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Privacy in Arrow Update Logic*

Yanjun Li

Abstract.  Arrow Update Logic is a theory of epistemic access elimination that can be used
to reason about multi-agent belief change. In Arrow Update Logic, it is common knowledge
among agents how each will process incoming information. This paper develops the basic
theory of Arrow Update Logic to deal with private announcements. In this framework, the
information is private for an agent group. Moreover, this paper proposes a labelled tableau
calculus for this logic and also shows that this logic is decidable.

1 Introduction

Information plays an important role in several fields of scientific research, such
as philosophy, game theory, and artificial intelligence. In this paper, the notion of
information is confined to the kind of information in one’s mind, which can also be
called belief or knowledge. In real-life contexts, information is often communicated.
This leads to a change of agents’ information without any change in the bare facts of
the world. One kind of these communicative events is announcements. This paper
will focus on reasoning about information change due to announcements.

In a multi-agent system, there are at least three types of announcements: public,
private and semi-private (cf. [3]). Imagine a scenario where two agents a; and as
are in a room, and in front of them, there is a coin in a closed box. Neither of them
knows whether the coin is lying heads up or tails up. A public announcement occurs
when the box is opened for both to see. This changes not only the agent’s information
about the bare facts (basic information) but also agents’ information about each other
(higher-order information). When a; secretly opens the box and ao does not suspect
that anything happened, the effect is the same as the effect that the truth is privately
announced to a;. This changes only a;’s basic and higher-order information. A semi-
private announcement occurs when a; opens the box and as observes a;’s action but
ag does not see the coin. This changes a;’s basic information and the higher-order
information of both. Please note that a public announcement can be seen as a special
private announcement, i.e., an announcement which is privately announced to the
whole group.
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Plaza ([17]) develops a logic that is concerned with information change by pub-
lic announcements, in which a public announcement of a statement eliminates all epi-
stemic possibilities in which the statement does not hold. Gerbrandy and Groeneveld
([12]) propose a more general dynamic epistemic logic for information update, where
a private announcement for an agent group G is an update that is conscious only
for G. The dynamic epistemic logic with action models (DEL, [3, 4]) can formalize
a wide range of information change. An action model is a Kripke model-like ob-
ject that describes agents’ beliefs about incoming information. The logic LCC ([5])
can model information communication that is partial observation, and a private an-
nouncement for G is a piece of information whispered to G ([7]). Logics introduced
in [8, 6] can model information change based on attentions, and an announcement is
private for agents who are paying attention when the announcement is made. Private
announcements can also be modeled in [11]. The precise method by which private
announcements are dealt with in these logics are different due to their different mo-
tivations, but they share the same feature that the basic model will be expanded when
a private announcement happens.

Kooi and Renne’s Arrow Update Logic (AUL, [13]) can also formalize reasoning
about information change produced by public and semi-private announcements. Dif-
ferent from other logical frameworks, AUL models information change by updating
the epistemic access relation, without changing the domain of the model. However,
in AUL, it is common knowledge among agents how each will process incoming in-
formation. This assumption of common update policy is dropped in its extension,
Generalized Arrow Update Logic (GAUL, [14]), which can capture the same inform-
ation change that can be modeled in DEL.

Although DEL and GAUL are much more expressive than AUL, the great ex-
pressive power does not come for free. Their update operators are much more com-
plex than the update operator of AUL. This paper presents a variation of AUL, Private
Arrow Update Logic (PAUL), which also drops the common update-policy assump-
tion of AUL (so that private announcements can be expressed) and keeps the update
operator as simple and intuitive as in AUL. In our framework, each information up-
date is visible only for a group of agents, so private announcements can be dealt with.
This logic framework is also inspired by the context-indexed semantics developed
in [18] and [20]. As we will see, PAUL can formalize reasoning about information
change due to public, private and semi-private announcements. Our logic is more
general than AUL in the sense that each information update in AUL can be seen as
update that is visible for all agents in our framework. Our logic can also be seen
as a fragment of DEL, and there are information change, such as lying, cannot be
expressed in our framework.

The rest of this paper is organized as follows: Section 2 proposes the language
and semantics of PAUL, and works out some examples; Section 3 presents the tableau
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calculus for PAUL and show soundness and completeness; Section 4 shows PAUL is
decidable; Section 5 concludes with some directions for further research.

2 The Logic PAUL

2.1 Syntax and semantics

In this section, we introduce the language and semantics of this logic.

Definition 1 (PAUL Language). Let Agt be a nonempty finite set of agents, and let
P be a countable set of atomic propositions. The PAUL language is generated by the
following BNF:

pu=T[pl=0|(@N¢)][[UG|p|Bag
U=(9,a,0) | (b,a,¢),U

where p € P, a € Agt and G C Agt is a superset of the set of agents occurring in U.

We will often omit parentheses around expressions when doing so ought not
cause confusion. The expression ¢ is called a PAUL-formula (or just formula). The
expression [U, G] occurring in a formula is called a PAUL-update (or just update),
which consists of an update core U and an agent group G to which the update is
visible. We let Zpaur denote the set of formulas. Given formulas ¢ and ¢ and an
agent a € Agt, the syntactic object (¢, a, 1)) € U is called an a-arrow specification.
As usual, we use the following abbreviations: L := =T, ¢V 1= =(=p A1), ¢ —
P = =g VY, Oue = —0,¢. Moreover, if there is only one arrow specification in
U, we write [{(¢, a,v)}, G] as [(¢, a, ), G]. Similarly, we write [U, {a}] as [U, a].

Intuitively, the formula O,¢ expresses that agent a believes ¢. The formula
[U, G]¢ expresses that ¢ holds after the arrow update [U, G]. The update [U, G] means
that the update is visible only to agents in G. Please note that the update in AUL has
only one part, that is [U], which is visible for all agents. Therefore, the update [U] in
AUL is the same as the update [U, Agt] here.

Definition 2 (Kripke Model). A Kripke model M is a tuple (W™, RM VM), con-
sisting of a nonempty set W™ of worlds, a function R assigning each agent a €
Agt a binary relation R € WM x WM, and a function VM : P — P(WM). A
pointed Kripke model is a pair (M, s) consisting of a Kripke model M and a world
s € WM; the world s is called the point of (M, s).

Given a Kripke model M, we call WM the domain of the model. For each
agent a € Agt, we call RM a’s possibility relation since it defines what worlds agent
a considers possible in any given world. Please note that updates considered in this
paper do not change any bare facts but only the agent’s beliefs. Therefore, when an
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update happens, we do not have to change the domain of the model but only change
the possibility relations (or ‘arrows’).

Definition 3. Let p = [U1, G1] - - - [Uy, Gy be an update sequence (or just sequence),
and p = € if n = 0. The update sequence p|, is defined by the following induction
onn.

€la =€

_Jrla ag G
(p[U, G])la = {pMU’ ¢ ace

In the following text, we will always use symbols p, o', p[U, G], p'[U, G] to de-
note sequences of updates. The sequence p|, means that the updates are visible to the
agent a.

Definition 4 (PAUL Semantics). Given a pointed Kripke model (M, s), an update
sequence p and a formula ¢, we write M, s =, ¢ to mean that ¢ is true at M, s after
updates p, and we write M, s ¥, ¢ for the negation of M,s F, ¢. The relation
(notation: F,) is defined by the following induction on formula construction.

M,skE, T
M,sE,p iff seV(p)
M, sk, ¢ iff M,s¥,¢

M,sE, (pNY) iff M,skE,pand M, sk,

M,S ':p [U, GM) iff M,S ':p[U7G] (Z)

M, sE, Ou0 iff vt WM. (s,t) € RMx (p|,) implies M, ¢ Fola @

RM ¢ & RM

RMu« (p[U,G) = {(s,t) € RM x| there exists (¢, a, ) € U :
M,sEy gand M, tE, )}

We also write M, s F. ¢ as M, s E ¢. To say that a formula ¢ is valid, written as = ¢,
means that M, s E ¢ for each pointed Kripke model (M, s). The negation of F ¢
is written as ¥ ¢. To say that a formula ¢ is satisfiable means there exists a pointed
model (M, s) such that M, s E ¢.

The binary relation R x p|, is a’s possibility relation after the announcement
sequence p. Compared to product semantics, such as in DEL and GAUL, the context-
indexed semantics here has the following characteristics. Firstly, we know that up-
dates change only agents’ beliefs but not bare facts. This feature is more clear in this
semantics because only the possibility relation is updated when O-formulas are eval-
uated. Moreover, product semantics always update the domain of the model when
an update happens, which means that the size of the model may grow rapidly along
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with the length of update sequence p, but this is not the case here. This is because
when O, -formulas are evaluated, we do not change the domain of the model but only
update a’s possibility relation with respect to the update sequence visible to a, namely
Pla-

Kooi and Renne ([13]) present an axiomatic theory for AUL, in which the most
important axiom states that an agent’s belief after an update can be reduced to his (her)
belief before the update. The following proposition shows that the PAUL version of
this reduction axiom also holds.

Proposition 5. = [U,G|0a¢ <> )\ (y 4 )ev (¥ = Balx = [U,G]9)) ifa € G.

Proof Let (M,s) be a pointed Kripke model. Firstly, we show that if M, s F
[U,G]0q¢ then M, s F Ay o yev (¥ = Bal(x = [U,G]¢)). Assume that M, s F
[U,G]|0,¢ and (¥, a, x) € U, we will show that M, s F ¢ — O,(x — [U, G]o).
Let M, s F 1 and ¢ be a state such that (s,t) € R}*'. We only need to show that if
M, tE xthen M, t E [U,G]p. If M, t E x,since M, s E ¢ and (¢, a,x) € U, this
follows that (s,t) € (RM % [U,G]). Since a € G, we have that [U, G]|, = [U,G].
Thus, we have (s,t) € (RM x [U, G]|,). Moreover, since M, s F [U, G]0,¢, this
follows that M, t F(y; ¢ ¢. Therefore, we have that M, t & [U, G]¢.

Secondly, we show that if M, s B A, , ey (¥ = Da(x = [U,G]¢)) then
M, s E [U,G]0,¢. Assume that M, s ¥ [U, G]d,¢. It follows that there exists ¢ €
WM such that (s, t) € Ry« [U, G] and M, t #; ¢ ¢. Since (s,t) € R}« [U, G,
it follows that (s,t) € RM and there exists (¢,a,x) € U such that M,s & 1
and M, t E x. Moreover, since M,s E A, , vep(¥ = Oa(x — [U,G9)), we
then have M,t F [U, G]¢, namely M,t Fiyq ¢. This is in contradiction with
M.t Fyq) ¢. Therefore, we have if M, s F A, . o (¥ — Oa(x — [U,Gl9))
then M, s F [U, G]O,¢. O

The following proposition shows that if an update is not visible for an agent, then
her belief after the update is the same as her belief before the update.

Proposition 6. = [U,G]0,¢ <> O,0 ifa & G.
Proof We have the following:

M, s E[U,G|0O,¢
<M, s Fug Dag
& forall (s,t) € Ro * ([U,Gla) : Mt Fly gy, ¢
< forall (s,t) € Ry : M,tE ¢ dueto [U,G]|, =€
M, s EOu¢ 0
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We know that the replacement of equivalents plays an important role in equival-
ently reducing an AUL formula to a formula with out updates. Next, we will show
that the replacement of equivalents also holds in PAUL. Before that, we first show
the the following proposition.

Proposition 7. Let p be a sequence of updates and (M, s) be a pointed model.
We then have that M,s F, ¢ iff M',s E ¢ for each ¢ € Lpsur, where M’ =
(WM R VMyand R = {RM % p | a € Agt}.

Proof We prove it by induction on ¢. We only focus on the case of [U, G]¢; the
other cases are straightforward by IH.

We need to show that M, s E, [U,G|¢ iff M',s E [U, G]¢. Please note that
RM x (p[U,G]) = (RM x p) % [U,G]. Let M" = (WM R" VM) where R" =
{R}" + (p[U,G]) | a € Agt}. By IH, we have that M, s F, ) ¢ iff M”, s E ¢.
What is more, by IH, we also have that M, s F;. ¢ ¢ iff M”, s F ¢. Therefore, we
have the following:

M, sk, UGl
SM,sFEyua ¢
eM' sE¢  bylH
sM s Flua ¢ by IH
M sEU,Gl¢ O

Please note that, by the proposition above, we have that, for any update sequence
p, F, ¢ if B ¢. Therefore, we have the general version of Propositions 5 and 6:

Fo [U,G)0a0 & N\ (¥ = Oulx = [U,Gl9)) a€G
(¥,a,x)€U
Fp [U,G]0u¢ <> Og¢ adG

Now we are ready to prove the replacement of equivalents.

Proposition 8. Let ¢/ be the result of replacing some occurrences of 1 in ¢ by ¥'".
We then have that E ¢ < ¢' if E ¢ <> 9.

Proof We prove it by induction on ¢. We only focus on the case of [U, G]¢; the
other cases are straightforward by IH.

We need to show that M,s E [U,G|¢ iff M,s E [U,G]¢'. Let the model
M be (WM R VM) and R = {RM % [U,G] | a € Agt}. We then have that

"Here we confine the occurrence of v in ¢ on the occurrence that 1) is not in an update. In the
following, we will see that this confined version of replacement of equivalents is sufficient to show the
reduction theorem.
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M, s F [U,G]¢ iff M, s Fyq ¢, and by Proposition 7 we have that M, s Fjy g ¢
iff M’,s E ¢. By IH, we then have that M’ s & ¢ iff M’ s E ¢'. Then, by
Proposition 7 again, we have that M’ s E ¢' iff M, sF [U,G]|¢'. O

Next, we will show that each formula in PAUL can be equivalently reduced to
be a formula with out updates.

Theorem 9. For each formula ¢, there is a formula ¢' such that & ¢ <> ¢’ and there
are no updates in ¢'.

Proof We first define the translation function ¢ as follows:

t(p) = p t([U, GIp) = p

t(-¢) = -t(9) (U, G]-¢) = (U, Glo)

tony) = o) At(y) HUGloAY)) = KU Glo) AU, Glp)
t(Dafb) = Dat((b)

t([U, G]0a9) = Nwayev (@) = Oa(t(x) = H([U,G]¢))) acG
t([UvG]Da¢) = Dat(¢) GQG
[

t(U, GV, ) = (U, GI([U", &']9)).

By induction on ¢, we will show that E ¢ <> ¢(¢) and that there are no updates
occurring in t(¢). We then only focus on the case of [U, G|¢; the other cases are
straightforward by IH.

To show that E [U, G|¢ <> t([U, G]¢) and that there are no updates occurring in
t([U, G]¢), we continue to do induction on ¢.

* [U,G]p. It is obvious.

* [U,G]—¢. By semantics, we have that F [U, G]—¢ + —[U, G]¢. By IH, we
have that = [U, G]¢ <« t([U, G|¢) and that there are no updates occurring in
t([U, G]¢). Thus, we have that E —[U, G]¢ <+ —t([U, G]¢) and that there are
no updates in —¢([U, G|¢).

* [U,Gl(¢ A). Since F [U, Gl(¢p AN) < [U, Gl A [U, G]1p by semantics, it is
straightforward by IH.

* [U,G]0,¢ and a € G. By Proposition 5, we only need to show that, for
each (¢,a,x) € U, E (¢ — Ou(x — [U,Gl9)) « (t(¥) — Ou(t(x) —
t([U, G]¢))) and there are no updates in (1)), t(x), or t([U, G]¢). These are
straightforward by IH.

* [U,G]0,¢ and a ¢ G. By Proposition 6, we only need to show that 0,¢ can
be equivalently reduced to be a formula with out updates. By IH, we have that
F ¢ <> t(¢) and there are no updates in ¢(¢). Thus, we have that = Oy,¢ <>
Oat(¢) by Proposition 8.

« [U,G][U', G'|¢p.We need to show that = [U, G][U’, G'|¢p < t([U, GIt([U’, G']¢))
and that there are no updates in t([U, G|t([U’, G’|¢)). By IH, we have that there
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is some formula ¢’ = ¢([U’, G'|¢) such that E [U’, G']¢ <> ¢ and that there
are no updates in ¢’. By IH again, we have that E [U, G]|¢’ + t([U, G]¢') and
there are no updates in ¢t([U, G|¢'). Since F [U’, G'|¢ +» ¢, by Proposition 8,
we then have that £ [U, G][U’, G']¢ + t([U, G]¢'). O

2.2 Announcements in PAUL

In this section, we will show how public, private and semi-private announce-
ments are captured in PAUL. Let us consider the following scenario of a concealed
coin, which is a tweaked version of an example used in [3].

Example 10 (Basic scenario). Two agents a; and as enter a large room which contains
a remote-controlled mechanical coin flipper. One of them presses a button, and the
coin spins through the air and lands in a small box on a table with heads or tails lying
up. The box is closed and they are too far away to see the coin.

ai, a2
a,a2 C H T 7O a1,a2

p -p

Figure 1: the basic model M

Just as in [3], this can be modelled by a Kripke model M, which is pictured in
Figure 1. The possible world H € WM represents the possible fact that the coin is
lying heads up, and T € W™ represents tails up. The proposition p means that the
coin is lying heads up, so it is only true in H. The possibility relations of a; and a3
indicate that both of them do not know whether the coin is lying heads or tails up.

Example 11 (Public announcement). After the basic scenario, one of them opens the
box and puts the coin on the table for both to see. The effect of this event on their
beliefs is the same as that of a truthful statement publicly announced to them that the
coin is lying heads or tails up.

ai, a2 C H T > a1,a2
p -p

Figure 2: The possibility relations after the update [Uy, G1]

After the truthful announcement that the coin is lying heads or tails up, both of
them think there is only one possibility in any given world. Thus only their epistemic
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accesses to any given world should be preserved. This announcement is visible for
both, since it is publicly announced. Therefore, this public announcement can be
captured by [Uy, G1] where Uy = {(p, a1,p), (—p, a1, —p), (p,a2,p), (—p,az,—p)}
and G; = {a1,a2}. After the update [Uy, G1], the possibility relations of a; and
as turn out to be the same, as shown in Figure 2. Moreover, since the update is
visible to both of them, a;’s possibility relation in as’s opinion is the same as a;’s
real possibility relation, namely R x ([Uy, G1lla,lay) = Rt (U, Gilla,). If H
is the actual world, after this public and truthful announcement, both of them believe
that the coin is lying heads up and that the other also believes so. We can check the
following formulas.

* MaH = [U17G1](Da1p/\ Dazp)
° M7H ': [Ulle](Dalmasz D(lgljaqp)

More generally, public announcements of the truth value of ¢ can be expressed in
our framework by the update [U, Agt] where U = {(¢, a, ¢), (m¢,a—¢) | a € Agt}.
Therefore, public announcement logic is a fragment of PAUL.

Example 12 (Private announcement). After the basic scenario of Example 10, agent
a1 secretly opens the box herself. Agent as does not observe that a; opens the box,
and indeed a; is certain that as does not suspect that anything happened. The effect
of this on their beliefs is the same as secretly and privately announcing the truth to
ai.

aa C H T Oou QQCH&TDUQ
(@ Re + (U2, Gellay) (b) R+ ([Ua, G2l )

an C H N T Oom
(C) Rﬁf *([U27G2”a2|a1)

Figure 3: The possibility relations after the update [Us, G2]

After the truth is announced to a1, she thinks that there is only one possibility
from any given world. Thus a;’s epistemic accesses to the world itself should be
preserved after the announcement. Since the announcement is secret and private, it
is visible only to a;. This private and truthful announcement can be captured by the
update [Usz, G2] which is defined as Uy = {(p, a1,p), (—p, a1, —p)} and Ga = {a1 }.

After the update [Uz, G2|, a1’s possibility relation (Figure 3a) will change, but
ag’s possibility relation (Figure 3b) will remain the same as before. Moreover, since
az does not suspect that anything happened, a;’s possibility relation in az’s opinion
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(Figure 3c) does not change at all after the announcement. After this private and
truthful announcement to a;, only a; believes the truth while nothing happened to
as’s beliefs. We can check the following formulas.

° MvH E [U27G2](Da1p/\ _'Dazp)
c M HFE [U27G2]_‘Da2(ma1p\/ Dalﬂp)

More generally, a private announcement of the truth value of ¢ to a group of
agents G C Agt can be expressed in our framework by the update [U, G] where
U={(¢,a,¢),(—¢,a,~¢) | a € G}. Our logic is a fragment of DEL, since there is
certain information change, such as lying, that can not be expressed in PAUL but can
be modeled in DEL.

ay C H T7Doa aQCH<a—2>T®a2
(@) R+ (U3, Gallan) (b) R+ ([Us, Gsllaz)
a CC H T ou

(©) Ray * ([Us, G3llas |ay)

Figure 4: The possibility relations after the update [Us, G3]

Example 13 (Semi-private announcement). After the basic scenario of Example 10,
agent a1 opens the box herself. Agent ay observes that a; opens the box but does not
see the coin. Agent a; also does not disclose whether it is heads or tails. The effect of
this on their beliefs is the same as a semi-private announcement to a1, which means
that the truth is announced to a; only, but a2 notices what happened.

Since the truth is announced to a1, she will know the truth after the announce-
ment. The situation of ag is a little complex. Firstly, as’s possibility relation will
remain the same as before since as is not announced the truth. Secondly, a;’s possib-
ility relation in ay’s opinion will change since he observed that a; is announced the
truth. This semi-private announcement can be captured by the update [Us, G'3] which
is defined as Us = {(p, a1, p), (—p, a1, 7p), (T,a2, T)} and G5 = {a1, as}.

Agent aq’s possibility relation (Figure 4a) will change to the reflexive relation
after the update. Since the announcement is not disclosed to a2, as’s possibility re-
lation (Figure 4b) will not change after the update. However, after the update, a;’s
possibility relation in ay’s opinion (Figure 4c) will change because ay observes the
announcement. After the announcement, ao believes that a; believes the truth, but
asy still could not distinguish between the fact that a; believes p and the fact that a;
believes —p. We can check the following formulas.
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° MaH F [U37G3](Da1p/\ _'Dazp)
° MvH E [U37G3]Da2(|:|a1pv Dal_‘]))

More generally, each semi-private announcement of the truth value of ¢ to a
group of agents G C Agt can be expressed in our framework by the update [U, Agt]
where U = {(¢,a, ¢), (m¢,a,-¢),(T,b,T) | a € G,b € Agt\ G}. Each update
in AUL is a semi-private announcement in nature, since all updates in AUL is visible
to all agents. Therefore, each formula ¢ in AUL can be equivalently transformed to
a formula in PAUL by replacing each update [U] in ¢ with [U, Agt]. So, AUL is a
fragment of PAUL.

3 Tableau Method

This section will present a proof method for PAUL that uses analytic tableaux.
As a typical tableau method, given a formula ¢, it systematically tries to construct a
model for it. When it fails, ¢ is inconsistent and thus its negation is valid.

The tableau method in this paper will manipulate tableau terms, which consist of
two parts: the first part is an update sequence; the second part is a formula, or a check
mark, or a cross mark. In addition, each term is prefixed by a label which stands for
a possible world in the model under construction. A similar method is used in [1, 2,
10, 16].

Definition 14 (Term). A term (or tableau term) is a pair (p, x) where p is a finite
update sequence [Uy,G1] -« [Un, G| (p = € if n = 0) and z is a check mark v/, a
cross mark X or a formula ¢ € ZpauL.

Definition 15 (Labelled term). A label is an alternating sequence of integers and
agents, namely o ::= n | can where n € N and a € Agt. A labelled term is a pair
consisting of a label and a term, and we also write it as a triple (o, p, ).

In the following text, we will always use symbols o, ', can to denote labels.
Each label represents a possible world in a Kripke model. Moreover, a label ocan
occurring on a branch of a tableau also indicates that there is an a-arrow from the
possible world o to the possible world ocan. A labelled term (o, p, ¢) means ¢ is
true at the possible world o after the announcement sequence p. A labelled term
(oan, p,v) means the a-arrow from o to can is preserved after the update sequence
p. Conversely, a labelled term (oan, p, X) means the a-arrow is not preserved.

Definition 16 (Branch). A branch is a set of labelled terms. A label o is new in a
branch b if there is no term in b that is labelled with o.

In the following text, we will always use b, V', by, - - - to denote branches and B
to denote a set of branches.
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Definition 17 (Tableau). A tableau T for ¢y € £payL is a set of branches inductively
defined as follows.

 The set {{(0, €, ¢o) }} is a tableau for ¢, which is called the initial tableau for
®o-

 Let 7" be a tableau for ¢g and b be a branch in 7. If B is a finite set of branches
generated by applying one of the tableau rules in Table 1 on b (for instance, let

b= {<07 Ps ﬁ(gb A ¢)>} then B = {b U {<Uv Ps ﬁ§b>}’ bu {<U’ P, ﬁw>}}): then
the set (7" \ {b}) U B is a tableau for ¢y.

Rules (=), (=A) and (A) are exactly as for propositional logic. Rules (=0,)
and O, are different from their counterparts commonly used in tableau calculi for
normal modal logic. The intuition behind Rule (=0,) is that if the possible world
that o stands for satisfied —-0,¢ after the update sequence p then it needs to satisfy
the following conditions: there exists a possible world that is represented by can
(the form of oan indicates that there is an a-arrow from o to can); (can, plq, V)
means the a-arrow from o to ocan will be preserved after the update sequence p|q;
(oan, pla, ¢) means —¢ is true in oan after the update sequence pl|,. Similarly,
Rule (O,) means that O,¢ is true in o after p if and only if for each possible world
that is accessible by a-arrow from o either the a-arrow is removed after p|q, or ¢ is
true in it after p|,.

Rule (=[U, G]) and Rule ([U, G]) reflect the feature of the semantics that the
updates are just remembered and they are used to update the possibility relation only
when O, formulas are evaluated. Rule (v/1) means that the a-arrow is preserved after
p[U, G] if and only if it is firstly preserved after p and then preserved by some a-arrow
specification in U. Rule (v/2) says it is not possible that the a-arrow from o to ocan is
preserved after p[U, G| if there are no a-arrow specifications in U. Rule (X;) and Rule
(X2) specify the conditions under which the a-arrow from o to can will be removed.
It is removed after p[(v, a, x), G] if either it is already removed after p, or it cannot
be preserved by the specification (¢, a, x). Rule (X2) corresponds to the semantics
that Ro * (p[U, G]) = U(y,a)ev Ba * (p[(, a, x), G]). Please note that it is always
true that any a-arrow will be remove after p[(v, b, x), G] if b # a. Therefore, we do
not need a rule for (can, p[(1, b, ), G], X) if b # a.

The following proposition is obvious according to the tableau rules.

Proposition 18. Given a tableauT and a branchb € T, if (o, p,x) € bandx = / | X
then o = o'an for some label o', a € A andn € N.

Definition 19 (Closed tableau). A branch b is closed if and only if we have either
{{o,p,p), {0, p',—p)} C b forsome o, p, p’ and p, or {{(can,€,V), (can,e,X)} Cb
for some oan, otherwise it is open. A tableau is closed if and only if all its branches
are closed, otherwise it is open.
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0, p, 7
=) o, P, ¢
(=A) ,p, (¢ NY) (n) ZLONY
a,p. ¢ | o, p, = 7Py
a, 0,9
-0
(=0 )—5(;2’ P a‘Q/S n is new
oan, pla, ¢
UJ pu DCL¢ .
O
gan, a6 | oan ple X "4
U7p7_'[U7 G](b a, P, [Ua G]¢
-[U,G UG|) —————
e ma—-e WS mas
V) oan, p|U, G|,/ let the set of all a-arrow specifications
! oan, p,v oan, p,s/, mUbe (W1, a,x1), 5 (Y, @, xa) }
Uap7¢1 -"Uap7¢k
agan, p, X1 agan, p, Xk
(V2) oan, plU, G,/ there are no a-arrow speicifications in U
oan, e,V
oan, €, X
x,) oan, p[(¢, a, x), G, ¥

Ua'nvpvx | 0'7/)7 _'2/) | acm,p, _|X

(X2) oan, plU, G, X U= {(1,a1,x1), (¥, ar, X&)}
2 oan, p[(¢1,a1,x1), G, X and k > 2

oan, p[(¢/€a ag, X/C)7 G]7x
Table 1: Tableau rules
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1. {0,¢(g,d’,q),a']0ap A —=Oyp)

2. (0,¢,((g,d'q),a’]0,p) (Rule (A): 1)

3. (0,e,-04p) (Rule (A): 1)

4. (0,[(q,d’,q),d'],0up) (Rule ([U, G]): 2)
5. (0al,e, V) (Rule (-0O,): 3)
6. (0al,e, —p) (Rule (—0,): 3)

ST

7. (0al,e,p) (Rule(O,):4) | 8. (0al,e,X) (Rule(Od,): 4)
closed ©6,7) closed (5,8)

Figure 5: Closed tableau for the formula [(¢,d’, q),a']|0ap A ~Ogp

Example 20. In Figure 5, the tableau method is used to show the validity of one
instance of the formula of Proposition 6. The rightmost column shows which tableau
rule is applied in each line.

Next, we will show the soundness, but first we need another definition.

Definition 21 (Interpretation). Given a Kripke model M and a branch b, let f be a

function from the labels used in b to W™, We say that f is an interpretation of b in
M if the following hold.

* M, f(o) E, ¢ for each (o, p, ) € b;
« (f(0), f(can)) € RM % p for each (can, p,v) € b;
* (f(0), f(can)) & RM x p for each (can, p,X) € b.

Proposition 22. Let f be an interpretation of b in M. If b contains the premise of a
rule in Table 1, then f can be extended to be an interpretation of V' for some b’ € B
where B is the set of branches generated by applying the rule on b.

Proof Iftheruleis (——), (—A)or (A),itis straightforward. We restrict our attention
to the other rules.

1. Rule (-0,): The premise of the rule (—0,) is (o, p, "0,¢). Since f in an
interpretation of b in M and (o, p, 70,¢) € b, we have that M, f(0) F,
—0,¢. Lett) = bU {(oan, pla,v), (can, pla, ¢) } where n is new in b, then
we know that B = {b'}. Since M, f(0) F, 70,49, it follows that there exists
t € WM such that (f(0),t) € RM x p|, and M, t Fol. —¢. Now let the
function f’ be f U {oan — t}. We then have (f'(0), f'(can)) € RM x pla
and M, f'(can) ), —~¢. Therefore, f’ is an interpretation of b’ in M.

2. Rule (d,): Please note that B = {bU{(can, pla, ®)}, bU{{can, p|a,X)}}. For
each label can which is used in b, we have either (f(c), f(can)) € RM * pla
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or (f(0), f(oan)) & R} x p|,. It follows by (o, p, Oa¢) € bthat M, f(o) F,
Oa¢. If (f(0), f(oan)) € R« pl, then we have M, f(can) F,, ¢. Thus,
f is an interpretation of the branch b U {(can, pls, ®)}. If (f(0), f(oan)) &
RM % pla, f is an interpretation of the branch b U {{can, p|a, X)}.

3. Rule (—[U, G]): We have that B = {bU {(o, p, [U, G]—¢) }}. Since f is an in-
terpretation and (o, p, —[U, G]¢) € b, these follow that M, f(o) F, —[U, G]¢.
By semantics, we have that M, f(o) F,g) —¢. Therefore, f is an interpret-
ation of b U { (o, p[U, G|, —¢) }

4. Rule ([U,G]): We have that B = {bU {(o, p[U, G], ¢) } }.Since (o, p, [U, G|¢)
€ b, this follows that M, f(o) E, [U, G]¢. By semantics, we have M, f(o)
Fov,q) ¢- Therefore, f is an interpretation of b U {(o, p[U, G|, ¢) }.

5. Rule (v1): Since the premise of this rule (can, p[U, G],v) is in b, this fol-
lows that (f(o), f(can)) € RM % p[U,G]. By the semantics, we have that
(f(0), f(can)) € RM x p and that there exists (¢,a,x) € U such that
M, f(o) E, ¥ and M, f(oan) F, x. Therefore, f is an interpretation of
bU {{can,p,¥), (o, p,1), (can, p, x)}, and it is in B.

6. Rule (v2): Since f is an interpretation of b, the rule whose premise is in b
cannot be (v/3). If so, we should have (f(o), f(can)) € RM x (p[U, G]).
However, since there are no a-arrow specifications in U, by semantics, we have
that (f(0), f(van)) & RM s (o[U, G]).

7. Rule (X1): Since (can, p[(¢, a, x), G], X) € b, this follows that (f (o), f(can))
¢ RM x p[(1,a,x),G]. By semantics, we have either (f(o), f(can)) ¢
RMx por M, f(o) ¥, Y or M, f(ocan) ¥, x. Therefore, f is an interpret-
ation of at least one branch in B = {b U {(can, p,X)},b U {{o, p, )}, bU
{{oan, p,—x)}}.

8. Rule (X2): Since (oan, p[U,G|,X) € b, this follows that (f(o), f(can)) ¢
RM % p[U, G]. By semantics, we know that R\ x p[U, G] = Uwaner RM
pl(1,a,x),G]. Therefore, we have (f(o), f(can)) & RM x p[(+, a, x), G]
for each (¢, a,x) € U. For the specification (¢),a’,x) € U and @’ # a, it
follows by semantics that R x (p[(1,d’, x),G]) = (0. Therefore, we have
(f(0), f(ean)) & RM x p[(xp,d’, x), G] for each (1, a’, x) € U. Thus f is an
interpretation of b U {{can, p[(v,d’, x), G], X) | (¢,a’,x) € U}. O

Theorem 23 (Soundness). Ifthere is a closed tableau for —¢q, then ¢ is valid.

Proof Let T be the closed tableau for —¢y. Assuming that ¢ is not valid, this
follows that ¢y is satisfiable. Let M, s F —¢g. Please note that the branch in the
initial tableau for —¢y is the branch b = {(0, €, ~¢o)}. Define the function f as
f(0) = s. This follows that M, f(0) E —¢g. Therefore, f is an interpretation of b in
M. Please note that each branch in 7" is generated by extended b by applying rules in
Table 1. By Proposition 22, this follows that there is some branch ' € T such that f



78 Studies in Logic, Vol. 13, No. 6 (2020)

can be extended to be an interpretation of . This is contradictory with the fact that
b is closed. Therefore, ¢y is valid. O

In the rest of the section, we prove completeness. First, we need another auxiliary
definition.

Definition 24 (Saturated tableau). A branch b is saturated iff it is saturated under all
tableau rules, as defined below:

1. bis saturated under Rule (——) iff (o, p, 7—¢) € b implies (o, p, ) € b;

2. b is saturated under Rule (—A) iff (o, p, =(¢ A 1)) € bimplies (o, p, ~p) € b
or (g, p, ) € b;

3. b is saturated under Rule (A) iff (o, p, (¢ A 1)) € b implies (o, p, ») € b and
(o,p,) € b;

4. bissaturated under Rule (—0,) iff (o, p, "0,¢) € bimplies that { (can, p|a, V),
(oan, pla,~¢)} C bforsomen € N;

5. b is saturated under Rule (d,) iff (o, p,0,¢) € b implies that for each can
occurring in b we have (can, plq,X) € bor (can, pla, ¢) € b;

6. bis saturated under Rule (—[U, G]) iff (7, p, =[U, G]¢) € bimplies (o, p[U, G,
—¢) € b;

7. bis saturated under Rule ([U, G)) iff (o, p, [U, G]¢) € bimplies (o, p[U, G|, ¢)
€ b;

8. b is saturated under Rule (V1) iff (can, p[U, G],v') € b implies {(can, p,v),
(o, p, ), (oan, p,x)} C b for some (¢, a, x) € U;

9. bis saturated under Rule (v'2) iff (can, p[U, G],v) € bimplies {(can, ¢, V),
(0,€6,X),} Cb;

10. bis saturated under Rule (X1) iff (can, p[(¢, a, x), G], X) € bimplies (can, p, X)
€ bor (o,p, 1)) € bor (can, p,7x) € b.

11. bissaturated under Rule (X2) iff (can, p[U, G|, X) € bimplies that { (can, p[(¢),
a,x),Gl,X) | (¢,d,x) € U} C b, where there are at least two specifications
mU.

We say a tableau is saturated iff all its branches are saturated.
The following two propositions are obvious by the tableau rules.

Proposition 25. Given a saturated tableau T and a branch b € T, if (can, p,v/) € b
then (can,e,V/) € b.

Proposition 26. Given a saturated tableau T' and a branch b € T, if a label can
occurs in b then (can, e, /) € b.

Definition 27 (Length of term). The length of a formula is defined as follows:
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l(p)=1
I(=¢) =1(¢) + 1
o AY) =1(¢) +1(¢h) + 1
1(Tag) = 1) +1
(U, Gl¢) = L(U) + |G| +1(¢) + 1
W) =D anyer @) +100)

The length of an update sequence is defined as follows:
l(e) = 0; I(p[U, G]) = U(p) +1(U) + |G].
The length of a term is defined as follows:

Up,X) =1Up,v)=Up); Up,¢) =1Up) + ).

Please note that the length of the term (e, ¢) is the same as the length of ¢.
Now, we are ready to prove the completeness.

Theorem 28 (completeness). If ¢g is valid, there is a closed tableau for —¢y.

Proof We only need to show that if all tableaux for ¢ are open then ¢y is satisfiable.
Since each tableau for ¢y can be extended to be saturated and there is at least one
tableau for ¢, i.e., the initial tableau, there exists an open and saturated tableau for
¢ if all its tableaux are open.

Let T be an open and saturated tableau for ¢ and b be an open and saturated
branch of 7. In order to show ¢y is satisfiable, we only need to show that there is an
interpretation of b (recall Definition 21). Next we will construct a model M€ and we
will show that there is an interpretation of b in M€. The model M¢ = (W, R, V) is
defined as follows.

W = {o | o is alabel that is used in b}
R, ={(0,0an) | (can,e,v/) € b} for each a € Agt
V(p) = {0 | (0, p,p) € b for some p}

Please note that if can is used in b then so is o.

Let I be the function /(o) = o. By induction on the length of terms, we will
show that I is an interpretation of b in M€, For abbreviation, we will write /(o) as
o. For the case of [(p, x) = 0, the term (p, ) can only be of the form (¢, X) or (¢, V).
Furthermore, it cannot be of the form (e, X). Assuming (oan, €, X) € b for some label
oan, it follows by Proposition 26 that (can, ¢,v') € b, this is in contradiction with
that b is open. Therefore, in this case, we only need to show that (o, can) € R, for
each oan with (can, €, v') € b, which is obvious by the definition of the model M°.
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With the inductive hypothesis that each labelled term (o, p, z) € bwithl(p, z) <

n satisfies the conditions declared in Definition 21, we will show that each labelled
term (o, p, x) € b with I(p, x) = n also satisfies the conditions, where n > 1.

If x is a formula, there are different cases according to the form of the formula,

as below:

1.
2.

(0, p,p) € b: Itis obvious that M, o E, p.

(o, p,—p) € b: Assuming o € V(p), it follows that (o, p’, p) € b for some p'.
This is in contradiction with the assumption that b is open. Therefore, we have
o & V(p), namely M€, o =, —p.

(o,p,——¢p) € b: Since b is saturated, it follows that (o, p,¢) € b. Since
l(p, ) < l(p,——¢), it follows by IH that M, o F, ¢. Therefore, we have
M€ o E, ~—¢.

(o,p,¢ A1) € b: Since b is saturated, it follows that (o, p,¢) € b and
(o,p,%) € b. Since l(p, ¢),l(p,) < l(p,¢ A 1), it follows by IH that
M€, 0 E, ¢ and M€, 0 F, 1. Therefore, we have M, 0 F, ¢ A 1.
(o,p,—(¢ A )) € b: Since b is saturated, it follows that (o, p, 7¢) € b or
(o,p,—) € b. Since l(p, ), l(p, ) < l(p,—(¢ A 1)), it follows by IH
that M€, o =, ¢ or M€, o E, ). Therefore, we have M o F, =(¢ A ).
(o, p,—04¢) € b: Since b is saturated, it follows that (can, p|q, 7¢) € b and
(oan, pla,v) € b for some n € N. Since I(p|q, ¢), l(pla, V) < I(p, 70a¢p),
it follows by IH that (0, can) € R, * (pla) and M€, o ¥, —¢. Therefore, we
have M€, o F, -0,¢.

(o,p,0,0) € b: Let o/ € W be a state with (o,0") € R, * (p|g). In order to
show M€, o E, O,¢, we need to show that M€, o’ Fol. ¢ Since R, * (pla) €
R,, it follows that ¢/ = oan for some n € N. Assuming (can, p|q,X) € b,
it follows by IH that (o, can) &€ R, * (p|a). This is in contradiction with the
assumption that (o,0") € Ry * (p|). Therefore, we have (can, p|q, X) & b.
Since b is saturated, it follows that (can, pl,, ¢) € b. It follows by IH that
M¢C oan |, ¢.

(o, p,—[U,G]¢) € b: Since b is saturated, it follows that (o, p[U, G], ~¢) € b.
Since l(p[U, G|, =~¢) < l(p, =[U, G]¢), it follows by IH that M, o F jj17.c) —¢.
Therefore, we have M¢, o F, -[U, G|é.

(o,p,[U,G]¢) € b: Since b is saturated, it follows that (o, p[U, G], ¢) € b.
Since (p[U, G|, ¢) < U(p, [U,Gl¢), it follows by TH that M, o F iy ¢
Therefore, we have M, o E, [U, G]¢.

If z in the term (p, x) is of the form v or X, we have p is not e because I(p, z) > 1.

There are different cases, as below:

1.

(oan, plU,G],v') € b and there exists an a-arrow specification in U: Since b
is saturated, it follows that {(can, p,v), (o, p, ), (can, p,x)} C b for some
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(¢¥,a,x) € U. Since l(p,v),l(p,),l(p,x) < l(p[U,G],v), it follows by

IH that (o,0an) € Ry * p, M 0 E, ¢ and M oan E, x. It follows that
(o,0an) € Ry = (plU, G)).

2. (oan,p|U,G],¥) € b and there are no a-arrow specifications in U: Due to
Rule (v'2) and the fact that b is open and saturated, this case is impossible.

3. (oan,p[(¥,d,x),G],X) € b: Ifd’ # a, itfollows that R,x(p[(¢, d, x), G]) =
(. It is obvious (o,0an) € R, * (p[(v,d,x),G]). If d' = a, it follows
by Rule (X1) that (can, p,X) € b, or (o, p, 1)) € b, or (can,p,—x) € b.
Since I(p, X), 1(p, =), L(p,~x) < U(p[(¥,a,X),G],X), it follows by IH that
(o,0an) & Ry * p, or M€ 0 E, ), or M oan F, —x. Each of them can
derive that (o, can) & Rq * (p[(¢, a, x), G]).

4. (oan,p[U,G|,X) € band |[U| > 2: If there are no a-arrow specifications in
U, it is obvious that (o,0an) & R, * (p|U, G]) since R, * (p[U,G]) = 0.
Otherwise, let (Y1, a,x1),- -+ , (¥k, a, xi) be all the a-arrow specifications in
U. Since bis saturated, it follows by Rule (X2) that (can, p[(¢, a, xi), G|, X) €
bforall 1 <i < k. Sincel(p[(¢i,a, xi), G],X) < ([U,G],X) forall1 <i <k
due to |U| > 2, it follows by IH that (o, can) € Rq * (p[(¥i, a, i), G]) for all
1 <i < k. Since R, * (p[U, G]) = Uy<ij<i, Ra * (p[(¥i, a, xi), G]), we have
(o,0an) € Ry * (p[U, G]). o

We have shown that all labelled terms in b satisfy the conditions declared in
Definition 21. Since (0, €, ¢g) € b, thus we have M€, 0 E ¢y. O

4 Decidability

In this section, we will show that PAUL is decidable, that is, the problem whether
an PAUL formula ¢ is satisfiable can be answered in a finite number of steps. Please
note that Theorem 9 already tells us that each formula ¢ in PAUL can be equivalently
reduced to be a formula with out updates, i.e., a formula in normal modal logic K. We
can see that PAUL is the same with K if it is confined on formulas with out updates.
Since K is decidable, this follows that PAUL is decidable. However, as it is shown
in [15], the equivalent translation from PAL to K might be exponential. Since PAL
can be polynomially translated into PAUL by replacing the PAL operator [¢] with
[U, Agt] where U = {(¢,a,¢) | a € Agt occurs in ¢}, the equivalent translation
from PAUL to K might be exponential too. In this section, we will directly prove the
decidability of PAUL, based on the tableau system presented in the previous section.

Our method is to show that PAUL has small model property. We will show that
each satisfiable PAUL formula ¢ has a bounded small model in which ¢ is true. From
the proof of Theorem 28, we have seen that we can construct a model for ¢ based
on a saturated open branch if ¢ is satisfiable, and each state in the model is exactly
a label used in the branch. Therefore, the key is to show that there are only finitely
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many labels used in the tableau branch.

For the commonly used tableau calculus for normal modal logic, each formula
occurring in the tableau is a subformula of the destination formula, and this feature
plays an important role to show the decidability of normal modal logic through tableau
method. Similarly, we will define the notation of subterm here, and we will show that
all terms occurring in the tableau are subterms.

Definition 29 (Subterm). Given a term (p, x), the set of subterm of (p, x), denoted
as sub(p, x), is defined as below.

sub(e, X/V) = {(e,X/V/)}
sub(p[(¢,a,x), G1, X)) = {(pl(¥,a,x), G|, X/V/)} U sub(p, ) U sub(p, x)
sub(p[U, G],X/V) = {(plU, G],X/V/)}

U sublpl(w.a,x). G1.%/v) where U] > 2
(Y,a,x)€U

C

sub(p,p) = {(p,p)} U sub(p, X) U sub(p, V)
sub(p, =¢) = {(p, ~¢) } U sub(p, ¢)
sub(p, ¢ Ap) = {(p,  N)} U sub(p, ¢) U sub(p, )
sub(p, 0a®) = {(p, Ba)} U sub(pla; ¢)
sub(p, [U, G1¢) = {(p, [U,G]¢)} U sub(p[U, G, ¢)

Let sub™ (p, x) be the set {(p, =) | (p, ¢) € sub(p,x)} U sub(p, ).
The following proposition states some properties of the subterm set.

Proposition 30. We have the following results.
 sub(p, x) is finite;

* (p,X/V) € sublp, §);
s (p,x) € sub(p,2’) implies sub(p,x) C sub(p’, z’).

Proposition 31. Let T be a tableau for ¢y and b be a branch of T. If (o, p,x) € b
then (p,x) € sub™ (e, ¢y).

Proof According to Definition 17, we prove this by induction on the process of
construction of T". For the initial tableau {{(0, €, ¢0)}}, it is obvious. Next, we only
need to show that all the tableau rules in Table 1 preserve the subterm property. The
cases of the rules (——), (=A), (A), ([U, G]) and (X2) are obvious; we will restrict our
attention to the other rules.

1. Rule(=0,): If (p, =0,9) € sub™ (e, ¢p), then we have (p, O,¢) € sub(e, ¢y).
Because (plq,¢) € sub(p,0q0), it follows by Proposition 30 that (p|q,v'),

(Pla; @) € sub™ (€, do).
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2. Rule (O,): If (p, 0a9) € sub™ (e, ¢p), then we have (p, 0,0¢) € sub(e, o).
Because (plq, ¢) € sub(p,0,0), it follows by Proposition 30 that (pls, X),
(p|aa ¢) € SUb+(6a QSU)

3. Rule (0[U,G)): If (p,~[U, G¢) € sub™ (e, ¢p), then we have (p, [U, G]p) €
sub(e, ¢o). Since (p[U, G], ¢) € sub(p, [U, G]¢), it follows by Proposition 30
that (p[U, G|, ¢) € sub(p, ¢p). Therefore, we have (p[U, G], —~¢) € sub™ (p, dp).

4. Rule (vV1): If (p[U,G],v) € sub™ (e, ¢p) then (p[U,G|,v) € sub(e,p).
Let (¢, a,x) € U. We have (p[(¢, a, x),G],v) € sub(e, ¢g). Since (p, 1)),
(p,x) € sub(p[(¥,a,x),G],v), we have (p,¥), (p,x) € sub(e, ¢g). It fol-
lows by Proposition 30 that (p,v') € sub(p,1)), thus we also have (p,v) €
SUb(p7 ¢0)

5. Rule (v2): It follows by Proposition 30 that (¢,v"), (¢, X) € sub(e, ¢g).

6. Rule (X1): If (p[(¥,a,x),G],X) € subt (e, dp), then (p[(¢,a,x),G],X) €
sub(e€, ¢o). Since (p,v), (p,x) € sub(p[(¥,a,x),G],X), we have (p,v),
(p,x) € sub(e, o). Therefore, we have (p, =), (p,~x) € sub™ (e, dp). It
follows by Proposition 30 that (p, X) € sub(p, ), thus we also have (p, X) €

SUb(pv ¢0) U

Proposition 32. Let T be a tableau for ¢o, and let b be a branch of T'. If o is a label
present in b, then there are at most k labels present in b with the form of ocan for some
n € N, where k = [sub™ (e, ¢p)|.

Proof It follows by Definition 17 that each label oan present in b is generated by
applying the rule (—0,) to a labelled term (o, p, 7O,¢) € b. According to Proposi-
tion 31, there are at most k terms labelled with o in b. Therefore, there are at most k
labels present in b with the form of ocan for some n € N. ]

Definition 33 (Length of label). The length of a label o, denoted by |o|, is defined
by induction on o: |n| = 0; |oan| = |o| + 1.

Proposition 34. Let T be a tableau for ¢y and b be a branch of T. If (o,p,x) € b
then o] < 1(¢pg) — U(p, ).

Proof Following Definition 17, the proof'is by induction on the process of construc-
tion of T'. For the initial tableau {{(0, €, ¢¢)}}, it is obvious. Next we will show that
this property is preserved by all the tableau rules. The cases of the rules (——), (—A),
(A) and (v/2) are obvious; we will restrict our attention to the other rules.

1. Rule (=0,): If |o] < U(¢o) — U(p, ~0ad), we have I(¢g) — I(p, ~0a0) <
(o) — U(plas —¢) — 1 because I(p, 7Oyp) > 1(pla, —¢) + 1. Thus we have
0| < (o) — U(plas ~¢) — 1. It follows that [gan| < I(¢o) — L(p|a, —¢). What
is more, since [(p, "0,0) > l(pla,v") + 1, we have I(¢g) — I(p, 7Oa¢) <
(o) — U(pla,v) — 1. It follows |o| < I(¢pg) — I(pla,v) — 1. Thus we have
joan| < 1(¢o) — U(pla, V).
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2. Rule (Oq): Suppose |o] < I(¢o) — I(p, Bagp), we have I(¢o) — 1(p, Dadp) <
U(¢o) = U(pla, ®) — 1 because I(p, Oa0) > U(pla, #) + 1. Therefore, we have
loan| < U(¢o) — l(p|a, ®). What is more, since I(plq, ) > I(p|a, X), we have
|oan| < 1(¢o) — U(pla, X).

3. Rule (=[U, G)): If o] < U(¢o)—1(p, =[U, Gl¢), we have (o) —L(p, =[U, G¢)
< (¢0) —l(plU, G|, ~¢) because l(p, ~[U, G|¢) = l(p|U, G], 7¢) + 1. There-
fore, we have |o| < I(¢o) — l(p[U, G], o).

4. Rule ([U,G]): Since l(p, (U, Glp) = l(plU,G], ) + 1, if |o| < U(¢o) —
(p, (U, G)6), we have |o] < L(60) — UplU, G, 6).

5. Rule (v1): Assume |ocan| < I(¢g) — l(p[U, G],v'). Since I(p[U,G],v) >
l(p,v), it follows that [can| < I(¢g) — I(p,V). Let (¢, a,x) € U. We have
l(plU,G,¥) > U(p,v) — 1 because L(p[U,G],v) > l(p,). It follows that
(o) — UplU,G],v) < U(do) — l(p,v) + 1. Thus we have |oan| < l(¢g) —
l(p,v) + 1. It follows that |o| < I(¢0) — I(p, 7).

What is more, since [(p[U, G|,v") > l(p, x), it follows that [(¢po)—I(p[U, G], V")
<I(¢po) — l(p, x). Thus we have |ocan| < I(pg) — l(p, X).

6. Rule (X1): Assume that |oan| < I(¢o) — l(p[(¢), a, x), G], X). Since we have
Lp[(Y,a,x),G],X) > l(p,X), it follows that |can| < I(¢g) — I(p, X).
What is more, since [(p[(%, a, x), G|, X) > l(p, ) and I(p[(¢), a, x), G|, X) >
l(pv _'X)’ it follows that l(¢0) - l(p[(¢a a, X)v G]7X) < l(¢0) - l(pa _'1/}) and
(o) — Upl(¥,a,x),G],X) < 1(¢o) — l(p, ~x). Therefore, we have |can| <
l(po)—1(p, ) and |can| < I(¢po)—1(p, ). Since |o| < |oan], itis obvious
o] < U(¢o) — 1(p, ).

7. Rule (X2): Assume |oan| < I(¢0) — l(p[U, G],X) and |U| > 2. Suppose that
(¥,d’,x) € U, we have l(p|U, G],X) > l(p[(v,d’, x),G], X). It follows that
l(po) — UplU, G],X) < l(¢o) — l(p[(v,d, x), G], X). Thus we have |oan| <
(é0) — Upl(, ', x), G, X). O

Lemma 1 (Small model property). If ¢ is satisfiable then ¢ is satisfiable in a model
which is bounded by kO™, where k = |sub™ (e, ¢)| and m = 1(¢y).

Proof It follows by Theorem 23 that all tableaux for ¢y are open. According to
the proof of Theorem 28, we can construct a model M€ from a saturated branch b
such that ¢ is satisfied in M€, By the definition of M€, we know that each state
in M€ is a label present in b. Please note that all labels present in b form a tree. It
follows by Proposition 32 that each label in the tree has at most & children. It follows
by Proposition 34 that the depth of the tree is bounded by m. Therefore, there are at
most k©(™) labels used in b. (]

Theorem 35 (Decidability). The problem whether ¢y is satisfiable is decidable.
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Proof It follows by Lemma 1 that we only need to check all the models no bigger
than k(™) where k = |sub™ (¢, ¢o)| and m = I(¢y), and this procedure can terminate
in finitely many steps. 0

5 Conclusion

This paper presented the framework of Private Arrow Update Logic (PAUL),
which extends the arrow update of AUL with a relativized subgroup of agents. Public,
private and semi-private announcements can be modeled in this framework. PAUL
still is a particular case of GAUL, since some information change, like cheating, can-
not be modeled in PAUL. This paper also provided a sound and complete tableau
method of PAUL and showed that PAUL is decidable.

For future research, we can try to give an optimal algorithm for the satisfiability
problem of PAUL by taking a depth-first search strategy on the tableau method. Since
the normal modal logic K is a fragment of PAUL and K is PSPACE-complete, PAUL is
at least PSPACE-hard. With an optimal search algorithm on the tableau, we conjecture
that there might be a PSPACE upper bound for PAUL. What is more, since each
AUL formula can be equivalently translated into a PAUL formula by replacing the
update [U] by [U, Agt], the tableau method presented in this paper can apply to AUL.
Therefore, the optimal algorithm for PAUL (if there is one) will also be an algorithm
for AUL and might also be optimal.

One direction for future study is to see how frame conditions are handled in arrow
update logic. For example, if the original model is based on a symmetric frame, we
might ask the symmetry is preserved after update. This could be done by asking
the update U to satisfy some conditions. If the update U satisfies that (¢, a, ) € U
implies (¢, a, ¢) € U, then symmetry would be preserved. If (¢, a, v), (¢, a,x) € U
implies (¢, a, x) € U, then transitivity would be preserved. The difficulty lies in how
to preserve reflexivity. We doubt it might not be solved if we only confine the form
of the update U.

Another direction for future research is to use PAUL to model the information
change in logics of knowing how (cf.[19, 9]). The main feature of Arrow Update
Logic is that it updates information but does not eliminate states. This makes it more
suitable for modeling information update in knowing how. For example, a doctor
may not know how to treat a patient since the only two available medicines a; and aq
may cause some very bad side-effect. That is, there is an a;-arrow and an az-arrow
from the current state to the bad side-effect state. If the information is updated, for
example, a new scientific discovery shows that a; will not cause the bad effect, then
the doctor should know how to treat the patient. This kind of information update will
eliminate arrows but not states.



86

Studies in Logic, Vol. 13, No. 6 (2020)

References

(1]

(2]

(3]

[4]

(3]

[6]

(8]

(]

[10]
[11]

[12]

[13]

[14]

[15]

[16]

G. Aucher and F. Schwarzentruber, 2013, “On the complexity of dynamic epistemic
logic”, in B. C. Schipper (ed.), Proceedings of the 14th Conference on Theoretical
Aspects of Rationality and Knowledge (TARK 2013), pp. 19-28.

P. Balbiani, H. P. van Ditmarsch, A. Herzig and T. D. Lima, 2010, “Tableaux for public
announcement logic”, J. Log. Comput. 20(1): 55-76.

A. Baltag and L. S. Moss, 2004, “Logics for epistemic programs”, Synthese, 139(2):
165-224.

A. Baltag, L. S. Moss and S. Solecki, 1998, “The logic of public announcements, com-
mon knowledge and private suspicions”, in I. Gilboa (ed.), Proceedings of the 7th Con-
ference on Theoretical Aspects of Rationality and Knowledge (TARK VII), pp. 43-56.

J. van Benthem, J. van Eijck and B. Kooi, 2006, “Logics of communication and change”,
Information and Computation, 204(11): 1620—-1662.

T. Bolander, H. van Ditmarsch, A. Herzig, E. Lorini, P. Pardo and F. Schwarzentruber,
2016, “Announcements to attentive agents”, Journal of Logic, Language and Inform-
ation, 25(1): 1-35.

H. van Ditmarsch, W. van der Hoek and B. Kooi, 2007, Dynamic Epistemic Logic,
Berlin: Springer Netherlands.

H. P. van Ditmarsch, A. Herzig, E. Lorini and F. Schwarzentruber, 2013, “Listen to
me! Public announcements to agents that pay attention or not”, in D. Grossi, O. Roy
and H. Huang (eds.), 4th International Workshop on Logic, Rationality, and Interaction
(LORI 2013), pp. 96-109.

R. Fervari, A. Herzig, Y. Li and Y. Wang, 2017, “Strategically knowing how”, Pro-
ceedings of the Twenty-Sixth International Joint Conference on Artificial Intelligence,
pp. 1031-1038.

M. Fitting, 1983, Proof Methods for Modal and Intuitionistic Logics, Berlin: Springer.
T. French, J. Hales and E. Tay, 2014, “A composable language for action models”,
in R. Goré, B. P. Kooi and A. Kurucz (eds.), 10th conference on Advances in Modal
Logic, pp. 197-216, London: College Publications.

J. Gerbrandy and W. Groeneveld, 1997, “Reasoning about information change”, Journal
of Logic, Language and Information, 6(2): 147-169.

B. Kooi and B. Renne, 2011, “Arrow update logic”, The Review of Symbolic Logic,
4(4): 536-559.

B. Kooi and B. Renne, 2011, “Generalized arrow update logic”, in K. R. Apt (ed.),
Proceedings of the Thirteenth Conference on Theoretical Aspects of Rationality and
Knowledge, pp. 205-211.

C. Lutz, 2006, “Complexity and succinctness of public announcement logic”, in H.
Nakashima, M. P. Wellman, G. Weiss and P. Stone (eds.), 5tk International Joint Con-
ference on Autonomous Agents and Multiagent Systems (AAMAS 2006), Hakodate,
Japan, May 8-12, 2006, pp. 137-143, New York: ACM.

F. Massacci, 2000, “Single step tableaux for modal logics”, Journal of Automated Reas-
oning, 24(3): 319-364.



Yanjun Li / Privacy in Arrow Update Logic 87

J. Plaza, 2007, “Logics of public communications”, Synthese, 158(2): 165—-179.

Y. Wang, 2011, “Reasoning about protocol change and knowledge”, in M. Banerjee
and A. Seth (eds.), 4th Indian Conference on Logic and Its Applications, pp. 189-203.
Y. Wang, 2018, “A logic of goal-directed knowing how”, Synthese, 195(10): 1-21.

Y. Wang and Q. Cao, 2013, “On axiomatizations of public announcement logic”, Syn-
these, 190(S1): 103—134.



88 Studies in Logic, Vol. 13, No. 6 (2020)

A& AUL PR 5 2
ESTY -
W B

AUL (Arrow Update Logic) #&—/MZliH# 2 EARME &L M35 @ H. AUL
1 I TR o (1) 0] Ok B SRZIEAT AR AR G B . {HE, /£ AUL H
5 ST PTE EARER S AT, Pt AUL Joik ZI 7R 35 5 A IS O R 34845 2R
AN . AW AUL (3R BT 78, 33—z 4 24t PAUL
(Private Arrow Update Logic). T & T35 SK (1) & & &R o] LA PAUL Zlli, ot i% &
HRRATFHIE RN o R, A8 SCAZ H T PAUL 135 X E, JHIEB T PAUL
R HE K

FE  EIPREY R
lyjlogic@nankai.edu.cn



	Introduction
	The Logic PAUL
	Syntax and semantics
	Announcements in PAUL

	Tableau Method
	Decidability
	Conclusion

