € W such that R(w, @) and
Vi € [1, N]JM, d[i] = 2.

To better formulate the proof of this proposition, we write X C; Y for X being
a finite subset of Y and then temporarily expand the language £ to L, to allow for
infinite conjunction, with the grammar:

pu=plogl(@re)| AT | D¢

where p € Propand I' C L. It is clear that an N-Kripke model M = (W, R, V)
is WA-saturated iff for every w € W and every sequence X1, --- , Xy of sets of
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formulas in £, if for every Ay C¢ Xy, An Cf Xy, M, w = <>\/£\i1 N\ A;, then
Muw E < \/fi 1 A\ ;. What we want to show is that M is WA-saturated iff for
every w € W and every set ¥ C L, if M,w = < A A for every finite subset A of
¥, then M, w = & AT For this, we use two lemmas.

Lemma 1. For every sequence 3.1, - -+ , 3N of sets of formulas in L, \/fil N2 and
/\{\/i\f:1 ANA | Ay Cf X4, - Ay Cf XN} are semantically equivalent.

Proof. For the left-to-right direction, note that A ¥; = /\f\i 1 A; whenever A; C
3;. For the right-to-left direction, suppose that \/f\; 1\ X is false. So there is a

sequence 1, @2, - - - , @ of formulas such that p; € Y; and each ¢; is false. Then
VY| @i is false. But this formula is a conjunct of A{\/L; AA; | Ay Cp 5, -
AN gf EN}. O

Lemma 2. For every sequence X1, - -+ , X of sets of formulas in £, T' = {\/I_; )\
JAVIIWAN] CrX1,---Any Cy YN} is directed: for any o, 5 € T, thereisa~y € T’
s.t. v = a A B. By a simple induction, then, for every A Cy T, thereis v € T s.t.
TEAA

Proof. Leta = \/fi 1NAiand 8 = \/f\i 1\ Bi be two arbitrary formula in I'.
Then A;, B; C; ¥; foralli € [1, N]. Now lety = \/¥ | A(4;UB;). Clearly v € T.
To see that v = a A 3, suppose that ~ is true. Then there is i € [1, N] such that
N\(A; U B;) is true, which means that A\ A; and A B; are both true. But A 4; is a
disjunct of & and A\ B; is a disjunct of /3, so both v and 3 are true. O

Proof. (of Proposition 2) Let us temporarily call the new condition in Proposition 2
WA'’-saturation. Suppose M is WA-saturated. To show that it is WA’-saturated, pick
any w € W and any ¥ C £ and suppose that for any A C; ¥, M, w = O A\A.
Now, to use the assumption that M is WA-saturated, let 31 = Yo = --- = 3, =
Y. We can then show the antecedent of the definition of WA-saturation. Pick any
A; Cy % forall 4, let A = Uf\il A;. Since ¥;’s are just X, A Cy . So by
supposition, M,w = OA. But A /\f\i 1 A; since A; C A for all 7. Hence
Mw = © \/fi 1 A\ A, and this shows the antecedent of WA-saturation. Thus, by
WA-saturation, M,w = O\/~ A But /X, A is equivalent to just A S
since each ¥; is just X. So M, w = & A X and hence WA’-saturation is shown.
Now suppose that M is WA’-saturated. To show that it is WA-saturated, pick
any w € W and any 3; C £ for all ¢ and assume that whenever A; Cr ¥; for all 7,
M,w = OV AAL Now let T = {\/N, AA; | A; Cf 4,4 € [1,N]}. Then
the assumption shows that for every v € I', M, w = <+. But by Lemma 2, for any
A Cy I, thereisy € I'such thaty = A. Hence M, w |= OA forevery A C¢ I', and
this fulfils the antecedent of WA’-saturation on I". So it follows that M, w = O AT.
But by Lemma 1, A T" is equivalent to \/f\;l NAZi. So M,w = \/f\il /\ i, and this
completes the proof of WA-saturation. O
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Given the above proposition, our official notion of saturation for weakly ag-
gregative modal logic is simply that whenever every finite subset of X is “diamond-
satisfiable”, then X is itself “diamond-satisfiable”. Note that syntactically this is ex-
actly the same for normal modal logics.

To see that this is the correct saturation condition, we should also verify that
first-order saturation implies modal saturation. Recall that we can always treat any
N-Kripke model as a first-order structure with one N + 1-ary relation and one unary
predicate P for each p € Prop. Then, each ¢ € L can be translated to a first-order
formula ST, () with one free variable x (for any choice of variable x) as in [12].

Proposition 3. If an N-Kripke model M = (W, R, V') is countably saturated in the
first-order sense, then it is also WA-saturated.

Proof. Suppose that M = (W, R, V') is a countably saturated model. Let w € W
and ¥ C L. Consider the following set of first-order formula where w is taken as a
constant denoting itself and x1, . . ., x v are variables:

I'={R(w,z1,...,2p)} U{STy,(p) | i € [1,N], ¢ € X}.

To show that M is WA-saturated, assume that for any A Cy ¥, M, w = O A A,
and we only need to show that M, w = & A X. The assumption immediately entails
that I is a finitely satisfiable /N-type with one parameter. By countable saturation, I
is realized by some ' € W, But this precisely means that M, w = O A 2. O

4 Canonical Extension and Ultrafilter Extension

In this section, we consider the modal way to obtain saturated models: ultrafil-
ter extension and its algebraic generalization, canonical extension. This is a general
method of constructing an N-WA frame from any N-WA algebra. But for complete-
ness, we first consider a special class of N-WA algebras that directly correspond to
N-WA frames without using ultrafilters. For the definition of standard algebraic no-
tions, see [5] and [9] for example.

Given an N-Kripke frame F', we can easily construct its complex algebra cmp(F').
To obtain a duality between the N-Kripke frames and the corresponding complex al-
gebras, we characterize the complex algebras intrinsically.

Definition 9. Let B = (B, ) be an N-WA algebra, and we will always use < for
the dual operator of 0. We say that B3 is perfect if

* B is atomic and lattice-complete;
« forany filter @ C B, A{Da | a € Q} <OAQ.

Note that the second condition is equivalent to that
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« foranyideal I C B, O\ I < \/{Ca |a € I}.

We call this condition the complete primeness of <.
For any perfect N-WA algebra B = (B, O), define AF(B) = (W, R) where W
is the set of atoms of 3 and R is defined as follows:

« forany w € Wand ¢ € WV, R(w, ?) iffw < O/ set(7).

Proposition 4. For any N-Kripke frame F = (W, R), cmp(F) is a perfect N-WA
algebra, and if F' is further an N-WA frame, then AF (cmp(F)) is isomorphic to F.

Proof. To see that cmp(F') is perfect, the only non-trivial item to show is that for any
ideal I C p(W), OJI C | U{CX | X € I}. Sosuppose x € <|JI. This means
there is 7 € W such that R(z, ) and for any i € [1, N], #[i] € |JI. Thus we have
{Xi}iep.v) € I such that 0[i] € X;. Butsince I is an ideal, X := J;c; 7 Xi is an
element of the ideal I, and clearly set(y) € X. So indeed there is X € I such that
x € CX. Sox € |J{CX | X € I}. This finishes the proof that cmp(F') is perfect.

Now let (W', R') be AF(cmp(F)). Obviously W’ = {{z} | x € W}, so the
natural isomorphism should be f : W — W' :: f(z) = {z}. Now we only need to
show that, given that F' is N-WA: for any € W and i/ € W,

* R(xz,y) iff x € Oset(y).

The left-to-right direction is trivial given how < is defined as a function from (W)
to (). For the other direction, note that if z € Oset(%), then there is 7 € W such
that R(z, 2) and set(2) C set(y). But the requirement for V-WA frame precisely says
that this implies that R(z, ¥/). O

Proposition 5. For any perfect N-WA algebra B = (B,0), AF(B) is an N-WA
frame, and capAF (B) is isomorphic to B.

Proof. That AF(B) is an N-WA frame is easy to verify from the definition of R
and the monotonicity of . It is also a standard result in Boolean algebra that there
is a Boolean isomorphism f from cmp(AF (B)) to B where f(X) = \/ X. Now we
show that f(OrX) = O f(X). It is enough to show that for any atom w € W, the
set of atoms of B, w < f(COrX) iffw < Of(X).

Ifw < f(OpX), thenw € OrX. So there is ¥ € W such that R(w, ¥)
and set(v) C X. R(w,?) means that w < <&\/set(¥), and set() C X means that
V set(v) <V X = f(X). Since < is monotone, w < <& f(X).

Ifw < Of(X), thenw < OV X. Let I = {\/Xo | Xo &y X} where C;
means “is a finite subset of”. Then I isanideal in B and\/ I = \/ X. By the complete
primeness of &, w < \/{<O'V Xo | Xo € X}. Since w is an atom, thereis Xo C¢ X
such that w < &'\/ Xj. Now let Y be an element in the non-empty set {Y" € p(Xj) |
w < <&\/ Y} that has the smallest cardinality. First, |Y| is non-empty as 1L = L.
Now we claim that |Y| < N. Suppose not, then let {yo, ..., yn} be a subset of Y’
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with V + 1 elements. Then note that Y = A, _,(V (Y \ {v:}) V V(Y \ {y;})). If we
write the Ky axiom for [N-WA algebra in terms of <, we see that

SNV T\ {wh) vV \ {y;}) < \/ SN\ {wih).

i<j

So there is 7 € [0, N] such that w < & \/ (Y \ {i}), contradicting that Y is one of
the smallest subset of X such that w < &\/Y. So [Y| < N, and we can easily
pick a ¥ as an surjection from [1, N] to Y so that set(?) = y, and w < <\ set(7).
Then R(w,¥). Recall that Y C Xy C X. Sow € OgX, and thus w < \/ OpX =

f(OrX). O

One can extend the above duality into a full categorical duality, noting that the
right morphism between N -Kripke frames that would correspond to homomorphisms
between N-WA algebras is the following p-morphism:

Definition 10. Let F = (W1, Ry) and F» = (Wa, Re) be N-Kripke frames. A
function f : W1 — Wy is a p-morphism (for WAML) just in case:

« forany z € Wi and i € W}, if Ri(z,7), then there is 7 € W' such that
Ry(f(2), %) and set() C flset(7)];

« forany x € Wi and 7 € W3, if Ra(f(z), Z), then there is 7 € W} such that
Ri(z,¥) and set(7) C f~[set(2)];

Given the above definition, the following is easy to verify.

Proposition 6. Let Fy = (W1, Ry) and F» = (W3, Ry) be N-Kripke frames. Then,
for any function f : Wy — W, its dual =1 : p(Wa) — o(Wh) is a homomorphism
Sfrom cmp(Fy) to cap(FY) iff f is a p-morphism. Thus, p-morphisms from Fy to F,
and homomorphisms from cmp(Fy) to cmp(Fy) are in 1-to-1 correspondence.

Now we consider the ultrafilter way of defining an N-WA frame from an N-
WA algebra, which, if applied to cmp(F'), produces the ultrafilter extension of F'. For
generality and later application, we work with general frames carrying a distinguished
field of sets.

Definition 11. An N-general frame is a triple (W, R, A) where (W, R) is an N-
Kripke frame and A is a field of sets (with intersection and complementation as its
Boolean operation) on W that is also closed under Op (or equivalently, Or). For
any N-general frame F = (W, R, A), we write F* for its internal N-WA algebra
(A,Og), and write F_ for its N-Kripke frame base (W, R).

Definition 12. Let B = (B,0) be an N-WA algebra. We define the ultrafilter
N-general frame UF(B) = (Ult(B), RY", B) as follows:
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« Ult(B) is the set of ultrafilters of B;

e Vu € Ult(B)and & € UIt(B)Y, RY" (u, ) iff for any a € Niep,n Il
u D <a;

« B={b|be B} whereb={uc Ult(B) | u> b}

Now we have to make sure that UF(B) is indeed an N-WA algebra. As usual,
we can show that B3, in fact, is isomorphic to the internal algebra UF (B8)*.

Proposition 7. Let B = (B, 0) be an N-WA algebra. Then UF (B) is an N-general
frame and B is isomorphic to UF(B) by the operation ™.

Proof. The only non-routine item to show is that for any b € B, Ob = <>3, where
the < on the left-hand side is given by the algebra B = (B, 0), and the < on the
right-hand side is defined by RY'" in the frame UF(B).

Pick any u € ob. We want to show that there are v € Ult(B)" such that
REY(u, ¥) and set(¥) C b. Let O~ 1y = {a € B | ¢a € u}. Unpacking some
definitions, we want to show that

37 € Ult(B ﬂv ] C o uandbeﬂ

Since u € </>\b, b € &~ 1y, and by the algebraic properties of (B, O0) and in particular
the monotonicity of &, O~ is an upward-closed set (upset). Consider all filters of
B that are subsets of O~ 'u. The principal filter 1 b generated by b is clearly one of
them. The precondition for Zorn’s lemma is also satisfied. So let () be a filter of B
that is maximal among those contained in &~ 'u and also contains b. () must be a
proper filter since &L = 1 and 1. ¢ O~ 'u. This means (Q has at least 1 ultrafilter
extension. Now we show that () has at most NV ultrafilter extensions.

Suppose not, and let vy, v1, v, . . ., vy be distinct ultrafilters in Ult(B) that ex-
tend (). It is routine to see that there are ag,...,ay € B such that a; € v; and
a; A\ a; = L whenever i # j. Now, for any ¢ € @, note that ¢ = /\i<j6[07N]((q A
—a;) V (g A —ag)). This means O A;_;cp0.n (0 A 7ai) V (¢ A —ay)) is in . If we
write the special axiom of N-WA algebras in terms of <, we see that

& /\ ((g A=ai) V(g A —aj)) < \/ (g N —ay).
i<j€[0,N] 1€[0,N]

S0 Viepo,n) C(g A —a;) € u. Since w is an ultrafilter, there is an g(g) € [0, N] such
that (q A —ay(y)) € O~ (u). Since this ¢ is chosen arbitrarily from @, essentially we
found a function g : Q — [0, N] such that (¢ A —agy,)) € ¢~ '(u). But this shows
that we can extend () non-trivially inside O~!u. Since @ is a filter and the range
of g is a finite set, there is [ € [0, N] such that g~1(I) is a dense subset of Q in the
sense that for any a € @, there is b € @ such that b < a and g(b) = [. But then
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{g A —a; | ¢ € Q} is a subset of !4 and can be extended to a filter Q' C &~ 1
by merely taking its upset closure since itself is downward directed. Clearly, —a; is
in Q' but not in @, since otherwise v; cannot be an ultrafilter extending (). So we
contradicted the maximality of ().

Given the preceding argument, there is n € [1, N] such that all the ultrafilters
extending () can be listed as vy, . . . , v,. Since these are a// the possible extensions, )
must be equal to (\{vy,...,v,}. Thus, let ¥ € Ult(W)" enumerate these v;’s with
possible repetition, and we have that (), 7i] = Q C ¢ luand b € Q = (), ¥[i].

Now pick any u € <b. This means there is & € Ult(B)" such that N, 7i] C

—

&~ luand b € N, ¥[i]. Connecting these two claims, b € 1y and thus u € <b. O

Now we observe that UF(B) is saturated in the right way.

Proposition 8. For any N-WA algebra B = (B,0), UF(B) = (UIt(B), RY", B) is
such that for any w € Ult(B) and any filter S of B, if u € X forany X € S, then
u € O S. Thus, if a model M = (Ult(B), R5", V') is a model such that for any

p € Prop, V(p) € B, then M is WA-saturated.

Proof. LetQ = {b € B | be S}. Since for any X € S,u € ©X, by reversing
the isomorphism~, for any b € @, b € O~ lu. Observe also that Q is a filter in B. So
Q is a filter contained in &~ 'u. By repeating the proof for Proposition 7, we see that
we can extend (Q to a maximal filter Q' among those contained in &~ 'u and find 7 €
Ult(B)" such that (1) ¥ enumerates with possible repetition all ultrafilters extending
Q' and (2) RY!(u, ¥). Then forany i € [1, N], #[i] is an ultrafilter extending Q). This
means for any ¢ € Q, any i € [1, N], 9[i] € ¢. In other words, set(v)) € (]S as S is
just{q | ¢ € Q}. Thus,u € &) S. O

Thus, we arrive at the right definition of ultrafilter extension:

Definition 13. Let ' = (W, R) be an N-Kripke frame. Then define ue(F') to
be UF(cmp(F))- = (Ult(p(W)), RE!). Let M = (W, R,V) be an N-Kripke
model. Then define ue(M) = (Ult(p(W)),Rgg,v) where for any p € Prop,

V(p) = V(p).

5 A Goldblatt-Thomason Theorem for WAML

In this section, we apply our ultrafilter/canonical extension construction to show
the analogue of Goldblatt-Thomason theorem for weakly aggregative modal logic.
As is well known, the most efficient way to prove this is the algebraic method. Hence
we assume a basic understanding of the algebraic treatment of modal logic, including
the following immediate consequence of the classic Birkhoff theorem.
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Proposition 9 (Birkhoff). Let K be a class of N-WA algebras and L the set of for-
mulas valid on every element of KC. Then, an N-WA algebra B validates L iff B is a
homomorphic image of a subalgebra of a product of some algebras in K.

The following two facts on the duality functor UF are needed.

Proposition 10. Let By = (B1,01) and By = (Bz2,09) be N-WA algebras, and
[ an homomorphism from By to By. Then f Ult(By) — Ult(By) defined by
flug) = {b € By | f(b) € us}is a continuous p-morphism from UF(By) =
(UIt(By), RY", By) to UF(By) = (UIt(By), RV, By) in the sense that

« fisap-morphism from UF (By)_ = (Ult(Bs), RY") to UF(By)_ = (Ult(By),

RUlt).
1 ’ —_ ~ —_
s forany S € By, f~1[S] € Bo.

Proof. It is routine to check that, with * denoting the inverse of %, f71S] = f(S),
or equivalently, for any b e By, f [B} =f (b) So the second point is verified.

To check that f is a p-morphism, first take any u € Ult(By) and v € Ult(By)N
such that RU”( #'). This means that (), #]i] C 5 'u. Let f be the N-tuple where
fuli] = f(]i]). Now we note that N, fuli] € <> (). This is because for any
b € By such that b € fuli] forall i, f(b) € &li] for all i, meaning that f(b) € (), U[4].
So f(b) € ¢y u and thus Oof(b) € u. Since f is a homomorphism, f(®1b) € u
and thus b € <> ! f(u). By definition of RV, we have RV!(f (), f7), and this is
enough for the forward direction requirement of p-morphism.

Now suppose there is @ € Ult(B1)" such that RV"(f(u),@). Let P = (), @i,
which is an intersection of N ultrafilters and thus a filter in By. Then let Q = f[P],
the f image of P. Itis a standard exercise to show that, since f is a homomorphism, )
is a filter in By, and an ultrafilter v in By extends () iff fA‘(v) is an ultrafilter extending
Piff f(v) € set(7). Thus, all we need to show is that there is 7 € Ult(B;) such that
RY"(u,v) and Q C (N, ¥]i]. By saturation, it is enough to see that @ C O u. But
clearly P C o 1f( ). So for anyb € P,o1b e f( ), f(C10) € u, Oof(b) € u
f() € o5t So indeed Q C ©5 ' u. O

Fact 11. Let K be a set of N-WA frames. Then the complex algebra of the disjoint
union of all frames in /C is isomorphic to the product of the complex algebras of the
individual elements of /.

Finally, the following connection between saturated ultrapower and ultrafilter
extension is needed.

Proposition 12. Let ' = (W, R) be an N-WA frame. Thenue(F) = UF(cmp(F'))—
(Ult(p(W)), RV%) is a p-morphic image of an ultrapower of F.
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Proof. We extend the natural first-order language for F' = (W, R) with new unary
predicates { Px | X € (W)} where Px’s interpretation is precisely X. Then, with
a suitably chosen ultrafilter, by ultrapower we obtain a countably saturated first-order
structure F' = (W, R, (X) xep(w)) (here X is the interpretation of Px).

Define function g on W by g(s) = {X € p(W) | s € X}. By Lo$’s theorem,
~is a Boolean homomorphism from (W) to (W), and thus g(s) € Ult(p(W)).
Conversely, for any u € Ult(p(WV)), by countable saturation, { Px (z) | X € u}isa
consistent 1-type realized in F. Thus g is a surjection from W to Ult(p(W)).

Now we show that g is a p-morphism from (W, R) to (Ult(p(W)), RV"). Pick
any s € W. If R(s,t). Let Q = (0, g(]i]). By Lo$’s theorem, for any X € g(s)
andY € Q, X N ORY must be non-empty in (W, R), since s in (W, R, (X) xep(x))
satisfies

Px(x) A 3Jyr ... Jyn(R(z,y1,...,yn) A Py(y1) A--- A Py(yn))

and some w in (W, R, (X) xco(w)) must satisfies it as well. But since g(s) is an
ultrafilter, this means for any Y € @, OgrY is in fact in g(s). In other words,
Q C ©x'g(s). By saturation of (Ult(p(W)), RU!), there is # € Ult(B)" such that
RY%(g(s),¥) and Q C (), ¥]i]. Since Q is the intersection of the ultrafilters g([i])
for i € [1, N], each #i[i] must equal one of the g(£]5]). That is, set(#[i]) C g[set(Z)].
This checks the forward direction for g being a p-morphism.

For the other direction, suppose RV (g(s),%). Let Q = (), #]i]. Then by the
definition of RV", ORY € g¢(s) forany Y € Q. Consider the N-type with s as a
parameter:

N
T = {R(37y1> .. ayn)} U U{PY(yZ) | Y e Q}
i=1
We claim that every finite subset § of 7 is satisfiable in F'. Since @ is a filter, it is
enough to focus on § of the form, with some Y € @,

{R(S,yl, . ,yn),Py(yl),Py(yg), ceey Py(yN)}

This is satisfiable in F iff Jy1 ... yn (R(s,y1,-- -, YN) A N; Py (y;)) is true in F. But
note that in F', the following sentence is true merely by the interpretation of P,y
and Py :

Va(Popy (z) < 3yr .. yn (R(z, 91, -, yn) A /\Py(yi))).

7

By Lo§’s theorem, the same is true in F. Since OrY € g(s) by assumption, Po .y (s)
is true in F', and hence § is satisfiable. So 7 is finitely satisfiable, and by saturation
satisfiable, say by #]1],...,Z|N]. Then R(s, ) and for each i € [1, N], g(#]i]) is an
ultrafilter extending @, which means ¢(#]i]) must be one of the #[i]’s. In other words,
set(f) C g~ '[set(7)]. This concludes the proof that g is a p-morphism. O
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Now we are ready for the Goldblatt-Thomason theorem.

Theorem 13. Let K be a class of N-WA frames that is closed under ultrapower,
disjoint union, generated subframes, and p-morphic image, and reflects ultrafilter
extension in the sense that if ue(F) € K then F' € K. Then K is modally definable:
let L be the set of formulas valid on each frame in IC, then any N-WA frame F that
validates L is already in K.

Proof. Let cup(K) be the {cmp(¢F) | F € K}. Then by Birkhoff’s theorem,
for any N-WA frame F, if F' validates L, then cmp(F’) is a homomorphic image
of a subalgebra of a product of some algebras in cmp(K). Since K is closed under
disjoint union, cmp(F') is a homomorphic image of a subalgebra of some element
in cmp(K). More precisely, there is an N-WA algebra B and a H € K and f, g
such that f is a surjective homomorphism from B to cmp(F’) and g is an injective
homomorphism from B to cmp(H). Dualizing everything by UF, we see that f
is an injective p-morphism from ue(F) = UF(cmp(F))— to UF(B)_ and g is a
surjective p-morphism from ue(H) = UF(cmp(H))— to UF(B)_. In other words,
ue(F) is (isomorphic) to a generated subframe of a p-morphic image of ue(H ). Now
ue(H) € K since it is a p-morphic image of an ultrapower of H and K is closed in
these operations. So ue(F) is also in K. Then F' € K. O

6 Conclusion

We conclude with several prominent unaddressed questions. First, we believe
the analogue of Fine’s canonicity can be proved without much difficulty. But more
interesting would be finding a large fragment of formulas for which automated first-
order correspondence and canonicity can be proven. Let D(A) be the fragment of £
that is generated by < and A from Prop. It seems clear that any formula of the form
© — 1 where ¢ € D(A) and 1 is a positive formula is amenable to minimal valua-
tion technique of computing a first-order correspondence. Then, a general canonicity
theorem can be proven. But we further conjecture that the fragment D(A) can be
replaced by D(A, V) where we can also use V in addition to < and A.
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