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The Completeness for the Combination of PDL and
EL with Perfect Recall and No Miracles*

Yanjun Li

Abstract. This paper proves the completeness for the combination of propositional dynamic
logic and single-agent epistemic logic in which the modalities interact. The kinds of interactions
we consider are two commuting axioms, namely, the axiom of perfect recall and the axiom of
no miracles. These two axioms capture the interactions between actions and knowledge.

1 Introduction

Propositional dynamic logic (PDL) is an important logic for reasoning about
programs or actions. ([4]) Epistemic logic (EL) is a modal logic concerned with rea-
soning about informational aspects of agent, in particular, agent’s belief and knowl-
edge. ([7]) Thus the combination of EL and PDL is a powerful tool for reasoning
about interactions between knowledge and actions.

There are two ways to combine PDL and EL: product and fusion. ([5]) In this
paper, we combine PDL and EL by way of fusion. It is shown that the fusion of
two modal logics inherit properties such as completeness, the finite model property
and decidability from the individual logics. ([8, 9, 17]) However, it is much more
complex if the fusion is extended with interactions of these two logics.

The most frequently discussed interactions in the combinations of PDL and EL
are perfect recall, no learning and Church-Rosser axiom. The conjunction of per-
fect recall and no learning is also called commutativity in [5]. Perfect recall (PR) is
commonly formulated by the axiom schema

〈a〉K̂ϕ→ K̂〈a〉ϕ

where 〈a〉 is a PDL modality and K̂ is the epistemic modality. It expresses the per-
sistence of the agent’s knowledge after the execution of an action. No learning (NL)
is given by the axiom schema

K̂〈a〉ϕ→ 〈a〉K̂ϕ.
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The formula says the agent knows the result of his action in advance. In other words,
there is no learning. Church-Rosser axiom (CR) is the axiom schema

〈a〉Kϕ→ K〈a〉ϕ.

It says that if an agent is possible to know ϕ by performing an action a then he knows
that it is possible to achieve ϕ by doing a.

The fusions of PDL and EL extended with various choices of PR, NL and CR
are well studied in [5, 12, 14, 13]. For example, it has been shown that the fusion of
PDL and EL extended with PR and NL coincides with the product of PDL and EL.
It has also been proved that the fusion of PDL and EL extended with NL is the same
as the fusion of PDL and EL extended with CR, which is consistent with the fact that
NL and CR are equal to each other in EL models.

Besides PR, NL and CR, no miracles is also an important property which cap-
tures the interaction between agent’s actions and knowledge. ([2, 15, 1, 16, 10, 11])
No miracles (NM) is syntactically given by the axiom schema

K̂〈a〉ϕ→ [a]K̂ϕ.

Please note that the structure of the NM axiom differs from the above NL axiom in
the form of the outer modality in the succedent: in NM it is a box modality [a] while
in NL it is a diamond modality 〈a〉. This is because not all actions are executable
at the current world. This subtle difference makes NM more suitable to capture the
interaction between knowledge and actions and NL more suitable to describe the in-
teraction between knowledge and time. A more detailed discussion of the difference
between NM and NL can be found in [15]. Intuitively, no miracles expresses that
there is no “miracles” situation such that the agent cannot distinguish two states ini-
tially but nevertheless he can distinguish the states resulting from executing the same
action on these two states.

While the combinations of PDL and EL extended with PR, NL or CR are well
studied, the combination extended with NM and these properties has not been in-
vestigated sufficiently. In this paper, we prove the completeness for the combina-
tion of PDL ⊕ EL extended with PR and NM. Please note that even though the
completeness for PDL ⊕ EL ⊕ {PR,NL} is proved in [13], the completeness for
PDL⊕EL⊕{PR,NM} is not a simple copy of its method. NM makes a big differ-
ence. The difficulty lies in the fact that the filtration cannot preserve the no-miracles
property of models. Therefore, we have to construct a proper model based on the
filtration model step by step. This will be more detailly illustrated in the paper.

The paper is organized as follows. Section 2 introduces the language, model and
semantics of PDL ⊕ EL, and the properties that correspond to the axioms PR and
NM. Section 3 presents the filtration method. Section 4 constructs a model with the
desired properties from the filtration model. Section 5 proves the completeness of
PDL ⊕ EL ⊕ {PR,NM}, and we conclude in Section 6.
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2 Preliminaries

It is assumed that the reader has some basic familiarity with PDL and standard
modal logics. A good reference on modal logics is [3] and more background on PDL
can be found in [6].

LetA be a countable set of atomic actions, andP be a countable set of proposition
letters.

Definition 1 (Language) The LanguageLwe consider is an extension ofPDL ([6])
with the epistemic modality K of EL, which is as follows:

ϕ ::= p | ¬ϕ | (ϕ ∧ ϕ) | [π]ϕ | Kϕ
π ::= a | ?ϕ | (π;π) | (π + π) | π∗

where p ∈ P, a ∈ A.

We will often omit parentheses when doing so ought not cause confusion. As
usual, we use the following abbreviations: ϕ ∨ ψ := ¬(¬ϕ ∧ ¬ψ), ϕ → ψ := ¬ϕ ∨
ψ, 〈π〉ϕ := ¬[π]¬ϕ, K̂ϕ := ¬K¬ϕ.

Definition 2 (Model) A standard model M is a quadruple 〈W,R, {Q(a) | a ∈
A}, V 〉 whereW is a non-empty set of states,Q(a) is a binary relation onW ,R is an
equivalence relation onW and V : P → P(W ) is an assignment function. A pointed
standard model is a pair (M, s) consisting of a standard modelM and a state s ∈W .

Given a standard modelM, we also write (s, t) ∈ Q(a) as s a→ t, write (s, t) ∈
R as s ∼ t, and write the set {u | s ∼ u} as [s]. Moreover, we use [s] a→ t to denote
that there are s′ ∈ [s] and t′ ∈ [t] such that s′ a→ t′. Moreover, Q can be extended as
a function on all actions by the following rules:

Q(π1 + π2)
def
= Q(π1) ∪Q(π2)

Q(π1;π2)
def
= Q(π1) ◦Q(π2)

Q(π∗)
def
=

∪
n∈ω Q(πn)

Q(?ϕ)
def
= {(s, s) | M, s ⊨ ϕ}

whereM, s ⊨ ϕ is defined as follows.

Definition 3 (Semantics) Given a formula ϕ ∈ L and a pointed standard model
(M, s), the satisfaction relation ⊨ is defined as follows.

M, s ⊨ p ⇐⇒ s ∈ V (p)

M, s ⊨ ¬ϕ ⇐⇒ M, s ⊭ ϕ
M, s ⊨ ϕ ∧ ψ ⇐⇒ M, s ⊨ ϕ andM, s ⊨ ψ
M, s ⊨ Kϕ ⇐⇒ (s, u) ∈ R impliesM, u ⊨ ϕ
M, s ⊨ [π]ϕ ⇐⇒ (s, t) ∈ Q(π) impliesM, t ⊨ ϕ
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A logic in L is a set of L-formulas that contains all propositional tautologies and
is closed under uniform substitution and the following rules:

ϕ, ϕ→ ψ ` ψ ϕ ` [π]ϕ ϕ ` Kϕ

Let Γ and ∆ be any subsets of L-formulas. By Γ ⊕ ∆ we denote the least logic
which contains both Γ and ∆. The combination of propositional dynamic logic and
epistemic logic is therefore denoted by PDL ⊕ EL1.

A non-standard model for L is a quadruple 〈W,R,Q, V 〉 that satisfies all the
properties of a standard model except that, in a non-standard model, there isQ(π∗) ⊇∪
n∈ω π

n, but it still validates all the formulas of the logicPDL⊕EL. In the following
text, if it does not matter whether the model is standard or non-standard, we will just
call it model.

Definition 4 (Properties of compr and comnm) A modelM has the property of

• Perfect recall (compr) if for all a ∈ A and all s, t, t′ ∈ W , (s, t) ∈ Q(a)

and (t, t′) ∈ R imply that there exists s′ ∈ W such that (s, s′) ∈ R and
(s′, t′) ∈ Q(a).

• No miracles (comnm) if for all a ∈ A and all s, s′, t, t′ ∈ W , (s, t) ∈ Q(a),
(s, s′) ∈ R and (s′, t′) ∈ Q(a) imply (t, t′) ∈ R.

The extension of PDL ⊕ EL with PR and NM is denoted by PDL ⊕ EL ⊕
{PR,NM}. We leave the soundness for the logic PDL ⊕ EL ⊕ {PR,NM} w.r.t.
models with compr,nm to the reader; in this paper, we will focus on the completeness
for the logic PDL ⊕ EL ⊕ {PR,NM} w.r.t. models with compr,nm.

3 FiltrationMΣ

To show the completeness of an extension of PDL, the common method is to do
filtration on models through a finite Fischer-Ladner closure.

Definition 5 (Fischer-Ladner closure) A Fischer-Ladner closure Σ is the minimal
set of formulas satisfying:

• if ψ ∈ Σ then ¬ψ ∈ Σ, provided ψ does not start with ¬;
• if ¬ψ,Kψ or [π]ψ are in Σ then χ ∈ Σ;
• if ψ ∧ χ ∈ Σ then ψ, χ ∈ Σ;
• if [π1;π2]ψ ∈ Σ then [π1][π2]ψ ∈ Σ;
• if [π1 + π2]ψ ∈ Σ then both [π1]ψ and [π2]ψ are in Σ;
• if [?χ]ψ ∈ Σ then χ ∈ Σ;

1Here PDL represents the set of axioms of propositional dynamic logic, and EL represents the set of
axioms of epistemic logic.
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• if [π∗]ψ ∈ Σ then [π][π∗]ψ ∈ Σ.

In this paper, we only consider Fischer-Ladner closure that is finite. So, in the
following context, we always assume that the Fischer-Ladner closure Σ is finite.
Moreover, we need the following notations to introduce filtration.

Σ(s)
def
= {ϕ ∈ Σ | M, s ⊨ ϕ}

Σ([s])
def
= {Σ(t) | t ∈ [s]}

Please note that Σ(u) is a finite set of formulas since we assume that Σ is finite.
Therefore, we also see Σ(u) as a formula which is

∧
ϕ∈Σ(u) ϕ.

Let M be a model and Σ be a finite Fischer-Ladner closure. The filtration of
M through Σ is as follows.

Definition 6 (FiltrationMΣ) The relation ≡Σ is an equivalence relation on the do-
main ofM, which is defined as follows.

s ≡Σ u ⇐⇒ Σ(s) = Σ(u), and Σ([s]) = Σ([u])

We denote the equivalence class of a state s with respect to the equivalence relation
≡Σ by s. The filtration MΣ = 〈WΣ, RΣ, {QΣ(a) | a ∈ A}, V Σ〉 is defined as
follows

WΣ def
= {s | s ∈W}

(s, u) ∈ RΣ ⇐⇒ there are s′ ∈ s, u′ ∈ u : (s′, u′) ∈ R

(s, t) ∈ QΣ(a) ⇐⇒ there are s′ ∈ s, t′ ∈ t : (s′, t′) ∈ Q(a)

V Σ(p)
def
= {s | s ∈ V (p)}, for all proposition letter p ∈ Σ

The equivalence relation ≡Σ and the filtration model MΣ above are the same
as in [13]. It is also shown in [13] that each equivalence class s is defined by the
following formula:

ϕ[s]
def
= (

∧
u∈[s]

K̂Σ(u)) ∧ K(
∨
u∈[s]

Σ(u)).

Proposition 7 Given a model M, states s, u ∈ W , and a finite Fischer-Ladner
closure Σ, we have that s ≡Σ u if and only ifM, u ⊨ Σ(s) ∧ ϕ[s].

With the proposition above, by a standard process shown in [6], we have the
following lemma.

Lemma 1 (Filtration Lemma) LetM be a model and Σ be a finite Fischer-Ladner
closure.

(i) For each ϕ ∈ Σ,M, s ⊨ ϕ ⇐⇒ MΣ, s ⊨ ϕ
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(ii) For each 〈π〉ϕ ∈ Σ, if (s, t) ∈ QΣ(π) andM, t ⊨ ϕ thenM, s ⊨ 〈π〉ϕ.

The filtrationMΣ can preserve the properties of models: perfect recall, no learn-
ing, and Church-Rosser property, since the filtrationMΣ has the following property.

Proposition 8 If (s, u) ∈ RΣ, we have that for each s′ ∈ s there exists u′ ∈ u such
that (s′, u′) ∈ R, and that for each u′ ∈ u there exists s′ ∈ s such that (s′, u′) ∈ R.

Proof Let (s, u) ∈ R. Given s′ ∈ s, we will show that there is some u′ ∈ u such
that (s′, u′) ∈ R. Since s′ ∈ s, this follows that Σ([s′]) = Σ([s]). Since (s, u) ∈ R,
this follows that there is some u′ ∈ [s′] such that Σ(u′) = Σ(u). Moreover, since
Σ([u′]) = Σ([s′]) and Σ([s]) = Σ([u]), this follows that Σ([u′]) = Σ([u]). Thus, we
have u′ ≡Σ u, namely, u′ ∈ u. Since RΣ is an equivalence relation, from a similar
process we can show that for each u′ ∈ u there exists s′ ∈ s such that (s′, u′) ∈ R.

□

The following proposition follows from Proposition 8 immediately.

Proposition 9 IfM has the property of compr, so doesMΣ.

However, Proposition 8 cannot guarantee that the property of comnm is pre-
served after filtration. Therefore, we will need to construct a new model that has
the property comnm based on MΣ. We found that MΣ has the property stated in
the following proposition. This property will play an important role and helps us to
construct a model with compr,nm based onMΣ.

Proposition 10 Given M with comnm, (s, t) ∈ QΣ(a), (s, u) ∈ RΣ, and 〈a〉ϕ ∈
Σ, if MΣ, u ⊨ 〈a〉ϕ, then there exists v such that (t, v) ∈ RΣ, (u, v) ∈ QΣ(a), and
MΣ, v ⊨ ϕ.

Proof Since (s, t) ∈ QΣ(a), let (s, t) ∈ Q(a). Since (s, u) ∈ RΣ, it follows by
Proposition 8 that there is some u′ ∈ u such that (s, u′) ∈ R. Since MΣ, u ⊨ 〈a〉ϕ
and 〈a〉ϕ ∈ Σ, it follows by Lemma 1 that M, u′ ⊨ 〈a〉ϕ. Therefore, there is some
v such that M, v ⊨ ϕ and (u′, v) ∈ Q(a). Thus we have (u, v) ∈ QΣ(a), and
MΣ, v ⊨ ϕ. Since {(s, t), (u′, v)} ⊆ Q(a), (s, u′) ∈ R, and M has the property
of comnm, this follows that (t, v) ∈ R. By the definition of MΣ, we have that
(t, v) ∈ RΣ. □

4 Step by step

Due to Proposition 10, this section will use the step-by-step method ([3]) to con-
struct a model with compr,nm from MΣ where M has the properties compr and
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comnm. For simplicity’s sake, rather than clarify it every time, we assume that all
modelsM discussed in this section have the properties compr and comnm.

Definition 11 (Network N ) A network N ofMΣ is a quadruple N = 〈N,∼, { a→|
a ∈ A}, L〉 where N is a non-empty set of states, ∼ is an equivalence relation on N ,
a→ is a binary relation on N , and L is a labeling function mapping each state in N to
a state inMΣ.

For each action π, π→ is also a binary relation on N , which is defined as

?ψ→ def
= {(x, x) | MΣ, L(x) ⊨ ψ}

π1+π2→ def
=

π1→ ∪ π2→
π1;π2→ def

=
π1→ ◦ π2→

π∗
→ def

=
∪
n
πn

→

Definition 12 (Coherent) A network N ofMΣ is coherent if it satisfies:

(C1) If (s, L(x)) ∈ RΣ then there exists y ∈ N such that L(y) = s and x ∼ y;
(C2) N is a deterministic tree on the level of belief states, i.e. [x] a→ [y] and [x]

a→
[y′] imply that [y] = [y′] for each a ∈ A;

(C3) If x ∼ y then (L(x), L(y)) ∈ RΣ;
(C4) For each a ∈ A, if x a→ y then (L(x), L(y)) ∈ QΣ(a).

Definition 13 (Saturated) A network N ofMΣ is saturated if it satisfies:

(S1) If y′ ∼ y and [x]
a→ [y] where a ∈ A, then there is some x′ ∈ [x] such that

x′
a→ y′, namely, N has the property compr;

(S2) For each 〈π〉ϕ ∈ Σ, if MΣ, L(x) ⊨ 〈π〉ϕ for some x ∈ N , then there is some
y ∈ N such that x π→ y andMΣ, L(y) ⊨ ϕ.

Definition 14 (Defect) Let N be a network of MΣ. An S1-defect consists of a
triple ([x], y′, a) for which there is [x] a→ [y′] while y′ has no a-predecessor in [x].
An S2-defect of N consists of a node x ∈ N and a formula 〈π〉ϕ ∈ Σ for which
MΣ, L(x) ⊨ 〈π〉ϕ, and there is no y ∈ N such that x π→ y andMΣ, L(y) ⊨ ϕ.

Definition 15 (Extension) Let N ′ = 〈N ′,∼′, { a→ ′ | a ∈ A}, L′〉 and N = 〈N,∼,
{ a→| a ∈ A}, L〉 be two networks. We say that N ′ extends N (notation: N ′ ▷ N )
if 〈N,∼, { a→| a ∈ A}〉 is a subframe of 〈N ′,∼′, { a→ ′ | a ∈ A}〉 and L′ agrees L
on N .

Lemma 2 (Repair Lemma) Let N = 〈N,∼, { a→| a ∈ A}, L〉 be a finite, coherent
network ofMΣ. For any defect of N , there is a finite, coherent N ′ ▷N lacking this
defect.
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Proof Let N = 〈N,∼, { a→| a ∈ A}, L〉 be a finite, coherent network of MΣ, We
prove the lemma by showing that both types of defect can be removed.

S1-defects:
Let ([x], y′, a) where a ∈ A be an S1-defect of N . Assume that x a→ y for some
y ∈ [y′]. It follows by (C3) and (C4) that (L(x), L(y)) ∈ QΣ(a) and (L(y), L(y′)) ∈
RΣ. It follows by Proposition 9 that there is some u such that (u, L(x)) ∈ RΣ and
(u, L(y′)) ∈ QΣ(a). By (C1), we have that there is some x′ such that L(x′) = u

and x′ ∼ x. Let N ′ = 〈N ′,∼′, { a→ ′ | a ∈ A}, L′〉 be the same as N except that
a→
′def
=

a→ ∪{(x′, y′)}. This follows that N ′ ▷N .
It is obvious that N ′ satisfies (C1), (C3) and (C4). Next we will check (C2). If

x′′
a→
′
y′′ and x′′ ∼′ x′, we need to show that y′′ ∼′ y′. Firstly we have that x′′ ∼′ x

since ∼′ is an equivalence relation. SinceN satisfies (C2), this follows that y′′ ∼′ y.
Since y ∼′ y′, this follows that y′′ ∼′ y′.

x

a

��

∼′ x′

a
��

∼′ x′′

a
��

y ∼′ y′ ∼′ y′′

S2-defects:
Let (x, 〈π〉ϕ) be an S2-defect of N . This follows that 〈π〉ϕ ∈ Σ, and MΣ, L(x) ⊨
〈π〉ϕ. We will show that there is a finite, coherent network N ′ ▷ N in which this
defect is removed. We prove it by induction on π.

1. For an atomic action a ∈ A, there are two cases: (i) there are states x′, y′ ∈ N

such that x′ a→ y′ and x ∼ x′; (ii) there are no such states x′, y′. For (i), since
N is coherent, this follows by (C3) and (C4) that (L(x′), L(y′)) ∈ QΣ(a)

and (L(x), L(x′)) ∈ RΣ. Since MΣ, L(x) ⊨ 〈a〉ϕ, it follows by Proposi-
tion 10 that there is some v such that (v, L(y′)) ∈ RΣ, (L(x), v) ∈ QΣ(a) and
MΣ, v ⊨ ϕ. It follows by (C1) that there is some y such that L(y) = v and
y′ ∼ y. Let N ′ = 〈N ′,∼′, { a→ ′ | a ∈ A}, L′〉 be the same as N except that
a→
′def
=

a→ ∪{(x, y)}. This follows that N ′ ▷ N . It is obvious that N ′ satisfies
(C1), (C3) and (C4). By a similar process of S1-defects above, it can be shown
that N ′ also satisfies (C2).
For (ii), it follows byMΣ, L(x) ⊨ 〈a〉ϕ that there is some t such thatMΣ, t ⊨
ϕ and (L(x), t) ∈ QΣ(a). Let D = {v | (v, t) ∈ RΣ}. Since MΣ is a finite
model, this follows that D is finite. Let D′ be a set of new nodes (new in the
sense that z 6∈ N for each z ∈ D′), and f be a one-to-one mapping from D′

to D. Let y ∈ D′ and f(y) = t. Hence, we define N ′ = 〈N ′,∼′, { a→ ′ | a ∈



Yanjun Li / The Completeness for the Combination of PDL and EL with PR and NM 9

A}, L′〉 as follows

N ′ = N ∪D′

∼′ =∼ ∪{(z, z′) | z, z′ ∈ D′}
a→
′
=

a→ ∪{(x, y)}
L′ = L ∪ f.

It is obvious thatN ′ is finite. Next we will show thatN ′ is coherent. It is easy
to check that N ′ satisfies (C1), (C3) and (C4). To check (C2), we only need
to show that if x′ a→

′
y′ and x ∼′ x′ then y ∼′ y′. By the assumption of (ii),

we know that there are no such x′, y′ in N . This follows that y = y′. By the
definition of ∼′ above, we have y ∼′ y, namely y ∼′ y′.

2. For a test ?ψ, it is impossible. In other words, there is no defect in the form of
(x, 〈?ψ〉ϕ). The reason is the following: if MΣ, L(x) ⊨ 〈?ψ〉ϕ, this follows
thatMΣ, L(x) ⊨ ψ. Then, we have that x ?ψ→ x.

3. For the case π1+π2, firstly we have thatMΣ, L(x) ⊨ 〈πi〉ϕ for some i = 1 or
i = 2. Since (x, 〈π1 + π2〉ϕ) is an S2-defect ofN , this follows that (x, 〈πi〉ϕ)
is an S2-defect of N . By induction on π, this follows that there is a finite,
coherent networkN ′ ▷N in which the defect (x, 〈πi〉ϕ) is removed. Thus, the
defect (x, 〈π1 + π2〉ϕ) is also removed in N ′.

4. For the case π1;π2, firstly we have that MΣ, L(x) ⊨ 〈π1〉〈π2〉ϕ. If the pair
(x, 〈π1〉〈π2〉ϕ) is a defect of N , it follows by IH that there is a finite, coherent
networkN ′ ▷N in which the defect (x, 〈π1〉〈π2〉ϕ) is removed. Thus, there is
some y ∈ N ′ such that x π1→ y and MΣ, L(y) ⊨ 〈π2〉ϕ. If (y, 〈π2〉ϕ) is still
a defect of N ′, it follows by IH that there a finite, coherent network N ′′ ▷N ′

in which the defect (x, 〈π2〉ϕ) is removed. This follows that N ′′ ▷ N and the
defect (x, 〈π1〉〈π2〉ϕ) is removed in N ′′.

5. For the caseπ∗, firstlywe have thatMΣ, L(x) ⊨ ¬ϕ∧〈π〉〈π∗〉ϕ since (x, 〈π∗〉ϕ)
is a defect. We assume that (x, 〈π〉〈π∗〉ϕ) is also a defect. By IH, this follows
that there is a finite, coherent extension of N in which this defect is removed.
By (C2), we assume that [x] is a leaf-node of N . Since MΣ, L(x) ⊨ 〈π∗〉ϕ,
this follows that MΣ, L(x) ⊨ 〈πn〉ϕ for some natural number n, and we as-
sume that n is the minimal natural number satisfying the condition. Thus, there
are s1, · · · , sn such that L(x) π→ s1, · · · ,

π→ sn, MΣ, si ⊨ 〈π〉〈π∗〉ϕ where
1 ≤ i < n, andMΣ, sn ⊨ ϕ. Then, by IH, there areNn▷ · · ·▷N1▷N such that
eachNi where 1 ≤ i ≤ n is a finite, coherent network. Since [x] is a leaf-node
ofN , we can make that xi is a new node toNi−1, and that xi−1

π→ xi, and that
Li(xi) = si, where 1 < i ≤ n. Therefore, in Nn, we have that x

π∗
→ xn and

MΣ, Ln(xn) ⊨ ϕ, that is, the defect (x, 〈π∗〉ϕ) is removed in Nn.

□



10 Studies in Logic, Vol. 12, No. 3 (2019)

Definition 16 (Model JN ) LetN = 〈N,∼, { a→| a ∈ A}, L〉 be a network ofMΣ.
The model JN is defined as 〈N,R, {Q(a) | a ∈ A}, V 〉 where R def

=∼, Q(a)
def
=

a→,
and V is defined by V (p) = {x | MΣ, L(x) ⊨ p}.

Lemma 3 (Truth Lemma for JN ) Let N be a coherent, saturated network of MΣ.
We have the following results:

(i) For each ϕ ∈ Σ, JN , x ⊨ ϕ ⇐⇒ MΣ, L(x) ⊨ ϕ;
(ii) For each 〈π〉ϕ ∈ Σ, if x π→ y in N then (x, y) ∈ Q(π) in JN ;
(iii) For each 〈π〉ϕ ∈ Σ, if (x, y) ∈ Q(π) then (L(x), L(y)) ∈ QΣ(π).

Proof We prove the lemma by simultaneous induction on (i), (ii) and (iii). We start
with (i). There are five cases, depending on the form of ϕ. We will only focus on the
cases of K̂ϕ and 〈π〉ϕ; the other cases are straightforward.

• For K̂ϕ, if JN , x ⊨ K̂ϕ then there is some y ∈ N such that (x, y) ∈ R and
JN , y ⊨ ϕ. By the definition of JN , we have x ∼ y inN . SinceN is coherent,
it follows by (C3) that (L(x), L(y)) ∈ RΣ. By IH, we have thatMΣ, L(y) ⊨ ϕ.
Thus, we haveMΣ, L(x) ⊨ K̂ϕ.
If MΣ, L(x) ⊨ K̂ϕ, then there is some u such that (L(x), u) ∈ RΣ and
MΣ, u ⊨ ϕ. Since N is coherent, it follows by (C1) that there is some y ∈ N

such that L(y) = u and x ∼ y. It follows that JN , y ⊨ ϕ and (x, y) ∈ R.
Thus, we have JN , x ⊨ K̂ϕ.

• For 〈π〉ϕ, if JN , x ⊨ 〈π〉ϕ then there is some y ∈ N such that (x, y) ∈ Q(π)

and JN , y ⊨ ϕ. By (iii), we have that (L(x), L(y)) ∈ QΣ(π). By IH, we have
thatMΣ, L(y) ⊨ ϕ. Thus, we haveMΣ, L(x) ⊨ 〈π〉ϕ.
IfMΣ, L(x) ⊨ 〈π〉ϕ, sinceN is saturated, it follows by (S2) that there is some
y ∈ N such that x π→ y in N and MΣ, L(y) ⊨ ϕ. It follows by IH that
JN , y ⊨ ϕ. Since x π→ y in N , it follows by (ii) that (x, y) ∈ Q(π) in JN .
Thus, we have JN , x ⊨ 〈π〉ϕ.

For (ii), we will only focus on the case that π is a test ?ψ; the other cases are
straightforward by the definition of JN and by IH. If x ?ψ→ x in N , this follows taht
MΣ, L(x) ⊨ ψ. It follows by IH that JN , x ⊨ ψ. Thus, we have (x, x) ∈ Q(?ψ) in
JN .

For (iii), we will only focus on the cases that π is an atomic action a, or a test
?ψ, or a Kleene star π∗; the other cases are straightforward by IH.

• For an atomic action a, if (x, y) ∈ Q(a) in JN , it follows by the definition
that x a→ y in N . Since N is coherent, it follows by (C4) that (L(x), L(y)) ∈
QΣ(a).

• For a test ?ψ, if (x, y) ∈ Q(?ψ) in JN , this follows that x = y and JN , x ⊨ ψ.
By IH, this follows that MΣ, L(x) ⊨ ψ. Thus, we have that (L(x), L(x)) ∈
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QΣ(?ψ).
• For a Kleene star π∗, if (x, y) ∈ Q(π∗) in JN , this follows that there are a

natural number n and some states x0 · · ·xn ∈ N such that x0 = x, xn = y, and
xi

π→ xi+1 for all 0 ≤ i < n. It follows by IH that (L(xi), L(xi+1)) ∈ QΣ(π)

for all 0 ≤ i < n. Thus, we have (L(x), L(y)) ∈ QΣ(π∗).

□

Proposition 17 LetN be a coherent, saturated network ofMΣ. The model JN has
the properties of compr,nm.

Proof Since the frame of JN is the same as the frame of N , we then only need to
show thatN has the properties of compr,nm. SinceN is coherent, it follows by (C2)
that N has the property comnm. Since N also is saturated, it follows by (S1) that N
has the property compr. □

5 Completeness

This section will show the completeness ofPDL⊕EL⊕{PR,NM}with respect
to models with compr and comnm.

Definition 18 (CanonicalmodelM) The canonicalmodel forPDL⊕EL⊕{PR,NM}
isM = 〈W,R, {Q(a) | a ∈ A}, V 〉 where

• W = {s | s is a maximal consistent set in PDL ⊕ EL ⊕ {PR,NM}},
• (s, u) ∈ R ⇐⇒ Kϕ ∈ s implies ϕ ∈ u,
• (s, t) ∈ Q(π) ⇐⇒ [π]ϕ ∈ s implies ϕ ∈ t ⇐⇒ ϕ ∈ t implies 〈π〉ϕ ∈ s,
• s ∈ V (p) ⇐⇒ p ∈ s.

From a similar process as in [3], it can be shown that the relationR inM defined
above is an equivalence relation. Please note thatM is a non-standard model. Please
recall that a non-standardmodel forL is a quadruple 〈W,R,Q, V 〉 that satisfies all the
properties of a standard model except that, in a non-standard model, there isQ(π∗) ⊇∪
n∈ω π

n, but it still validates all the formulas of the logic PDL ⊕ EL. It is easy to
check that the canonical modelM is a non-standard model.

From a standard process shown in [3], we have the following lemma.

Lemma 4 (Truth Lemma forM) For each ϕ,M, s ⊨ ϕ ⇐⇒ ϕ ∈ s.

Due to the axioms PR and NM, we can show that the canonical model M has
the properties compr,nm.

Proposition 19 The canonical modelM has the properties of compr,nm.
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Proof Firstly, we show that M is compr. Given (s, t) ∈ Q(a) and (t, v) ∈ R, we
need to show that there is some maximal consistent set u such that (u, v) ∈ Q(a)

and (s, u) ∈ R. Let Φ = {ϕ | Kϕ ∈ s} ∪ {〈a〉ψ | ψ ∈ v}. We then only need to
show that there exists an maximal consistent set u such thatΦ ⊆ u. By Lindenbaum’s
lemma, we only need to show that Φ is consistent. Assume that Φ is not consistent.
This follows that ` Kϕ1 ∧ · · · ∧ Kϕn → [a]¬ψ1 ∨ · · · ∨ [a]¬ψk for some n, k ∈ ω.
Since ` [a]¬ψ1 ∨ · · · ∨ [a]¬ψk → [a](¬ψ1 ∨ · · · ∨ ¬ψk), this follows that ` Kϕ1 ∧
· · · ∧ Kϕn → [a](¬ψ1 ∨ · · · ∨ ¬ψk). By the generalization rule of K and the axioms
of EL, it follows that ` Kϕ1 ∧ · · · ∧ Kϕn → K[a](¬ψ1 ∨ · · · ∨ ¬ψk). It follows
by PR that ` Kϕ1 ∧ · · · ∧ Kϕn → [a]K(¬ψ1 ∨ · · · ∨ ¬ψk). Since Kϕi ∈ s for
all 1 ≤ i ≤ n and s is an MCS, this follows that [a]K(¬ψ1 ∨ · · · ∨ ¬ψk) ∈ s.
Since (s, t) ∈ Q(a), this follows thatK(¬ψ1 ∨ · · · ∨¬ψk) ∈ t. Since (t, v) ∈ R, this
follows that ¬ψ1∨· · ·∨¬ψk ∈ v. This is contradictory with ψi ∈ v for all 1 ≤ i ≤ k.
Therefore, Φ is consistent.

Secondly, we show that M is comnm. Given (s, t) ∈ Q(a), (u, v) ∈ Q(a), and
(s, u) ∈ R, we need to show that (t, v) ∈ R. Take an arbitrary Kϕ ∈ t, then we only
need to show that ϕ ∈ v. Since (s, t) ∈ Q(a), this follows that 〈a〉Kϕ ∈ s. It follows
from NM that ` 〈a〉Kϕ → K[a]ϕ. Thus, we have that K[a]ϕ ∈ s. Since (s, u) ∈ R,
this follows that [a]ϕ ∈ u. Since (u, v) ∈ Q(a), this follows that ϕ ∈ v. □

Now we are ready to show the completeness.

Theorem 20 (Completeness). PDL ⊕ EL ⊕ {PR,NM} is weakly complete w.r.t.
models with compr,nm.

Proof Let ϕ0 be a consistent formula. To show the theorem, we only need to show
that ϕ0 is satisfied in a model with compr,nm. Next, we will show that there exists a
such model.

Stage 1 Since ϕ0 is consistent, it follows by Lindenbaum’s Lemma that there is
a maximal consistent set s0 s.t. ϕ0 ∈ s0. It follows by Lemma 4 thatM, s0 ⊨ ϕ0.

Stage 2 Let Σ be the minimal Fischer-Ladner closure containing ϕ0. We then
can construct the filtration model MΣ as Definition 6. By Lemma 1, we have that
MΣ, s0 ⊨ ϕ0.

Stage 3 SinceM has the properties of compr,nm(see Proposition 19), this follows
that MΣ satisfies Propositions 9 and 10. In this stage, we will construct a coherent,
saturated network ofMΣ.

Let Φ = {s | (s, s0) ∈ RΣ}. It follows that Φ is finite. Let Φ = {s0, · · · , sn}
where s0 = s0 . Define the networkN0 ofMΣ asN0 = 〈N0,∼0, {

a→0| a ∈ A}, L0〉
whereN0 = {x0, · · · , xn},∼0= {(xi, xj) | xi, xj ∈ N0},

a→0= ∅, and L0 = {xi 7→
si | 0 ≤ i ≤ n}. It is obvious that N0 is a finite, coherent network ofMΣ.
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Let n ≥ 0 and suppose Nn is a finite, coherent network of MΣ. Let D be the
defect of Nn that is minimal in our enumeration. If there is no defect of Nn then
let Nn+1 = Nn. Otherwise, form Nn+1 by repairing the defect D as described in
the proof of the Repair Lemma. Observe that D will not be a defect of any network
extending Nn. Let N = 〈N,∼, { a→| a ∈ A}, L〉 be given by

N =
∪
n∈ω

Nn,∼=
∪
n∈ω

∼n,
a→=

∪
n∈ω

a→n, and L =
∪
n∈ω

Ln.

Now we will show that N is coherent, and saturated. Firstly, we show that N
is coherent. Please note that Nn+1 ▷ Nn and that Nn is finite, and coherent, for all
n ∈ ω. Thus, if N is not coherent, this follows that there is some Nn such that Nn

is not coherent. Contradiction. Thus N is coherent. Secondly, we show that N is
saturated. If it is not, let D be the minimal (according to our enumeration) defect of
N , say D = Dk. By our construction, there must be an approximation Ni of N of
which D is also a defect. Note that D need not be the minimal defect of Ni. There
can be at most k defects that are more urgent, soD will be repaired before step k+ i

of the construction.

Stage 4 Based on the networkN constructed above, we can construct the model
JN as Definition 16. Since N is coherent, and saturated, it follows from Lemma 3
that JN , x0 ⊨ ϕ0 and from Proposition 17 that JN has the properties of compr,nm. □

6 Conclusion

In this paper, we proved the weak completeness for the logicPDL⊕EL extended
with perfect recall and no miracles. Different from the completeness for PDL ⊕
EL extended with PR, no learning, or Church-Rosser Axiom, the filtration cannot
automatically preserve no miracles. To tackle this problem, this paper used the step-
by-step method to construct a model with no miracles based on the filtration.
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带有完美记忆公理和无奇迹公理的 EPDL系统的完全性

李延军

摘 要

EPDL系统是 PDL和 EL的混合系统。EPDL的框架同时包含用于表示知识
和用于表示动作的两种二元关系。完美记忆公理和无奇迹公理刻画了这两种关系

的交互。本论文证明了含有完美记忆公理和无奇迹公理的 EPDL系统相对于具有
这两种交互性质的 EPDL框架类的弱完全性。
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