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A New Way of Defining Deductive Consequence for
Modal and Predicate Logic

Xuefeng Wen

Abstract. Deductive consequence has been defined in various ways in modal logic and predi-
cate logic. Though most of them can be proved to be equivalent, they have different advantages
and disadvantages. We propose a new way of defining deductive consequence of axiomatic sys-
tems for modal and predicate logic, by distinguishing two kinds of rules in an axiomatic system.
We argue that the new definition not only inherits all advantages of existing definitions but also
unifies all six consequences in modal and predicate logic. We show some pedagogical merits
of the new definition as well.

1 Introduction

Basically, we have two approaches to defining a logic (or what follows from
what). One is semantic approach, which specifies the semantic values of the formu-
las in a formal language and defines a semantic consequence associating the semantics
to formalize what follows from what. The other is syntactic approach, which gives
a proof system by specifying the rules of manipulating the formulas in a formal lan-
guage, and defines a deductive consequence associating the proof system to formalize
what follows from what. Usually, soundness and completeness are proved to show
that the two approaches define the same logic, indicating the correctness of each other.

We have now various methods of defining proof systems: axiomatic systems,
natural deduction systems, tableau systems, sequent calculi, etc. Deductive conse-
quence is defined differently in different types of proof systems. Even within ax-
iomatic systems, we have different ways of defining deductive consequence for modal
logic and predicate logic. Though most of them can be proved to be equivalent, they
have different advantages and disadvantages.

We attempt to propose a new way of defining deductive consequence in the con-
text of axiomatic systems. We suppose the new definition is applicable to as many
logics as possible. But we confine ourselves to modal and predicate logic in this pa-
per. By modal logic, we mean propositional modal logic. By predicate logic, we
mean classical first-order logic. Why are we interested in giving a new definition of
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deductive consequence for modal logic and predicate logic in particular? The rea-
son is that the rule of necessitation in modal logic, namely inferring 2φ from φ, and
the rule of generalization, namely inferring ∀xφ from φ in axiomatic systems have
caused some confusion for beginners and even for experts in logic. One consequence
of the confusion is that there has been debate about whether the deduction theorem
holds in modal logic (cf. [14]). Moreover, compared to classical propositional logic,
various semantic consequences can be defined in modal logic and predicate logic,
which makes the notion of deductive consequence for them more complicated. The
new definition of deductive consequence attempts to inherit all advantages of existing
definitions and avoid their disadvantages. Most importantly, the new definition at-
tempts to give a unified notion for all semantic consequences in modal and predicate
logic. We will see that various semantic consequences in modal and predicate logic
can actually be unified into one notion. So a unified deductive consequence for them
would be desirable.

The remaining part of the paper is organized as follows. Section 2 gives the new
definition, under which the deduction theorem and the difference between derivable
rules and admissible rules are revisited. Section 3 shows how the new definition can
unify the six consequences in modal and predicate logic. Before concluding the paper,
Section 4 compares the new definition with existing definitions. All proofs are given
in the appendix.

2 A New Way of Defining Deductive Consequence

It is easily seen that the rules of necessitation and generalization are different
from the rule of modus ponens. The latter preserves local truth. In modal logic,
this means that at every world in every model, if φ and φ → ψ are true, so is ψ.
In predicate logic, this means that in every model with every assignment, if φ and
φ→ ψ are satisfied, so is ψ. But the rules of necessitation and generalization do not
preserve local truth. They only preserve global truth. In modal logic, this means that
if φ is true at all worlds in a model, so is 2ψ. In predicate logic, this means that if
φ is satisfied in a model with all assignments, so is ∀xφ. But the difference between
necessitation/generalization and modus ponens is not reflected in standard axiomatic
systems. There is a reason why the difference is neglected. In classical propositional
logic and classical first-order logic that cares about only sentences (namely formulas
without free variables), with the deduction theorem and compactness, every valid
inference can be reduced to a valid formula. Hence, a proof system can only care
about theorems without paying attention to derivation with assumptions. In this case,
we only care whether a rule preserves validity. In deriving theorems, the difference
between necessitation/generalization and modus ponens is unimportant.

But if we do care about derivation with assumptions, without distinguishing ne-
cessitation/generalization from modus ponens, we may derive false conclusion from
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true premises, making the proof system unsound. Indeed, the difference is reflected
in most existing definitions of deductive consequence for modal and predicate logic.
Our idea is that the distinction should bemade in an axiomatic system in the first place.
This can not only make the distinction prominent, but also bring forth a clearer and
unified notion of deductive consequence. Moreover, the distinction between deriv-
able rules and admissible rules will be much clearer and natural. It may also shed new
light on the deduction theorem.

First, we define precisely what a rule is. Then we redefine axiomatic systems,
followed by the new definition of deductive consequence associating newly defined
axiomatic systems.

2.1 Rules

For any set S, let ℘+(S) denote the set of all non-empty subsets of S. In the
sequel, we suppose any language L is closed under →, i.e., for all φ,ψ ∈ L, (φ →
ψ) ∈ L.

Definition 1 (Rules). Given a languageL, a rule inL is a relationR ⊆ ℘+(L)×L. A
rule R is closed under substitution, if for every substitution σ, for every (Γ, φ) ∈ R,
(Γσ, φσ) ∈ R. It is finite, if for every (Γ, φ) ∈ R, Γ is finite.

By this definition, the rules of modus ponens, necessitation, and uniform substi-
tution in the modal language L2 can be represented as follows. They are all closed
under substitution and finite.

• Modus ponens (MP): {({φ,φ→ ψ}, ψ) | φ,ψ ∈ L2}
• Necessitation (RN): {({φ},2φ) | φ ∈ L2}
• Uniform substitution (US): {({φ}, φσ) | φ ∈ L2, σ is a substitution in L2}.

In the tradition of abstract algebraic logic (e.g. [20, p. 20]), instead of a subset of
℘(L)×L, a rule in L is usually defined as an element in ℘(L)×L, so that ({p, p→
q}, q) and ({q, q → r}, r) are two rules. In our definition, they are just two applica-
tions of the same rule, which is closer to the ordinary use.

2.2 Axiomatic systems

We redefine what an axiomatic system is, distinguishing two kinds of rules in it.

Definition 2 (Axiomatic systems). An axiomatic system for L is a triple S = (AxS,

Rl
S,R

g
S), where AxS ⊆ L is the set of axioms of S,Rl

S ∪Rg
S ⊆ ℘+(L)×L is the set

of inference rules of S such thatRl
S ∩Rg

S = ∅. Elements inRl
S are called local rules

of S; elements inRg
S are called global rules of of S.

Intuitively, a local rule can be applied to assumptions (or premises), whereas
a global rule can only be applied to axioms and theorems. The difference between
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them is clear in semantics, though often blurred in axiomatic systems. Normally, an
axiomatic system for a propositional language contains at least one local rule, namely
modus ponens, and at least one global rule, namely uniform substitution.

With the new definition of axiomatic systems, we can define three kinds of ex-
tensions of an axiomatic system.

Definition 3 (Extensions). Let S = (AxS,Rl
S,R

g
S) be an axiomatic system for L, Γ

a set of formulas in L, andR a set of rules in L.

1. SΓ = (AxS ∪ Γ,Rl
S,R

g
S) is called an axiomatic extension of S;

2. SR = (AxS,Rl
S ∪R,Rg

S) is called a local extension of S;
3. SR = (AxS,Rl

S,R
g
S ∪R) is called a global extension of S.

When Γ = {φ} and R = {R} are singletons, we write Sφ, SR, and SR, re-
spectively, instead of S{φ}, S{R}, and S{R}. Of course, the three kinds of extensions
can be combined arbitrarily together, so that we have axiomatic and local extensions,
axiomatic and global extensions, local and global extensions, and finally, axiomatic,
local and global extensions, which will be simply called extensions.

By Definition 2, an axiomatic system for classical propositional logic can be
represented by ({PC1,PC2,PC3}, {MP}, {US}), where PC1–PC3 are listed below.

PC1 p→ (q → p)

PC2 (p→ (q → r)) → ((p→ q) → (p→ r))

PC3 (¬p→ ¬q) → (q → p)

We denote it by PC. The minimal normal modal logic can now be represented by
PCRNK, an axiomatic and global extension of PC, namely

({PC1,PC2,PC3,K}, {MP}, {US,RN}),

where K is the axiom 2(p→ q) → (2p→ 2q). Let us denote this system by ltK, to
distinguish it from the traditionally represented axiomatic system K, in which local
rules and global rules are not segregated.

2.3 Deductive consequence

Before defining the deductive consequence of an axiomatic system, we define
the set of theorems of it first.

Definition 4 (Theorems). Given an axiomatic system S = (AxS,Rl
S,R

g
S), φ is a

theorem of S, if there exists a formal proof of φ in S, i.e., if there is a finite sequence
of formulas φ1, . . . , φn such that φn = φ and for each i ≤ n,

• either φi ∈ AxS, or
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• there exist Γ ⊆ {φ1, . . . , φi−1} and an inference rule R ∈ Rl
S ∪ Rg

S such that
(Γ, φi) ∈ R, i.e. φi is obtained from proceeding formulas in the sequence by
applying an inference rule (either local or global) of S.

We denote by Th(S) the set of all theorems of S. The following proposition is
straightforward from Definition 4.

Proposition 5. Let S and S′ be two axiomatic system for L such that AxS = AxS′

and Rl
S ∪Rg

S = Rl
S′ ∪Rg

S′ . Then Th(S) = Th(S′).

The proposition says that whether a rule of an axiomatic system is local or global
does not affect its theorems. This may be the reason why they were not distinguished
by early mathematicians like Hilbert, since they care more about theorems than about
consequence. Proposition 5 does not hold for deductive consequence, which is de-
fined below.

Definition 6 (Deductive consequence). Let S = (AxS,Rl
S,R

g
S) be an axiomatic sys-

tem. We say that φ is derivable from Γ in S, or φ is a deductive consequence of Γ in
S, denoted Γ ⊢S φ, if there exists a formal derivation of φ from Γ in S, i.e., if there is
a finite sequence of formulas φ1, . . . , φn such that φn = φ and for each i ≤ n,

• either φi ∈ Γ, or
• φi ∈ Th(S), or
• there exist∆ ⊆ {φ1, . . . , φi−1} and a ruleR ∈ Rl

S such that (∆, φi) ∈ R, i.e.,
φi is obtained from proceeding formulas in the sequence by applying a local
rule of S.

We call this way of defining deductive consequence segregated definition, em-
phasizing that local rules and global rules are segregated in an axiomatic system and
treated differently in derivations.

We write ⊢S φ if ∅ ⊢S φ. In some definitions, theorems are defined as a special
case of deductive consequence, which makes ⊢S φ just a different notation of φ ∈
Th(S). Here, theorems are defined first, and deductive consequence is defined based
on theorems. Thus the equivalence of the two notations needs a proof.

Proposition 7. Let S be an axiomatic systems for L. For all φ ∈ L, ⊢S φ iff φ ∈
Th(S).

Let S and S′ be two axiomatic systems for L. We say that S is a subsystem of
S′, or S′ is a supersystem of S, denoted S ≤ S′, if ⊢S ⊆ ⊢S′ . They are equivalent,
denoted S ≡ S′, if both S ≤ S′ and S′ ≤ S, namely, ⊢S = ⊢S′ . In general, even if
Th(S) = Th(S′), they may not be equivalent.
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2.4 Rules revisited

Distinguishing local and global rules in an axiomatic system may shed new light
on the notions of derivable and admissible rules. First, let us recall the definitions of
them.

Definition 8. A rule R

1. is derivable in S, if for all (Γ, φ) ∈ R, Γ ⊢S φ;
2. is admissible in S, if for all (Γ, φ) ∈ R, ⊢S Γ implies ⊢S φ.

In most textbooks, since a rule is taken to be a pair (Γ, φ) rather than a relation
consisting of such pairs, substitution has to be used to define admissible rules, i.e.,
(Γ, φ) is admissible if for all substitutions σ, ⊢S Γσ implies ⊢S φσ. This may cause
some confusion for students, since the definition for derivable rules usually does not
use substitutions, which produces a weird non-symmetry. This is caused because
substitution is actually a part the rule rather than a part of admissibility. Treating a rule
to be a relationwill not only dispense the need of substitution in defining admissibility,
but also make it more general, since it can apply to those rules that are not substitution
closed.

Even if we do not distinguish local and global rules in an axiomatic system, the
difference between derivable rules and admissible rules still remains. So why not
reflect the difference in an axiomatic system in the first place, which will make the
distinction between derivable rules and admissible rules more natural. In fact, local
and global rules have an intrinsic connection with derivable and admissible rules,
respectively. First, all finite local rules of an axiomatic system are derivable in it, and
all finite local rules and global rules of an axiomatic system are admissible in it, as
given by Proposition 9, whose proof is straightforward.

Proposition 9. Let S be an axiomatic system for L. Then

1. all finite local rules of S are derivable in S;
2. all finite local and global rules are admissible in S.

Second, derivable rules can be used as both additional local rules and additional
global rules, and admissible rules can be used as additional global rules without chang-
ing the derivability of an axiomatic system, as given by Proposition 10.

Proposition 10. Let S be an axiomatic system, D a set of derivable rules of S, andA
a set of admissible rules of S. Then

(i) S ≡ SD; (ii) S ≡ SD; (iii) S ≡ SA; (iv) S ≡ SDA; (v) S ≡ SD∪A.

Traditionally, since both adding derivable rules and adding admissible rules as
additional rules do not increase the theorems of an axiomatic system, it may cause
beginners to wonder what the real difference between the two kinds rules is. By
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distinguishing local and global rules in an axiomatic system, the different effect of
derivable and admissible rules can be articulated easily by Proposition 10 and the
following proposition.

Proposition 11. S ̸≡ SA, for some axiomatic system S and some set of admissible
rules A of S.

But we have PC ≡ PCA, for any set of admissible rules A of PC, since all
admissible rules of PC are derivable in it.

2.5 The deduction theorem revisited

We say that an axiomatic system S for L admits the deduction theorem, if for all
Γ ∪ {φ,ψ} ⊆ L, Γ, φ ⊢S ψ implies Γ ⊢S φ→ ψ.

The following proposition says that axiomatic and global extensions of PC do
not destroy the deduction theorem.

Proposition 12. For any Γ ⊆ L and any set of rules R in L, PCRΓ admits the
deduction theorem.

The following corollary concerning the deduction theorem for modal logics is
straightforward.

Corollary 13. All axiomatic and global extensions of ltK admit the deduction theo-
rem.

One interesting phenomenon is that most (if not all) axiomatic systems have only
one local rule, namely, modus ponens. A possible explanation may be that any new
local rule of the form

φ

ψ
can be replaced equivalently by the corresponding axiom

φ→ ψ. However, this is not always true, as the following example shows.

Example 1 ⊬PCRN p→ 2p.

Since p ⊢PCRN 2p, it follows from Example 1 that PCRN does not admit the
deduction theorem. Thus, unlike axiomatic extensions and global extensions, local
extensions of PC may destroy the deduction theorem. This is one of the reasons
why some authors think the deduction theorem fail for modal logic, for they take
necessitation as a local rule. But replacing new local rules by their corresponding
axioms of an axiomatic systemwithmodus ponenswill never decrease the derivability
of it, as shown by the following proposition. It also says that the derivability will
neither increase if (and only if when PC1 and PC2 are available) the new local rules
do not destroy the deduction theorem.
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Theorem 14. Let R be a rule in L and S an axiomatic system for L with modus
ponens a local rule of it. Let

[R] = {φ1 → (φ2 → · · · (φn → ψ) · · · ) | ({φ1, . . . , φn}, ψ) ∈ R}

be the set of corresponding axioms for R. Then

1. SR ≤ S[R];
2. S[R] ≤ SR, if SR admits the deduction theorem;
3. SR admits the deduction theorem, if S[R] ≤ SR and Th(S) contains PC1 and

PC2.

Easily obtained from Theorem 14, the following corollary connects local rules
and their corresponding axioms with the deduction theorem. Note that PC can also
be replaced by intuitionistic logic.

Corollary 15. For any ruleR, PCR ≡ PC[R] iff PCR admits the deduction theorem.

3 Unifying the Concept of Logical Consequence

We show how the new segregated definition can be used to unify different con-
sequences in modal and predicate logic. First, we show that various semantic conse-
quences in modal and predicate logic can be unified into one notion.

3.1 Unifying semantic consequence

In modal logic, two truth consequences and two validity consequences can be de-
fined: local truth consequence, global truth consequence, local validity consequence,
and global validity consequence (cf. [30, p. 37], [25, p. 92], and [4, pp. 31–32]). But
validity consequences on standard Kripke frames are too strong to be axiomatized.
So we consider general frames for them in the sequel. Let ⊩lt denote the standard
satisfaction relation in modal logic.

Given a class of frames F,

• φ is a local truth consequence of Γ in F, denoted Γ ⊨lt
F φ, if for all frames

F ∈ F, for all valuations V on F, for all worlds w in F, F, V, w ⊩lt Γ implies
F, V, w ⊩lt φ, where F, V, w ⊩lt Γ means F, V, w ⊩lt ψ for all ψ ∈ Γ;

• φ is a global truth consequence of Γ in F, denoted Γ ⊨gt
F φ, if for all frames F ∈

F, for all valuations V on F, F, V ⊩gt Γ implies F, V ⊩gt φ, where F, V ⊩gt Γ

means F, V ⊩gt ψ for all ψ ∈ Γ, and F, V ⊩gt ψ means F, V, w ⊩lt ψ for all w
in F.

Given a class of general frames G,

• φ is a local consequence by validity of Γ in G, denoted Γ ⊨lv
G φ, if for all

general frames G ∈ f, for all worlds w in G, G, w ⊩lv Γ implies G, w ⊩lv φ,
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where G, w ⊩lv Γ means G, w ⊩lv ψ for all ψ ∈ Γ, and G, w ⊩lv ψ means
G, V, w ⊩lt ψ for all admissible valuations V for G;

• φ is a global consequence by validity of Γ in G, denote Γ ⊨gv
G φ, if for all

general frames G ∈ F, G ⊩gv Γ implies G ⊩gv φ, where G ⊩gv Γ means
G ⊩gv ψ for all ψ ∈ Γ, and G ⊩gv ψ means G, V, w ⊩lt ψ for all admissible
valuations V for G and all worlds w in G.

In predicate logic, two consequences can be defined (cf. [30, p. 38] and [1]). Let |=l

denote the standard satisfaction relation in classical predicate logic. Fixing a predicate
language L,

• φ is a local consequence of Γ, denoted Γ ⊢l φ, if for all modelsM for L and all
assignments g in M, M, g |=l Γ implies M, g |=l φ, where M, g |=l Γ means
M, g ⊩l ψ for all ψ ∈ Γ;

• φ is a global consequence of Γ, denoted Γ ⊢g φ, if for all models M for L,
M |=g Γ impliesM |=g φ, whereM |=g Γ meansM |=g ψ for all ψ ∈ Γ, and
M |=g ψ meansM, g |=l ψ for all assignments g inM.

All the six logical consequences can be unified into one notion: preserving certain
semantic value within certain domain. We formalize this idea as follows. The main
idea is that we can squeeze the differences between various semantic consequences
into semantics, while keeping the notion of consequence invariant.

Definition 16 (Semantics). A semantics for L is a pair S = (DS,⊩S), where DS is
the domain of S and ⊩S ⊆ DS × L is the semantic value of L. We writem ⊩S Γ if
m ⊩S φ for all φ ∈ Γ.

Definition 17 (Semantic consequence). Given a semantics S = (DS,⊩S) for L, the
semantic consequence of S, denoted ⊨S, is a subset of ℘(L)×L such that Γ ⊨S φ iff
for allm ∈ DS,m ⊩S Γ impliesm ⊩ φ.

Now all the above semantic consequences can be unified by ⊨S, with S a variant
parameter corresponding to each semantic consequence. For instance, ⊨lt

F is now de-
noted ⊨ltF, indicating that it is a (unified) consequence indexed by the semantics ltF.
The six semantics, including ltFF, are specified in Table 1.

It is easily seen that ⊨ltF ⊆ ⊨gtF, ⊨lvf ⊆ ⊨gvf, and ⊨lPre ⊆ ⊨gPre.

3.2 Unifying deductive consequence

Now we show how various deductive consequences corresponding to the above
semantic consequences can also be unified into one notion, using segregated defini-
tion. The main idea is that we can squeeze the differences between various deductive
consequences into axiomatic systems, while keeping the notion of consequence in-
variant.
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Notation S DS ⊩S

⊨lt
F = ⊨ltF ltF {(F, V, w) | F ∈ F, V is a valuation on F and w a world in F} ⊩lt

⊨gt
F = ⊨gtF gtF {(F, V ) | F ∈ F, V is a valuation on F} ⊩gt

⊨lv
G = ⊨lvf lvG {(G, w) | G ∈ G, w is a world in G} ⊩lv

⊨gv
G = ⊨gvf gvf G ⊩gv

⊨l = ⊨lPre lPre {(M, g) | M is a model for L, g is an assignment inM} |=l

⊨g = ⊨gPre gPre {M | M is a model for L} |=g

Table 1: Semantics for 6 semantic consequences

Let us take the minimal normal modal logic K as an example to illustrate the
application of our new definition of deductive consequence in modal logic. Let K be
the class of all frames and k the class of all general frames. Then we have four seman-
tic consequences ⊨ltK, ⊨gtK, ⊨lvk, and ⊨gvk. What are the deductive consequences for
them, respectively? We do not need four notions of deductive consequence. Instead,
we just need four axiomatic systems ltK, gtK, lvK, and gvK, which are specified by
Table 2.

Semantic
Conse.

Deductive
Conse.

System Axioms Local
Rules

Global
Rules

⊨ltK ⊢ltK ltK PC1,PC2,PC3,K MP RN,US
⊨gtK ⊢gtK gtK PC1,PC2,PC3,K MP,RN US
⊨lvk ⊢lvK lvK PC1,PC2,PC3,K MP,US RN
⊨gvk ⊢gvK gvK PC1,PC2,PC3,K MP,RN,US ∅

Table 2: Axiomatic systems for four consequences of K

In general, given any normal modal logic L (namely, a set of formulas that con-
tains PC1, PC2, PC3, K and is closed under MP, RN, and US), suppose L is gener-
ated from Ax using the rules in R, including MP, RN, and US. This can always be
achieved, for instance, lettingAx = L andR = {MP,RN,US}. Now we define four
axiomatic systems ltL, gtL, lvL, and gvL similarly by Table 3.

By Proposition 5, the four systems have the same set of theorems. But their
deductive consequences are not the same in general. System gvL is stronger than gtL
and lvL, which are stronger than lvL, as formalized by the following proposition. The
proof is straightforward.

Proposition 18. For any normal modal logic L,

1. ⊢ltL ⊆ ⊢gtL ⊆ ⊢gvL
2. ⊢ltL ⊆ ⊢lvL ⊆ ⊢gvL
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Systems Axioms Local rules Global rules

ltL Ax MP R− {MP}
gtL Ax MP,RN R− {RN}
lvL Ax MP,US R− {US}
gvL Ax MP,RN,US R− {RN,US}

Table 3: Four axiomatic systems of L

For any Γ ⊆ L2, let 2ωΓ = {2nφ | φ ∈ Γ, n ≥ 0}, where 20φ =df φ and
2n+1φ =df 22nφ. For any φ ∈ L2, let φ∗ = {φσ | σ is a substitution in L2} and
Γ∗ =

∪
φ∈Γ φ

∗. The following proposition says that all the other three systems can
be reduced to ltL, and gvL can be reduced to all the others.

Proposition 19. For any normal modal logic L, for any Γ ∪ {φ} ⊆ L2,

1. Γ ⊢gtL φ iff 2ωΓ ⊢ltL φ;
2. Γ ⊢lvL φ iff Γ∗ ⊢ltL φ;
3. Γ ⊢gvL φ iff Γ∗ ⊢gtL φ iff 2ωΓ ⊢lvL φ iff 2ωΓ∗ ⊢ltL φ.

Suppose L is sound and strongly complete with respect to the class of frames F.
We will first show that the axiomatic systems ltL and gtL correspond respectively to
the semantics ltF and gtF, in the sense that they determine the sames logical conse-
quences.

3.2.1 Deductive consequence for local truth consequence

Let ⊢L be the deductive consequence defined by

(∗) Γ ⊢L φ iff there exists finite∆ ⊆ Γ s.t.
∧

∆ → φ ∈ L,

which is the most popular definition in modal logic. We will discuss it in more de-
tail in Section 4. The following lemma says that ⊢ltL is just the standard deduction
consequence in modal logic.

Lemma 20. For any normal modal logic L, ⊢ltL = ⊢L.

The following corollary and theorem are immediate from Lemma 20.

Corollary 21. For any normal modal logic L and any Γ ∪ {φ}, Γ ⊢ltL φ implies
2Γ ⊢ltL 2φ.

Theorem 22. For any normal modal logic L and any class of frames F, if L is sound
and strongly complete with respect to the class of frames F, then ⊢ltL = ⊨ltF.
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3.2.2 Deductive consequence for global truth consequence

The following lemma connects global truth consequence with local truth conse-
quence.

Lemma 23. Let F be any class of frames that is closed under point generated sub-
frames. Then for any Γ ∪ {φ} ⊆ L2, Γ ⊨gtF φ iff 2ωΓ ⊨ltF φ.

Now we can prove that the axiomatic system gtL corresponds to the semantics
gtF.

Theorem 24. Let L be any normal modal logic and F any class of frames that is
closed under point generated subframes. If ⊢ltL = ⊨ltF then ⊢gtL = ⊨gtF.

We make two more comments on the deductive consequence ⊢gtL. In [16] and
[17], global deductive consequence of K45 and KD45 are given respectively for ax-
iomatizing informational consequence advocated in [33] and [5]. The global deduc-
tive consequence ⊢g

L for L is defined by

(∗∗) Γ ⊢g
L φ iff 2Γ ⊢L 2φ,

where ⊢L is defined by (∗). This makes one wonder which axiomatic system is the
‘correct’ one for informational consequence? In fact, bothK45 andKD45 are correct.
And so is S5, as we have the following fact.

Fact 2 For any Γ ∪ {φ} ⊆ L2, 2Γ ⊢K45 2φ iff 2Γ ⊢KD45 2φ iff 2Γ ⊢S5 2φ.

I leave the check of the fact to the reader. The point is that if we use standard
definition of axiomatic systems in which local and global rules are not distinguished
together with (∗∗) to define deductive consequence for informational consequence
(which is intrinsically a global consequence by truth), then multiple non-equivalent
axiomatic systems or logics are available, for we have ⊢g

K45 = ⊢g
KD45 = ⊢g

S5. This
seems undesirable. If we use our segregated definition ⊢gtS5 instead, however, the
multiple correspondence disappears, as the following fact shows.

Fact 3 ⊢gtS5 = ⊢g
S5, but ⊢gtK45 ̸= ⊢gtS5 and ⊢gtKD45 ̸= ⊢gtS5.

Since RN is treated as a local rule in gtL, it seems that for ⊢gtL, assumptions
play the same role as axioms. This was reflected in [32], where ⊢∗

Λ was used for
the deductive consequence of the logic with Λ the set of axioms such that RN can
be applied to assumptions. The author claimed that, compared with standard local
consequence ⊢Λ, ⊢∗

Λ cannot distinguish Λ1 ⊢∗
Λ2

φ from Λ2 ⊢∗
Λ1

φ, since both are
equivalent to Λ1 ∪ Λ2 ⊢∗

K φ. We have to be very careful here. If Λ is a set of axiom
schemas, i.e., a set of axioms closed under substitution, then the claim is correct. If
Λ is only a set of axioms, then it is not, since uniform substitution can be applied to
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axioms, but they cannot be applied to assumptions in ⊢∗
Λ. In this case, Λ1 ⊢∗

Λ2
φ

and Λ2 ⊢∗
Λ1
φ are not equivalent. Compared to ⊢∗

Λ, our definition ⊢gtL would cause
less confusion, since in it local and global rules are delimited clearly, and uniform
substitution is treated as an explicit rule rather than hidden in axiom schemas. More
formally, we have the following result.

Proposition 25. For any substitution closedΣ ⊆ L2, for anyΓ∪{φ} ⊆ L2, Γ ⊢gtKΣ

φ iff Γ ∪ Σ ⊢gtK φ.

The proposition does not hold ifΣ is not substitution closed, for we have ⊢gtKp q

but p ⊬gtK q. When gtK is replaced by gvK, the substitution closed condition can be
removed (cf. Proposition 28).

Let G(L) be the class of general frames for L, i.e., G(L) = {G | G ⊩gv L}.
Now we show that the axiomatic systems lvL and gvL correspond to the semantics
lvG(L) and gvG(L), respectively.

3.2.3 Deductive consequence for local validity consequence

Let |φ| be the set of all maximal consistent sets of L containing φ. Let GL =

(FL,AL) be the canonical general frame for L. In particular, AL = {|φ| | φ ∈ L2}.
Thus for any admissible valuation V for GL, for each atom p, there exists ψp such
that V (p) = |ψp|. In particular, the canonical valuation V L with V (p) = |p| for each
atom p is admissible for GL.

Lemma 26. Let V be any admissible valuation for GL such that V (p) = |ψp| for
every atom p. For any w in GL and any φ ∈ L2,

1. GL, V, w ⊩lt φ iff GL, V L, w ⊩lt φδ, where δ is the substitution defined by
δ(p) = ψp for every atom p;

2. if GL, V L, w ⊩lt φ∗ then GL, w ⊩lv φ;
3. GL ⊩gv L.

Now we can prove that the axiomatic system lvL corresponds to the semantics
lvG(L).

Theorem 27. For any normal modal logic L, ⊢lvL = ⊨lvG(L).

3.2.4 Deductive consequence for global validity consequence

In deductive consequence for global consequence by validity, premises play the
same role as axioms, as the following proposition shows. The proof is straightfor-
ward: for all rules are local, whenever they are applicable to axioms, so are they to
premises.

Proposition 28. For any Γ ∪ Σ ∪ {φ} ⊆ L2, Γ ⊢gvKΣ φ iff Γ ∪ Σ ⊢gvK φ.
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So for this deductive consequence, there is no need to consider axiomatic ex-
tensions of K, as all of them can be reduced to K. However, other (local or global)
extensions of K are still worthy of study.

The following theorem states that the axiomatic system gvL corresponds to the
semantics of gvG(L).

Theorem 29. For any normal modal logic L, ⊢gvL = ⊨gvG(L).

Now all four semantics consequences in modal logic have their corresponding
deductive consequences, which can be defined uniformly by segregated definition.
For the two semantic consequences of predicate logic, we can do the same. For local
consequence, we let the rule of generalization to be a global rule in the axiomatic
system; for global consequence, we let the rule of generalization to be a local rule,
keeping the notion of deductive consequence invariant. We leave the details to the
reader.

4 Comparison to Other Definitions

Now we review various known definitions for deductive consequence of ax-
iomatic systems in modal and predicate logic.

The first definition ignores derivation from assumptions and considers only theo-
rems. We call it omitted definition, which is adopted by [18, p. 25] and [31, Definition
5.3.1] in modal logic. As shown by Proposition 5, if only theorems are considered,
there is no need to distinguish local rules and global rules. Also, since it cares only
about theorems of a system, it considers only weak soundness and weak complete-
ness. Though such a treatment is simple and clean, it lacks some generality, since
there are logics that have no theorems but their logical consequences are not empty,
for instance, Kleene’s three-valued logic (cf. [1]). In such cases, a logic defined by
omitted definition would not be sufficient to reflect its semantics. Moreover, without
derivation from assumptions, it lacks usability in proving theorems, since the deduc-
tion theorem is not available to simplify proofs.

The second definition follows the standard definition of deductive consequence
for classical propositional logic, so that φ is a deductive consequence of Γ in S, if
there is a formal derivation from Γ to φ, using assumptions in Γ, axioms schemas
and all rules of S. We call it classical definition, which is adopted by [11, p. 126], [6,
p. 84] and [10, p. 54] in modal logic, and by [19, p. 87], [15, Def. 4.2], [23, pp. 79–80],
and [21, Def. 2.2.1] in predicate logic. In classical definition, just like modus ponens,
necessitation in modal logic and generalization in predicate logic can be applied to
assumptions without constraints. Unlike omitted definition, uniform substitution in
modal logic is not treated as an inference rule any more; otherwise, we may drive any
φ from p using the rule, which is obviously undesired. The major flaw of classical
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definition is that strong soundness generally fail under this definition (assuming stan-
dard local consequence). In modal logic in particular, in any axiomatic system with
the rule of necessitation, 2p would be a deductive consequence of p. But semanti-
cally 2p is not entailed by p in general. Similarly, in classical predicate logic, ∀xPx
would be a deductive consequence of Px, whereas ∀xPx is not entailed by Px. This
also fails the deduction theorem. Instead, a restricted or nonstandard version of the
deduction theorem holds. The general failure of strong completeness means that the
deductive consequence cannot reflect the semantic consequence fully. If logical con-
sequence instead of theorems is what we care about, then classical definition is rather
undesirable for modal logic and predicate logic.

The third one reduces the notion of derivation to proof, so that φ is a deductive
consequence of Γ in S, if there is a formal proof of

∧
∆ → φ for some finite ∆ ⊆

Γ. We call it reduced definition, which is adopted by [27, pp. 9–10], [22, p. 16], [7,
Def. 2.14], [13, Def. 1.1.2], and [4, Def. 4.4] in modal logic. Interestingly, though
reduced definition is the most popular one in modal logic, it is rarely seen in predicate
logic. Since derivations are reduced to proofs, there is no need to distinguish local
and global rules under reduced definition. All rules, including uniform substitution in
modal logic are treated as deriving new valid formulas from old ones. The deduction
theorem holds almost trivially, and so does strong soundness. A drawback of reduced
definition is that the deduction theorem becomes useless, since to prove φ → ψ,
we can no longer assume φ and apply inference rules to it to prove ψ. By reduced
definition, we have to prove φ→ ψ directly. Another drawback is that the definition
depends on the object language, which makes it not general enough for all logics.
If the language of the logic does not contain material implication, which cannot be
defined in the logic from other logical constants either, then we can no longer define
deductive consequence in this way. So it lacks some generality.

The fourth definition hides the rule of necessitation (in modal logic) and gener-
alization (in predicate logic) in axioms, so that all axioms are prefixed by any finite
sequences of boxes in modal logic, and by any finite sequences of universal quan-
tifiers in predicate logic. We call it deflationary definition, which is adopted by [3,
pp. 108–109], [9, pp. 111–112], and [26, p. 122] in predicate logic. Contrary to re-
duced definition, though it is popular in predicate logic, and has been suggested in
provability logic by [28], according to [14], it has never been widely taken in modal
logic. With the rule of necessitation/generalization hidden in axioms, both strong
soundness and deduction theorem hold. Unlike reduced definition, the deduction the-
orem is of practical use now. Like classical definition and unlike reduced definition,
uniform substitution also has to be hidden in axioms in modal logic. A drawback of
deflationary definition is that when it is applied to non-normal modal logics, the rules
for modality can no longer be hidden in axioms, but have to be stated as explicit rules
for the set of axioms. For instance, for monotonic non-normal modal logics, we have
to add the rule that if φ → ψ is an axiom then 2φ → 2ψ is an axiom. In that case,
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they are used essentially the same as global rules in segregated definition.
The fifth definition follows classical definition but restricts the application of

the rule of necessitation/generalization in derivations. We call it bounded definition,
which is adopted by [14, Def. 1] in modal logic, and by [8, p. 196], [24, Def. III],
and [2, p. 31] in predicate logic. In a derivation under this definition, the rule of
necessitation/generalization can only be applied to those formulas that are derived
without assumptions. Note that the restriction on the rule of generalization can be
easily made wrong. In [8], the restriction is that the variable generalized cannot be be
free in assumptions. As pointed out in [24], this is incorrect, since by this definition,
∀x(Ax → Ax) cannot be derived from Ax. When correctly restricted, both strong
soundness and the deduction theorem hold. Like classical definition, uniform substi-
tution is not treated as an inference rule in modal logic. A drawback of bounded def-
inition is that the rule of necessitation/generalization has to be used very carefully in
formal derivations, which makes it lack some usability. The drawback, however, can
be easily removed by delimiting the use of necessitation/generalization more clearly.
This is what we do in segregated definition, where treated as global rules, they can
only be applied in proving theorems.

All the five definitions above lack uniformity. They cannot deal with validity
consequence in modal logic. Among them, omitted definition is too coarse-grained
to distinguish local and global consequence. Treating necessitation/generalization
the same as modus ponens, classical definition is basically a global (truth) conse-
quence. Restricting the use of necessitation/generalization in various ways, reduced
definition, deflationary definition, and bounded definition are basically local (truth)
consequences.

The sixth definition due to Fitting ([12, Def. 3.3.1]) is rather unique, which inte-
grates local and global truth consequence into one notion. We call it ternary definition.
It separates assumptions of a derivation into two parts: a local part and a global part.
Semantically, given a point model (M, w), global assumptions are taken to be true in
all worlds of M, whereas local assumptions are take to be true at w. Syntactically, a
derivation from global assumptions Γ and local assumptions Λ now consists of two
parts: a global part and a local part, with the global part coming first. In the global
part, both modus ponens and necessitation can be applied to proceeding formulas and
those in Γ; in the local part, only modus ponens can be applied to proceeding formulas
and those in Λ. In this way, the deductive consequence becomes a ternary relation.
Fitting denote it by Γ ⊢L Λ −→ φ, when there is such a derivation of φ in L from
global assumptions Γ and local assumptions Λ. It is easily seen that when Γ = ∅ the
ternary definition becomes local consequence by truth, and when Λ = ∅, it becomes
global consequence by truth. But treating deductive consequence to be a ternary re-
lation seems a bit unorthodox. Moreover, it cannot deal with validity consequence
either.

Segregated definition we proposed in Section 2 has all the properties we desire.
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Both strong soundness and the deduction theorem hold (for local consequence). Uni-
form substitution is an explicit rule in modal logic. It is usable and can be generalized
to other logics. Most importantly, it unifies the six consequences in modal and pred-
icate logic. The comparison is summarized by Table 4.

Table 4: Comparison of seven definitions of deductive consequence

Strong
Soundness

Deduction
Theorem

Uniform
Substitution

Usa-
bility

Gener-
ality

Unifor-
mity

Omitted def. n/a n/a ✓ × × ×
Classical def. × × × ✓ × ×
Reduced def. ✓ ✓ ✓ × × ×
Deflationary def. ✓ ✓ × ✓ × ×
Bounded def. ✓ ✓ × − ✓ ×
Ternary def. ✓ ✓ × ✓ ✓ −
Segregated def. ✓ ✓ ✓ ✓ ✓ ✓

5 Conclusion and Future Work

We propose a new definition of deductive consequence for modal logic and pred-
icate logic, by distinguishing two kinds of rules in an axiomatic system. We show how
the definition may shed new light on the distinction between derivable and admissible
rules, as well as the deduction theorem. A key feature of the new definition is that, it
can unify all six consequences in modal and predicate logic.

Distinguishing two kinds of rules in the context of axiomatic systems is not a new
idea. For example, in [29], Sundholm distinguished rules of inference and rules of
proof. In [1], Avron distinguished pure rules and impure rules. What we do is to take
the distinction more seriously and make use of it to distinguish axiomatic systems, in
order to obtain a uniform notion of deductive consequence of axiomatic systems.

Future work can be done both in theory and in application. In theory, we may
explore the connection between the new definition and deductive consequence de-
fined in other types of proof systems. For example, Fitting also distinguishes local
and global rules in tableau systems for modal logic. What is the connection between
Fitting’s rules and ours? In natural deduction systems and sequent calculi, a rule is
treated as a relation between derivations rather than between formulas as in axiomatic
systems. Can local and global rules also be distinguished there? In application, we
may explore how the new definition can be applied to other logics, including non-
normal modal logics and substructural logics.
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Appendix: Proofs

Proof of Proposition 7. The direction from right to left is obvious by Definition 6.
The other direction is by induction on the length of the proof ofφ. The only interesting
case is that φ is obtained from φ1, . . . , φn by applying a local rule of S. By inductive
hypothesis, every φi ∈ Th(S), for 1 ≤ i ≤ n. Let πi be a formal proof of each φi in
S, then (π1, . . . , πn, φ) is a formal proof of φ in S. Hence, φ ∈ Th(S).

Proof of Proposition 10.

(i) The direction S ≤ SD is obvious. For SD ≤ S, we first show that Th(SD) ⊆
Th(S), by induction on the length of the formal proof of φ ∈ Th(SD). The only
interesting case is that φ is obtained from φ1, . . . , φn using one of the rules
in D. Then φ1, . . . , φn ⊢S φ, i.e., there is a formal derivation δ of φ from
{φ1, . . . , φn} in S. By inductive hypothesis, each φi ∈ Th(S) and thus has a
formal proof πi in S. Now (π1, . . . , πn, δ) consists of a formal proof of φ in
S. Hence, φ ∈ Th(S). Now we show by induction on the length of the formal
derivation ofφ fromΓ in SD thatΓ ⊢SD φ impliesΓ ⊢S φ. The only interesting
case is that φ is obtained from φ1, . . . , φn using one of the rules in D. Then
φ1, . . . , φn ⊢S φ. Thus, there is a formal derivation δ of φ from {φ1, . . . , φn}
in S. By inductive hypothesis, Γ ⊢S φi for 1 ≤ i ≤ n. For each 1 ≤ i ≤ n, let
δi be a formal derivation of φi from Γ in S. Now (δ1, . . . , δn, δ) consists of a
formal derivation of φ from Γ in S. Hence, Γ ⊢S φ.

(ii) The direction S ≤ SD is obvious. For SD ≤ S, notice that no local rules are
added to S. Thus it suffices to show that Th(SD) ⊆ Th(S). The proof is the
same as that for Th(SD) ⊆ Th(S) above.

(iii) The direction S ≤ SA is obvious. For SA ≤ S, it suffices to show that
Th(SA) ⊆ Th(S). By induction on the length of the formal proof of φ ∈
Th(SA). The only interesting case is that φ is obtained from φ1, . . . , φn using
one of the rules in A. Then ⊢S φi for 1 ≤ i ≤ n implies ⊢S φ. By inductive
hypothesis, we have φi ∈ Th(S) for 1 ≤ i ≤ n. By Proposition 7, ⊢S φi for
1 ≤ i ≤ n. By the admissibility of the rule, ⊢S φ. By Proposition 7 again,
φ ∈ Th(S).

(iv) Straightforward from (i) and (iii).
(v) Straightforward from (ii) and (iii).

Proof of Proposition 12. Since PC1 and PC2 are available, and MP is the unique
local rule, the proof for the deduction theorem of PC is reusable for PCRA.

Proof of Proposition 11. Consider S = PCRN . By Proposition 9, RN is an admis-
sible rule of S. We show that S ̸≡ SRN, in particular, p ⊢SRN 2p but p ⊬S 2p. The
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former is obvious. For the latter, consider the standard relational semantics for modal
logic. Since all axioms in S are valid, all local rules of S preserve local truth, and all
global rules of S preserve validity, if p ⊢S 2p then p ⊨K 2p, where ⊨K is the standard
semantic consequence of the modal logic K. But p ⊭K 2p. Hence, p ⊬S 2p.

Proof of Example 1. Consider the standard relational semantics for modal logic.
Let F be any frame in which there is a world accessible from another (different) world.
Then p → 2p is not valid in F. On the other hand, all the axioms of PCRN are valid
in F, and all the rules of PCRN preserve validity in F. Suppose ⊢PCRN p → 2p, then
p→ 2p will also be valid in F, contradiction!

Proof of Theorem 14. For (i), suppose Γ ⊢SR φ. First, we show that Th(SR) ⊆
Th(S[R]), by induction on the length of the proof of the theorem of SR. The only
interesting case is that the theorem ψ is obtained from previous formulas φ1, . . . , φn

in the proof using the rule R. Then by inductive hypothesis, adding the axiom φ1 →
(φ2 → · · · (φn → ψ) · · · ) and applying modus ponens n times will obtain ψ in S[R].
Now we prove by induction on the length of the derivation of φ from Γ in SR. The
only interesting case is still that ψ is obtained from previous formulas using the rule
R. The proof goes in the same way.

For (ii), suppose SR admits the deduction theorem. Suppose Γ ⊢SaR φ. First,
we show that Th(S[R]) ⊆ Th(SR). The only interesting case is that ψ is an axiom
φ1 → (φ2 → · · · (φn → ψ) · · · ) such that ({φ1, . . . , φn}, ψ) ∈ R. Since SR admits
the deduction theorem, it suffices to show that φ1, . . . , φn ⊢SR ψ, which is a direct
application of the rule R.

For (iii), suppose S[R] ≤ SR, Th(S) contains PC1 and PC2 and Γ, φ ⊢SR ψ.
We prove by induction that Γ ⊢SR φ → ψ. Since S[R] ≤ SR, it suffices to show
Γ ⊢S[R] φ → ψ. The only interesting case is that ψ is obtained from φ1, . . . , φn

by using the rule R. Then φ1 → (φ2 → · · · (φn → ψ) · · · ) is an axiom of S[R].
Applying PC1, PC2 and modus ponens, it is easily shown that for any α, β, γ,

(∗) α→ β, β → γ ⊢S[R] α→ γ.

By inductive hypothesis, Γ ⊢S[R] φ → φi for 1 ≤ i ≤ n. Then by using n times of
(∗), PC2 and modus ponens, we obtain Γ ⊢S[R] φ→ ψ, as required.

Proof of Lemma 19

1. ⇒) By induction on the length of the formal derivation of φ from Γ in gtL. The
only interesting case is that φ = 2ψ is obtained from ψ by RN. By inductive
hypothesis, 2ωΓ ⊢ltL ψ. It follows that 22ωΓ ⊢ltL 2ψ. Noting that 22ωΓ ⊆
2ωΓ, we have 2ωΓ ⊢ltL φ.
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⇐) By induction on the length of the formal derivation of φ from 2ωΓ in ltL.
The only interesting case is that φ = 2nψ for some ψ ∈ Γ. Since RN is a local
rule of gtL, we have ψ ⊢ 2nψ and hence Γ ⊢gtL φ.

2. ⇒) By induction on the length of the formal derivation of φ from Γ in lvL. The
only interesting case is that φ = ψσ is obtained from ψ by US. By inductive
hypothesis, Γ∗ ⊢ltL ψ. It follows that (Γ∗)σ ⊢ltL ψ

σ. Noting that (Γ∗)σ ⊆ Γ∗,
we have Γ∗ ⊢lbL φ.
⇐) By induction on the length of the formal derivation of φ from Γ∗ in ltL.
The only interesting case is that φ = ψσ for some ψ ∈ Γ and substitution σ.
Since US is a local rule of lvL, we have ψ ⊢lvL ψ

σ and hence Γ ⊢lvL φ.
3. The first two ‘iff’s are prove similarly as in (i) and (ii). The third ‘iff’ then

follows from (i) or (ii).

Proof of Lemma 20. Since ltL andL have the same set of axioms and rules, Th(ltL)
= L. Now for ⊢ltL ⊆⊢L, suppose Γ ⊢ltL φ. The only interesting case is φ ∈ Γ. Since
φ→ φ is provable in L, we are done.

For ⊢L ⊆ ⊢ltL, suppose Γ ⊢L φ. Then there exists finite {φ1, . . . , φn} ⊆ Γ

such that φ1 ∧ · · · ∧ φn → φ ∈ L. By the property of classical propositional logic,
we have φ1 → (φ2 → · · · (φn → φ) · · · ) ∈ L. Since Th(ltL) = L, we have
⊢ltL φ1 → (φ2 → · · · (φn → φ) · · · ). By repeating applying the rule of modus
ponens in ltL, it follows that Γ ⊢ltL φ.

Proof of Corollary 21. Immediate from Lemma 20, since for any normal modal
logic L, Γ ⊢L φ implies 2Γ ⊢L 2φ.

Proof of Lemma 23. ⇒) Suppose 2ωΓ ⊭ltF φ. Then there exist a frame F in F, a
valuation V on F, and a world w in F such that F, V, w ⊩lt 2ωΓ but F, V, w ⊮lt φ.
Let (F′, V ′) be the submodel of (F, V ) generated by w. Then F′, V ′, w ⊩lt 2ωΓ and
F′, V ′, w ⊮lt φ. From the former, it follows that F′, V ′ ⊩gt Γ, since all worlds in
F′ are either w or accessible from w in finite steps. From the latter, it follows that
F′, V ′ ⊮gt φ. Since F is closed under subframes, F′ is also in F. Thus, Γ ⊭gtF φ.

⇐) Suppose Γ ⊭gtF φ. Then there exist a frame F in F and a valuation V on F

such that F, V ⊩gt Γ but F, V ⊮gt φ. From the latter, it follows that there exists a
world w in F such that F, V, w ⊮lt φ. From the former, it follows that every ψ ∈ Γ is
true at all worlds in F. Thereby, it can be easily verified by induction on n that 2nψ

is true at all worlds in F for all ψ ∈ Γ and n ∈ N. In particular, F, V, w ⊩lt 2ωΓ.
Hence, 2ωΓ ⊭ltF φ.

Proof of Theorem 24. Suppose ⊢ltL = ⊨ltF. For soundness, it suffices to show that
the new local rule RN in gtL preserves the semantic value ⊩gt of gtF, i.e., for any
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model M based on any frame in F, for any φ ∈ L2, if M ⊩gt φ then M ⊩gt 2φ,
which is straightforward.

For completeness, suppose Γ ⊨gtF φ. By Lemma 23, 2ωΓ ⊨ltF φ. Since ⊢ltL
= ⊨ltF, it follows that 2ωΓ ⊢ltL φ. By Proposition 19(i), we have Γ ⊢gtL φ, as
required.

Proof of Proposition 3. First, we show ⊢gtS5 ⊆ ⊢g
S5. Suppose Γ ⊢gtS5 φ. Then we

have 2ωΓ ⊢ltS5 φ. By Lemma 20, we have 2ωΓ ⊢S5 φ. By the proof property of
normal modal logic, 22ωΓ ⊢S5 2φ. Note that in S5 for all n ≥ 1, 2nφ is equivalent
to 2φ. It follows that 2Γ ⊢S5 2φ.

Then we show ⊢g
S5 ⊆⊢gtS5. SupposeΓ ⊢g

S5 φ, i.e.,2Γ ⊢S5 2φ. Then2Γ ⊢S5 φ,
since 2φ → φ is a theorem of S5. By Lemma 20 , we have 2Γ ⊢ltS5 φ. Thus
2ωΓ ⊢ltS5 φ. Then we have Γ ⊢gtS5 φ.

The two inequalities are obvious, since they have different sets of theorems.

Proof of Proposition 25. ⇒) It suffices to show that if φ ∈ Th(gtKΣ) then Σ ⊢gtK
φ. By induction on the length of the formal proof of φ. If φ ∈ AxgtKΣ, then either
φ ∈ AxgtK or φ ∈ Σ. In either case, we have Σ ⊢gtK φ. If φ is obtained by MP
or RN, then it can be easily verified by inductive hypothesis that Σ ⊢gtK φ, since
MP and RN are local rules of gtK. If φ = ψσ is obtained from ψ by US, then by
inductive hypothesis, Σ ⊢gtK ψ. It can be easily by induction that Σσ ⊢gtK ψ

σ. Since
Σ is substitution closed, Σσ = Σ. Thus, Σ ⊢gtK φ.

⇐) By induction on the length of the formal derivation of φ from Γ∪Σ in gtK.
The only interesting case is that φ ∈ Σ. But since gtKΣ has Σ as axioms, obviously
Γ ⊢gtKΣ φ.

Proof of Lemma 26. For (i), we prove by induction on φ. If φ = p is an atom, then

GL, V, w ⊩lt φ iff w ∈ V (p)

iff w ∈ |ψp|

iff w ∈ JψpKGL,V L
(by the truth lemma)

iff GL, V L, w ⊩lt φδ

The other cases are immediate by inductive hypothesis.
For (ii), suppose GL, V L, w ⊮lv φ. Then there exists an admissible valuation

V for GL such that GL, V, w ⊩lt ¬φ. By (i), it follows that GL, V L, w ⊩lt (¬φ)δ.
Hence, GL, V L, w ⊮lt φ∗.

For (iii), noting that for any u in GL, L ⊆ u, we have GL, V L, u ⊩lt L by the
truth lemma. By (ii), it follows that GL, u ⊩lv L, as L is closed under substitution.
Since u is arbitrary, we have GL ⊩gv L.
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Proof of Theorem 27. For soundness, it suffices to show that the new local rule
US of lvL preserves the semantic value ⊩lv of lvG(L), i.e., for any general frame
G ∈ G(L) and anyw in f, for any φ ∈ L2 and any substitution σ inL2, ifG, w ⊩lv φ

then G, w ⊩lv φσ. We prove the contrapositive. Suppose G, w ⊮lv φσ. Then there
exists an admissible valuation V for G such that G, V, w ⊮lt φσ. Define V ′ such
that for all atoms p, V ′(p) = Jσ(p)KG,V . Note that V ′ is also admissible for G. It
can be shown by induction on φ that G, V, w ⊩lt φσ iff G, V ′, w ⊩lt φ. Hence,
G, V ′, w ⊮lt φ, which implies that G, w ⊮lv φ, as required.

For completeness, suppose Γ ⊬lvL φ. By Proposition 19(ii), Γ∗ ⊬ltL φ. Then
Γ∗ ∪ {¬φ} is L-consistent. By Lindenbaum’s Lemma, it can be extended a maxi-
mal L-consistent set Γ+. By the truth lemma, GL, V L,Γ+ ⊩lt Γ∗ ∪ {¬φ}. Thus
GL, V L,Γ+ ⊩ Γ∗ and GL, V L,Γ+ ⊮lt φ. By the latter, GL,Γ+ ⊮lv φ. By the
former and Lemma 26(ii), GL,Γ+ ⊩lv Γ. By Lemma 26(iii), GL ∈ G(L). Hence,
Γ ⊭lvG(L) φ, as required.

Proof of Theorem 29. For soundness, it suffices to show that the new local rules
RN and US of gvL preserve the semantic value ⊩gv of lvf. Since RN preserves ⊩gt, it
also preserves ⊩gv. Since US preserves ⊩lv, it also preserves ⊩gv.

For completeness, suppose Γ ⊬lvL φ. By Proposition 19(iii), 2ωΓ∗ ⊬ltL φ.
Following the proof of Theorem 27, we haveGL,Γ+ ⊩lv 2ωΓ andGL,Γ+ ⊮lv φ, and
henceGL ⊮gv φ, where Γ+ is the maximalL-consistent set containing2ωΓ∗∪{¬φ}.
LetGL

Γ+ be the general subframe ofGL by Γ+. It follows fromGL,Γ+ ⊩lv 2ωΓ that
GL

Γ+ ⊩gt Γ. By Lemma 26(iii), we also have GL
Γ+ ⊩ L and thus GL

Γ+ ∈ f. Hence,
Γ ⊭gvG(L) φ, as required.
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一种定义模态和谓词逻辑演绎后承的新方法

文学锋

摘 要

模态和谓词逻辑中的演绎后承有多种定义方式。虽然其中多数是等价的，但

它们有各自的优缺点。通过在公理系统中区分两类规则，我们给出了一种定义演

绎后承的新方法。该方法不仅继承了已有定义的优点，而且可以将模态和谓词逻

辑中的 6种后承概念统一起来。我们还表明，新的定义方式具有教学法上的优点。
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