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Algorithmic Correspondence Theory for Sabotage
Modal Logic*

Zhiguang Zhao

Abstract. Sabotage modal logic (SML) is a kind of dynamic logic. It extends static modal
logic with a dynamic modality which is interpreted as “after deleting an arrow in the frame,
the formula is true”. In the present paper, we are aiming at solving an open problem stated in
Aucher, van Benthem and Grossi (2018), namely giving a Sahlqvist-type correspondence the-
orem (Sahlqvist 1975) for sabotage modal logic. In this paper, we define sabotage Sahlqvist
formulas and give an algorithm ALBASM™ to compute the first-order correspondents of sabo-
tage Sahlqvist formulas. We give some remarks and future directions at the end of the paper.

1 Introduction

Sabotage modal logic (SML, [6]) belongs to the class of logics collectively called
dynamic logics. It extends static modal logic with a dynamic modality 4 such that
¢ is interpreted as “after deleting an arrow in the frame, ¢ is true”. There are sev-
eral existing works on sabotage modal logic. In [5], a bisimulation characterization
theorem as well as a tableau system were given for sabotage modal logic, [13] proved
the undecidability of the satisfiability problem and gave the complexity of the model-
checking problem, and [14] gave the complexity of solving sabotage game. Several
similar formalisms are also investigated, such as graph modifiers logic ([4]), swap
logic ([1]) and arrow update logic ([11]), modal logic of definable link deletion ([12]),
modal logic of stepwise removal ([17]). These logics are collectively called relation
changing modal logics.([2, 3]) In the present paper, we are aiming at solving an open
problem stated in [5], namely giving a Sahlqvist-type correspondence theorem ([16])
for sabotage modal logic. We define the Sahlqvist formulas in the sabotage modal
language and give the sabotage counterpart of the algorithm ALBASML (Ackermann
Lemma Based Algorithm), which is sound over Kripke frames and is successful on
sabotage Sahlqvist formulas, to show that every Sahlqvist formula in the sabotage
modal language has a first-order correspondent.
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The structure of the paper is as follows: in Section 2, we give a brief sketch on
the preliminaries of sabotage modal logic, including its syntax, semantics as well as
the standard translation. In Section 3—8 we define sabotage Sahlqvist formulas and
the algorithm ALBASME show its soundness over Kripke frames and its success on
sabotage Sahlqvist inequalities. In Section 9 we give some further directions.

2 Preliminaries on Sabotage Modal Logic

In this section, we collect some preliminaries on sabotage modal logic. For fur-
ther details, see [5].

Given a set Prop of propositional variables, the set of sabotage modal formulas
is recursively defined as follows:

eu=L]TIp|-@|(pAe)|Op| 40

where p € Prop, ¢ is the alethic connective of ordinary modal logic and ¢ is the
sabotage connective of sabotage modal logic. We will follow the standard rules for
omission of the parentheses. V, —, <+, [], B can be defined in the standard way. We
call a formula static if it does not contain ¢ or . An occurence of p is said to be
positive (resp. negative) in ¢ if p is under the scope of an even (resp. odd) number
of negations in the original sabotage modal language. A formula ¢ is positive (resp.
negative) if all occurences of propositional variables in ¢ are positive (resp. negative).

For the semantics of sabotage modal logic, we use Kripke frames F = (W, R)
and Kripke models M = (F, V') where V' : Prop — P(W). The satisfaction relation
is defined as follows:

( ),wh L . always;
(W R V),wlkT . always;
(W,R,V),wlFp iff we V(p);
(W,RV),wl—p  iff (W,R,V),wky;
(W, R, V),wlFpAy iff (W,R,V),wl@and (W,R,V),w - 1;
(W, R,V),wIF Op iff there existsav € W,
such that (w,v) € Rand (W, R, V), v IF ;
(W, R,V),w I- ¢ iff  there exists (wg, w1) € R,
such that (W, R\ {(wo,w1)}, V), w IF ¢.

Intuitively, #¢ is true at w iff there is an edge (wp,w;) of R such that after
deleting this edge from R, the formula ¢ is still true at w. It is easy to see that the
semantic clause for B is defined as follows:

(W,R,V),w I By iff for all edges (wo,w1) € R, (W, R\ {(wo,w1)},V),w IF ¢.
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The standard translation of sabotage modal language into first-order logic is
given as follows (notice that we need to record the edges already deleted from R
so that we know what edges could still be deleted):

Definition 1 ([5, Def. 1]). Let E be a set of pairs (y, z) of variables standing for
edges and let = be a designated variable. The translation ST'F is recursively defined
as follows:

« STE(p) := Pux;
s STE(1) =2 #1;
« STE (=) := =8TF(y);
« STE(p ANp) := ST (p) A STE ()
« STE(Op) == Fy(Ray A (( /} Eﬁ(w =v Ay =w)) ASTE(p));
v,w)E
- STE(#p) == 3y32(Ryz A (N —(y=vAz=w))AST @),
(vyw)eEE

It is proved in [5, Thm. 1] that this translation is correct:

Theorem 1. For any pointed model (M, w) and sabotage modal formula o,
(M,w) - iff ME ST ()[w].

3 Algorithmic Correspondence for Sabotage Modal Logic: A Sketch

We will develop the correspondence algorithm ALBASML for sabotage modal
logic, in the style of [8, 9]. The basic idea is to use an algorithm ALBASME
form the modal formula ¢(p) into an equivalent set of pure quasi-(universally quanti-
fied) inequalities which does not contain occurrences of propositional variables, and
therefore can be translated into the first-order correspondence language via the stan-
dard translation of the expanded language of sabotage modal logic (which will be
defined on Section 4).

The key ingredients of the algorithmic correspondence proof can be listed as
follows:

to trans-

* An expanded sabotage modal language as the syntax of the algorithm, as well
as their interpretations in the relational semantics;

* An algorithm ALBA which transforms a given sabotage modal formula ¢(p)
into equivalent pure quasi-(universally quantified) inequalities Pure(¢(p));

* A soundness proof of the algorithm;

* A syntactically identified class of formulas on which the algorithm is successful,;

* A first-order correspondence language and first-order translation which trans-
form pure quasi-(universally quantified) inequalities into their equivalent first-
order correspondents.
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In the remainder of the paper, we will define an expanded sabotage modal lan-
guage which the algorithm will manipulate (Section 4.1), define the first-order cor-
respondence language of the expanded sabotage modal language and the standard
translation (Section 4.2). We report on the definition of Sahlqvist inequalities (Sec-
tion 5), define a modified version of the algorithm ALBASME (Section 6), and show
its soundness (Section 7) and success on Sahlqvist inequalities (Section 8).

4 The Expanded Language in the Algorithm

4.1 The expanded sabotage modal language [,J.r

In the present subsection, we give the definition of the expanded sabotage modal
language LJ.F and its standard translations, which will be used in the execution of the
algorithm:

eu=p|L|Tlil=¢e|(pA@)| (V)| (e—=9) | Op|Op | My | 4¢ |
D% [ 0% | (O%) 1o | (0%) e | A | By | Vie | Sip

S = | SU{(ixo,ix1)}

where i is called nominal as in hybrid logic ([7, Ch. 14]), i, ix1 are fresh nominals not
in S. We use the notation ¢(p) to indicate that the propositional variables occurring
in  are all in p. We call a formula pure if it does not contain propositional variables.

When interpreting the formulas in the expanded language, we assume that we
start from a given pointed model ((W, Ry, V'), w), and use S to record the edges
deleted from Ry. [1°, O correspond to the relation Ro\ {(V (ixo), V (ix1)) | (ixo, ix1)
€ S} (denoted as Ry \ S), (3%) 71, (0¥) ! correspond to the relation Ry *\ {(V (1),
V(ixo)) | (ixo,ix1) € S} (denoted as (Ro\S)~1), which intuitively means first delete
the edges in S and then take the inverse relation. Unlabelled [ and ¢ correspond to
the relation R after certain deletions of edges. Therefore, we can say that 0%, ¢,
(O%)71, (0°)~! are “absolute connectives” whose interpretations just depend on Ry
and S, while [J and { are “contextual connectives” whose interpretations depend on
the concrete R after certain steps of deletions. For B and 4, their interpretations
depend on the context. A and E are global box and diamond modalities respectively,
(W, R, V), w I Vigp indicates that for all valuation variant Vvi such that V; is the same
as V except that Vi(i) = {v}, (W, R, V1), w I ¢, and (W, R,V),w I Jiy is the
corresponding existential statement.

For the semantics of the expanded sabotage modal language, the valuation is
defined as V' : Prop U Nom — P (W) similar to hybrid logic, and for the modal and
dynamic connectives, the additional semantic clauses can be given as follows (notice
that here R is the “actual” accessibility relation in the model M = (W, R, V) after
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some (maybe none) edges have been deleted, while Ry is the “starting accessibility”
relation when no edge has been deleted yet, and R\ S is the notation for Ro\ {(V (ixo),

V(ik1)) | (iko, ik1) € S}):

M, w IF O iff forallvs.t (w,v) € R, (W,R,V),vlF ¢
M, w Ik Op iff there existsa v s.t. (w,v) € Rand (W, R,V),v IF ¢
M, w I+ Hy iff for all edges (wp,w;1) € R,

(Wv R \ {(’LU(), wl)}v V)v w - ¥
M, w I+ ¢p iff there exists (wp, w1) € R s.t.

(I/Vv R \ {(w07 wl)}7 V)v wl-
M, w IF 0% iff forallvs.t. (w,v) € (Ro\S), (W,R,V),vlF¢
M, w IF O iff there exists a v s.t.

(w,v) € (R \ S) and (W, R, V), v IF ¢

M, w - (O0%) "¢ iff forallvs.t. (v,w) € (Ro\S), (W,R,V),vl-¢
M, w IF (¢°)~lp iff there exists a v s.t.
(v,w) € (Rp\ S)and (W, R, V), v IF ¢
M, w IF Ap iff forallve W, (W,R,V),vlF ¢
M, w I Ep iff thereexistsav € Ws.t. (W, R, V),vlF ¢
M, w I Vip iff forallv € W, (W, R, Vi), wlF ¢
M, w I+ Jip iff there existsav € W s.t. (W, R, V), w IF .

Here we do not require that each pair of nominals in S denote different edges in
Ry. For the convenience of the algorithm, we introduce the following definitions:

Definition 2.

* An inequality is of the form ¢ Sg, 1), where ¢ and ) are formulas, S and S’
record the context of ¢ and v respectively, i.e. which edges have already been
deleted. Its interpretation is given as follows:

(W, Ro, V) IF ¢ <% ¢

iff forall w € W, if (W, R\ S, V), w I ¢, then (W, Ro\S', V), w IF 1.

We use ¢ < 1 to denote ¢ <2 1.
* A quasi-inequality is of the form ¢ Sgi M & - & on ng Un = 0 <3,
1. Its interpretation is given as follows:

(W.Ro, V) ko1 <3 1 & - & pn <Gt = 9 <30

iff (W, Ro,V) I ¢ <2, ¢ holds,
whenever (W, Ry, V) IF ¢; §§3 Y; forall 1 < i <n.
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* A Mega-inequality is defined inductively as follows:

Mega ::= Ineq | Mega & Mega | Vivj(i §§ 0% = Mega)

where Ineq is an inequality, & is the meta-conjunction and = is the meta-
implication. Its interpretation is given as follows:

— (W, Ry, V) I Ineq iff the inequality holds as defined in the definition
above;

— (W, Ry, V) IF Mega; & Megay iff (W, Ry, V) IF Mega; and (W, Rg, V)
IF Megas;

- (W, Ro, V) IF Vivj(i <S 0% = Mega) iff for all w,v, if (w,v) €
(Ro\S) then (W, Ry, Vi ) IF Mega, where Vw’Jv is the same as V' except
that V(i) = {w}, VMJJU(’) = {v}.

* A universally quantified inequality is defined as Vij - - - Vi, (¢ §§/ 1), and its
interpretation is given as follows:

(W, Ro, V) I ¥iy -- -Vin(go <3 )

iff forallwy,...,w, € W, (W, RO,VJ}{ ) IF @ <S, ¥,
where Vb "{Z,n is the same as V except that Vi, (i) = {w;},
i=1,...,n
* A quasi-universally quantified inequality is defined as UQIneq; & - - - &UQIn-
eqn = UQIneq where UQIneq, UQIneq; are universally quantified inequali-
ties. Its interpretation is given as follows:

(W, Rp, V) IF UQIneq; & - - - &UQIneq, = UQIneq

iff (W, Ry, V) IF UQIneq holds,
whenever (W, Ry, V') IF UQIneq; forall 1 <i < n.

It is easy to see that (W, Ry, V) IF o <G ¢ iff (W, Ry, V) IF o — 1. We will
find it easy to work with inequalities ¢ < v in place of implicative formulas ¢ — 1
in Section 5.

For inequalities, we have the following properties, which will be useful in the
soundness proofs:

Proposition 2.
* (W, Ro, V) IFi <3 05 iff (V(i), V(i) € (Ro\ S);
« (W,Rp,V) IFi <S, aiff (W, (Ro\ S"),V),V(i) Ik «, where « is a formula
in the expanded sabotage modal language;

* (W, Ro, V) IF Ai — 0%)) iff (V(i), V(i) € (Ro \ S)-
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4.2 The first-order correspondence language and the standard translation

In the first-order correspondence language, we have a binary relation symbol R
corresponding to the binary relation, a set of constant symbols ¢ corresponding to each
nominal i, a set of unary predicate symbols P corresponding to each propositional
variable p.

The standard translation of the expanded sabotage modal language is defined
as follows:

Definition 3. Let E be a finite set of pairs (y, z) of variables standing for edges and
let 2 be a designated variable. The translation ST is recursively defined as follows:

(
e STy (i) :=x =1
. STf(p) = Px;
* STE(—p) := =STF (p);
+ STE(p ) i= STE(5) ASTE(Y):
+ STP(pV ) == STF(p) V STE();
+ STE(p -+ ) = ST () - STE ()
- STEQ) =YolRey A (A S =v iy =) = STE):
v,w)eER
¢ STEOR) =B Ray A\ e =y =) ASTE);
v,w)eER
« STE (M) :=VyVz(RyzA( N —-(y=vAz=w)) — STEU{(y’Z)}(go));
(v,w)eEE
« STF(#p) i=Tz(Ryz A (N —(y=vAz=w)AST 1 )
(v,w)eE
« STP(O%) :=Vy(Rey A( N\ —~(z =i Ay =in)) = ST, ()
(ixo,ix1)€S
« STF(0%¢) :=3y(Rey A (N —(z=1iro Ay =1ir)) AST) (9);
(ixo,ix1)€S
« STE(O) o) :==Vy(Ryz A( N\ —(y =iro Az =ir1)) = ST ());
(ixo,ix1)€S
« STE((O%)to) :i=Fy(Ryz A N —(y =iro Az =1ir)) ASTL ().
(iko,i]d)es
« STF(Ap) == VyST) (¢);
* STE(By) := ST (¢);
« STE(Vip) := ViSTE (¢);
. STf(EIigo) = EIZSTf(np).

It is easy to see that this translation is correct:
Proposition 3. For any pointed model (M, w) and sabotage modal formula ¢,
(M, w) - iff ME ST (¢)w].
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For inequalities, quasi-inequalities, mega-inequalities, universally quantified in-
equalities and quasi-universally quantified inequalities, the standard translation is
given in a global way:

Definition 4.

* ST(p <§ ¥) = Va(ST; (p) = ST (V)
* ST(p1 <G 1& - &ipn <G thn = ¢ < ¥) 1=
ST(p1 <3 91) A=+ AST(pn <G ¥n) = ST( < ¥);
« ST (Mega,; & Mega,) := ST (Mega,) A ST (Megas,);
 ST(Vivj(i <2 0%j = Mega)) :=
ViVj(RijA( N —(i=vAj=w)) — ST(Mega));
(v,w)es
o ST(Viy - - - Viglneq) := Vi - - - Vi, ST (Ineq);
ST(UQIneq1 & - - - &UQIneq,, = UQlneq) :=
ST(UQIneqr) A--- A ST(UQIneqn) — ST (UQIneq).

Proposition 4. For any model Ml and inequality Ineq, quasi-inequality Quasi, mega-
inequality Mega, universally quantified inequality UQlneq, quasi-universally quan-
tified inequality QUQIneq,

M IFIneq iff ME ST(Ineq);
M IF Quasi iff M FE ST(Quasi);

(

(

M IF Mega iff M F ST (Mega);

MIF UQIneq iff MFE ST(UQIneq);
(

MIF QUQIneq iff ME ST(QUQIneq).

5 Sahlqvist Inequalities

In the present section, since we will use the algorithm ALBASME which is based
on the classsification of nodes in the signed generation trees of sabotage modal for-
mulas, we will use the unified correspondence style definition ([10, 15]) to define
Sahlqvist inequalities. We will collect all the necessary preliminaries on Sahlqvist
formulas/inequalities.

Definition 5 (Order-type of propositional variables, [9, p.346]). For an n-tuple
(p1, ..., pn) of propositional variables, an order-type € of (p1, ..., py) is an element
in {1,0}". In the order-type ¢, we say that p; has order-type 1 if &; = 1, and denote
e(p;) = Lore(i) = 1; we say that p; has order-type 0 if ¢; = 0, and denote £(p;) = 0
ore(i) = 0.
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Definition 6 (Signed generation tree, [10, Def.4]). The positive (resp. negative)
generation tree of any given formula ¢ is defined by first labelling the root of the
generation tree of ¢ with + (resp. —) and then labelling the children nodes as follows:

+ Assign the same sign to the children nodes of any node labelled with Vv, A, [,
O, ¢,0° 05 (0% (0%~ A E, Vi, 3i;

» Assign the opposite sign to the child node of any node labelled with —;

* Assign the opposite sign to the first child node and the same sign to the second
child node of any node labelled with —.

Nodes in signed generation trees are positive (resp. negative) if they are signed +
(resp. —).

Example 1. The positive generation tree of +- 4 (pA—Mq) — g is given in Figure 1.

+ =
/N
—4 +0

Figure 1: Positive generation tree for ¢(p A —Mlq) — Cg

Signed generation trees will be used in the inequalities ¢ < 1), where the positive
generation tree +¢ and the negative generation tree —) will be considered. We will
also say that an inequality ¢ < ) is uniform in a variable p; if all occurrences of
p; in +¢ and —) have the same sign, and that ¢ < ) is e-uniform in an array p if
< 1) is uniform in p;, occurring with the sign indicated by ¢ (i.e., p; has the sign +
ife(p;) = 1, and has the sign — if £(p;) = ), for each propositional variable p; in p.

For any given formula ¢(p1,...,py,), any order-type ¢ over n, and any 1 <
i < n, an e-critical node in a signed generation tree *p (where x € {+,—}) is a
leaf node +p; when ¢; = 1 or —p; when ¢; = 0. An e-critical branch in a signed
generation tree is a branch from an e-critical node. The e-critical occurrences are
intended to be those which the algorithm ALBASML will solve for. We say that +¢
(resp. —p) agrees with ¢, and write £(-+¢) (resp. £(—)), if every leaf node in the
signed generation tree of + (resp. —) is e-critical.

We will also use the notation +¢ < *¢ (resp. —¢ < *() to indicate that an
occurence of a subformula ¢ inherits the positive (resp. negative) sign from the signed
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Outer Inner
o 4 - + A
0o m - — -V

+ VvV
- A

A\
V

Table 1: Outer and Inner nodes.

generation tree *p, where * € {+, —}. We will write e(y) < *¢p (resp. €2(y) <
x(p) to indicate that the signed generation subtree -y, with the sign inherited from ¢,
agrees with e (resp. with 7). We say that a propositional variable p is positive (resp.
negative) in @ if +p < + (resp. —p < +¢).

Definition 7 ([10, Def. 5]). Nodes in signed generation trees are called outer nodes
and inner nodes, according to Table 1.

A branch in a signed generation tree is called a excellent branch if it is the con-
catenation of two paths P; and P>, one of which might be of length 0, such that P; is
a path from the leaf consisting (apart from variable nodes) of inner nodes only, and
P, consists (apart from variable nodes) of outer nodes only.

Definition 8 (Sahlqvist inequalities, [10, Def. 6]). For any order-type ¢, the signed
generation tree ¢ of a formula ¢(p1,...,p,) is e-Sahlgvist if for all 1 < ¢ < n,
every e-critical branch with leaf p; is excellent. An inequality ¢ < v is e-Sahlgvist
if the signed generation trees +( and —1) are e-Sahlqvist. An inequality ¢ < 9 is
Sahlgvist if it is e-Sahlqvist for some ¢.

Example 2. Here we give an example of a Sahlqvist inequality for the order-type
e = (1, 1), where the outer nodes are marked with O, and the inner nodes are marked
with I, and e-critical branches are ended with leaf nodes marked with C.

+4,0 < -V,0
! / \
A0
% N _<>7I_<>7I
+0,0 +0,1 | |
\ \ -0 -0
+0,1 +A, 1 | |
\ /N
4p,C +BT 40,1 -0 =0
\ \
+p1,C  +p2, C —-p1 —p2

Figure 2: (1,1)-Sahlqvist inequality ¢(00p; A C(Hpy A Opsz)) < 000p1 V OO0
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6 The Algorithm ALBASME for the Sabotage Modal Language

In the present section, we define the correspondence algorithm ALBASML for
sabotage modal logic, in the style of [8, 9]. The algorithm goes in four steps.

1. Preprocessing and first approximation:
In the generation tree of +¢ and —'!,

(a) Apply the distribution rules:

i. Push down +¢, +4, ——, +A, — — by distributing them over nodes
labelled with +V which are outer nodes, and

ii. Pushdown —[J, —M, +—, —V, — — by distributing them over nodes
labelled with —A which are outer nodes.

(b) Apply the splitting rules:

a<BAy aVp<~y
a<B a<y (A-Spl.-1) o<y A<~ (V-Spl.-1)
(c) Apply the monotone and antitone variable-elimination rules:
a(p) < B(p) Bp) < alp)
a0 <8 M Bm <am B

for 5(p) positive in p and «(p) negative in p.

We denote by Preprocess(¢ < 1) the finite set {¢; < 1; }ier of inequalities
obtained after the exhaustive application of the previous rules. Then we apply
the following rule to every inequality in Preprocess(¢ < 1):

w; < Y;
ig < i P < iy

(First-Appr.)

Here, ip and i; are special fresh nominals. Now we get a set of inequalities
{io < @i, ¥ < i tier.

2. The reduction stage:
In this stage, for each {iy < ¢;,¢; < —ij}, we first add superscripts and
subscripts & to the two <s, and then apply the following rules to prepare for
eliminating all the proposition variables in {ig <5 ¢;,1; <3 —ii }:

(a) Substage 1: decomposing the outer part
In the current substage, the following rules are applied to decompose the
outer part of the Sahlqvist signed formula:

'The discussion below relies on the definition of signed generation tree in Section 5. In what follows,
we identify a formula with its signed generation tree.
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i. Splitting rules:

a <2 BAy aV B <2y

A-Spl.-2 V-Spl.-2
a<i B aSS/V( pl-2) a <%y BSSIV( pl-2)

ii. Approximation rules:

Oa <2, i
a<g-j O+ <3, —i

i Sg/ Qa

5 . " (O-Appr.)
J ng a1 Sg/ <>S.|

(O-Appr.)

s S
SRS (#-Appr.)

: S" AS's s S
im0 <G 0% im1 V<60t @

Mo <, i
(M-Appr.)

im0 <8 0% a <G 0moin)

o — <S, —i
P <s (— -Appr.)

i<da B<i-k  jo k< i

The nominals introduced by the approximation rules must not occur

in the system before applying the rule.
iii. Residuation rules:
i Sg/ e}

(Nom-—-Res.) (CoNom-—-Res.)

« Sg/ —i i Sgl o

(b) Substage 2: decomposing the inner part
In the current substage, the following rules are applied to decompose the
inner part of the Sahlqvist signed formula:

i. Splitting rules:

a <3 BA aV <z,
S5 OM () Spl2) VIEST(spl2)
ags/ﬁ ag/')’ OKSS/'Y BS/'}/
1. Residuation rules:
(8% <S, | l0% <S,
# (—-Res.-1) ;S,B (—-Res.-2)
B <3 —a 8<% «
<5, a<? 0
ba <5 (0-Res.) <5 05 (C-Res.)

a <3 (@%)7'8 %) a<§ B
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a<? i
- — 5 S,._S p 3 (H-Res.)
VimoVim1 (lmO SS’ O%ip1 = « SS’U{(im07im1)}
‘Of SS/
s 0 (#-Res.)

Vim0Vt (im0 <5 05 = o <5 t0moim1)} gy

The nominals introduced by the residuation rules must not occur in
the system before applying the rule.
iii. Second splitting rules (Second-Spl.):
VigmoVim1 (imo <2 O im1 = Mega &Megag)
VimoVim1 (imo <§ 0%im1 = Megai) VimoVim1 (imo <5 0%im1 = Megas)

Here Mega; and Megas denote mega-inequalities.

(c) Substage 3: preparing for the Ackermann rules
In this substage, we prepare for eliminating the propositional variables by
the Ackermann rules, with the help of the following packing rules:

Packing rules:
- Pack.-1:

. . . S Sy . . . . S Sh s S
Vim, 0Vim 1 (im0 SS: O%kimp1 =+ VimgoVimg1(imgo Ssg 0%0img1 = a <3, p)-+)

iy 0Timp1 - Eli'mgoainlol(A(ivnkD = 0%k i7nk1> Ao AN Alimgo — Osoi'mol) A a) Sg P
where « is pure and does not contain contextual connectives [J, O, l §.
- Pack.-2:
S

. . . S Sk . . : S0+ S
Vi, 0Vim 1 (imy 0 Sg 0%Rimy 1 = Vim0 Yimg1(imgo <g) 0%0img1 = p <Z, £) )

P <G VimgoVimg1 Vim0 Yimg1 (Alim 0 = 05kim, 1) A+ A Alimgo — 0%0img1) — B)
where £ is pure and does not contain contextual connectives [1, O, ., §.
. Pack.-3:

. . . Sk . . + . S .
Vim,, 0¥im 1 (im0 Ssz Ok, 1 = Vg0 ¥img1 (imgo Ssg 0501 = a <G, 7))

Vi, 0Vim 1 -+ Vimg0Vimg1 (T <2, Alimgo = 05Fimyg 1) A A Alimgo = 050img1) Ao — )
where « is pure and does not contain contextual connectives [J, O, l §.
. Pack.-4:

. . . Sk AS.- . . . S S S
Vi, 0%im g 1 (im0 <g¥ 0%kimy1 =« Vimg0VYimg1(imgo <50 0%0img1 = ¥ <3y o))

Vi 0Vimg 1 Vimgo¥img1 (T <5 Alimgo = 0%Fim, 1) A+ A Alimgo = 050img1) Ay — a)
where « is pure and does not contain contextual connectives [, O, l §.
(d) Substage 4: the Ackermann stage

In this substage, we compute the minimal/maximal valuation for proposi-
tional variables and use the Ackermann rules to eliminate all the proposi-
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tional variables. These two rules are the core of ALBA, since their appli-
cation eliminates proposition variables. In fact, all the preceding steps are
aimed at reaching a shape in which the rules can be applied. Notice that
an important feature of these rules is that they are executed on the whole
set of (universally quantified) inequalities, and not on a single inequality.

The right-handed Ackermann rule:
155 p

<®
n >g P .
The system Vi (8, §% ) is replaced by:

Virn (B <77 Yom)

Vit (B1((aa V-V an) /p) <t ml(aa VooV an) /)

'Vi;;(ﬁm((al Ve Van)/p) gt am((@n VeV an) /p))

where: (i). p, i_{, . ,i; do not occur in oy, . . ., Qi
(ii). Each j; is positive in p, and each ; negative in p, for 1 < i < m;
(iii). Each ¢; is pure and contains no contextual modalities (1, ¢, ., ¢.

The left-handed Ackermann rule:
p<gm

p Sg 79 .
The system Vi (81 S% n) replaced by:

Wi (B <37 )

Vit (B1((aa A~ Aan)/p) <pi ml(aa A Aan)/p))

Vim (Brn((01 A<+ A @) /) <5 (@1 A+ A ) /p)

where: (i). p, i_{, . ,i; do not occur in oy, . . ., Qi
(i1). Each j; is negative in p, and each ; positive in p, for 1 < i < m.
(iii). Each ¢; is pure and contains no contextual modalities (1, ¢, ., ¢.

3. Output: If in the previous stage, for some {ig < @;,1; < —iy}, the algo-
rithm gets stuck, i.e. some proposition variables cannot be eliminated by the



80 Studies in Logic, Vol. 15, No. 6 (2022)

application of the reduction rules, then the algorithm halts and output “fail-
ure”. Otherwise, each initial tuple {ip < ¢;,7; < —i;} of inequalities after
the first approximation has been reduced to a set of pure (universally quan-
tified) inequalities Reduce(y; < ;), and then the output is a set of quasi-
(universally quantified) inequalities {&Reduce(p; < 1) = ig < —iy @ ¢; <
Y; € Preprocess(p < 1)}, where & is the big meta-conjunction in quasi-
inequalities. Then the algorithm use the standard translation to transform the

quasi-(universally quantified) inequalities into first-order formulas.

7 Soundness of ALBASML

In the present section, we will prove the soundness of the algorithm ALBASME
with respect to Kripke frames. The basic proof structure is similar to [9, 18].

Theorem 5 (Soundness). If ALBASME yuns successfully on o < 1 and outputs
FO(¢ < ), then for any Kripke frame F = (W, Ry),

FlFe<v¢ iff FEFO(p <)

Proof. The proof goes similarly to [9, Thm. 8.1]. Let ¢; < 1);, 1 < ¢ < n denote the
inequalities produced by preprocessing ¢ < v after Stage 1, and {ip < p;,¥; < —ip}
denote the inequalities after the first-approximation rule, Reduce(y; < ;) denote
the set of pure (universally quantified) inequalities after Stage 2, and FO(¢ < )
denote the standard translation of the quasi-(universally quantified) inequalities into
first-order formulas, then we have the following chain of equivalences:

It suffices to show the equivalence from (1) to (5) given below:

FlFo <4 (1)
FIF o; <y, foralll <i<n )
FIF (ig <3 @i & i <5 —iy) = ig < —i forall1 <i<n (3)
F I Reduce(p; < ;) = ig < —ij forall1 <i<n 4)
FIFFO(e <v) (&)

* The equivalence between (1) and (2) follows from Proposition 6;

 the equivalence between (2) and (3) follows from Proposition 7;

 the equivalence between (3) and (4) follows from Propositions 8, 9, 10, 11;
 the equivalence between (4) and (5) follows from Proposition 4. O

In the remainder of this subsection, we prove the soundness of the rules in Stage
1,2 and 3.
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Proposition 6 (Soundness of the rules in Stage 1). For the distribution rules, the
splitting rules and the monotone and antitone variable-elimination rules, they are
sound in both directions in T, i.e., it is sound from the premise to the conclusion and
the other way round.

Proof. For the soundness of the distribution rules, it follows from the fact that the
following equivalences are valid in [F:

« OlaVp) « OaVvOp;

c #aVp) e eaVes;

o (V)& ~aAp;

* (aVB) Ay (any)V(BAY);

e aAN(BVy) e (anp)V(aAny);
 ((avp) =)« (@a=7)AB—=7);
« O(aAp) < OanDp;

c H(aANp) <~ Banp,

o S(aAp) < aV g

* (@AB) VY (V) A(BVY);

c aV(BAY) < (aVB)A(aVy);

c (am BAY) & (a— B)A(a— 7).

For the soundness of the splitting rules, it follows from the following fact:
FFa<pBAy iff (FIlFa<pandFIFa <~);

FlkavB<~y iff (Flra<yandFIF B <n).

For the soundness of the monotone and antitone variable elimination rules, we
show the soundness for the first rule. Suppose a(p) is negative in p and 3 is positive
n p.

IfF IF a(p) < B(p), then for all valuations V, (F, V) I+ a(p) < B(p), thus for
the valuation V such that V7 is the same as V' except that V5 (p) = @, (F,VE) I+
a(p) < B(p), therefore (F, V) IF a(L) < B(L), thus (F,V) IF a(L) < (L), so

F I a(Ll) < B(L).

For the other direction, suppose F F (L) < (L), then by the fact that «(p)
is negative in p and [3(p) is positive in p, we have that F F «a(p) < a(L) and F F
B(L) < B(p), therefore F F a(p) < B(p).

The soundness of the other rule is similar. ]

Proposition 7. (2) and (3) are equivalent, i.e. the first-approximation rule is sound
inT.
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Proof. (2)=-(3): SupposeF I ¢; < 1);. Then for any valuation V on I, if (F, V') I-
i0 <2 ; and (F, V) I 4 <2 —iy, then (F, V), V(i) IF ¢; and (F, V), V (i) ¥ v,
SO byIE‘ I+ (o)) < ¢Z we have (F, V), V(io) I- wl‘, SO i() 7é i1, SO (]F, V) I i() < ﬂil.
(3) = (2): Suppose F I (ig <2 ¢; & ; <G —i1) = ip < —iy. Then if
F ¥ @; < 1), then there is a valuation V on F and a w € W such that (F, V), w I+ ¢;
and (F, V), w ¥ ;. Then by taking VU'JOQ,'} to be the valuation which is the same as
V except that sz?,;f} (ip) = J,OJ} (i) = {w}, then since i, i; do not occur in ¢; and
;, we have that (I, Vgﬂﬁ}), w Ik ; and (TF, Vlfﬂﬁ}), w W 1)y, therefore (TF, VJ,OJ}) I+
i0 <2 ¢ and (F,Vilu') IF ¢ <G =iy, by F IF (ip <5 ¢; & ¥; <Z —iy) =
ip < —iy, we have that (F, V') IF ig < =iy, so (F, Via'), w IF ig implies that
(F, qu})’q’viul), w IF =iy, a contradiction. So F IF ; < ;. O

The next step is to show the soundness of Stage 2, for which it suffices to show
the soundness of each rule in each substage.

Proposition 8. The splitting rules, the approximation rules for .01, ¢, B, —, the
residuation rules for — in Substage 1 are sound in .

Proof. By Lemma 1,2, 3, 4 and 5 below. O
Lemma 1. The splitting rules in Substage 1 and Substage 2 are sound in F.

Proof. For the soundness of the splitting rules, it follows from the fact that for any
Kripke frame F = (W, Ry), any valuation V on F,

« (FV)IFa<? BAy iff ((F,V)IFa<g Band (F,V)IFa <3, 9),
« (F,V)IFavB <y iff ((F,V)IFa<g yand (F,V)IF3<g ). O

Lemma 2. The approximation rules for (), in Substage 1 are sound in F.

Proof. We prove for ¢, the case for [J is similar. For the soundness of the approx-
imation rule for ¢, it suffices to show that for any Kripke frame F = (W, Ry), any
valuation V on IF,

1. if (F, V) IF i <%, Oa, then there is a valuation Vi such that VJ is the same as
V except Vi(j), and (F, Vi) IFi <2, 0¥jand (F, Vi) IFj <%, o;
2. if (F, V) IFi<g 0Yjand (F, V) IFj <% o, then (F, V) IFi <2, Oa.

Foritem 1, if (F, V) I+ i <%, Oa, then (W, (Ro\ "), V), V(i) I Oc, therefore there
existsaw € W such that (V (i), w) € (R \ S’) and (W, (Ro\ S"), V), w IF . Now
take V3 such that V1 is the same as V' except that VI(j) = {w}, then (Vi(i), Vi(j)) €
(Ro \ ), 50 (F,VI) I-i <%, 0jand (F, Vi) IFj <3, a

For item 2, suppose (F,V) IF i <g, 05jand (F,V) IF j <% a. Then
(V(@), V() € (Ro\S") and (W, (Ro\S"), V), V(j) I a, 50 (W, (Ro\S"), V), V(i) I
Qa, therefore (F, V) I i gg, Oa. O
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Lemma 3. The approximation rules for 4, B in Substage 1 are sound in F.

Proof. We prove for ¢, the case for B is similar. For the soundness of the approx-
imation rule for 4, it suffices to show that for any Kripke frame F = (W, Ry), any
valuation V on I,

1. if(F,V)IFi gg, # 0, then there is a valuation Vimo:im1 gych that Vimoim1 jg
the same as V' except Vimoimi(j o) and Vimoimi(j, 1) and (F, Vimoim1) |i-
imo <3 0%y and (F, Vimodm1) |- <§,U{(lm07,m1)} a;

2. A (F,V) I imo <5 0% iy and (F,V) i <50 0
i gg‘, $o.

Foritem 1, if (F, V) IF i <2, #q, then (W, (Ro\ S’), V), V(i) I #a, therefore there

are (w,v) € (Rp\ S’) such that (W, ((Ry \ S’) \ {(w,v)}),V), V(i) F a. Now

take Vimo:im1 gyuch that Vimoim1 is the same as V except Vimoimi (i, o) = {w} and

Vimodmi(j, 1) = {v}, then by (w,v) € (R \ S’), we have that (W, Rg, Vimoim1) |

im0 <3 0%, and from (W, (R \ ) \ {(w,v)}),V), V(i) IF o we have that

(1 (81 (V1204 b Vit ),V o), Vb0 0

(F, Vimodm1y || j < S/U{(IMO;lvnl)}

) @ then (F, V) IF

For item 2, if (F, V) IF iy gS, 0%y and (F, V) IFi Sg’u{(imo i)} @ then
(V(imo), V(im1)) € (Ro\ S"), and (W, (Ro \ (S"U {(imm in1)})), V), V(i) IF a, so
W, (Ro\ "), V), V(i) IF #q, therefore (F, V) I-i <%, #a. O

Lemma 4. The approximation rule for — in Substage 1 is sound in F.

Proof. For the soundness of the approximation rule for —, it suffices to show that
for any Kripke frame F = (W, Ry), any valuation V on T,

1. if (F,V)IF a — B <2 —i, then there is a valuation Vi such that V¥ is the
same as V except VIX(j) and VI¥(k), and (F, VI¥) Ik j <2 a, (F, ViK) |-
B <3 —kand (F, Vi) I j — -k <2, —i;

2. if (F,V)IFj<ga, (FV)IFB<Z-kand (F,V) IFj— —k <2 -i, then
(F,V)IFa— 8<% i
Foritem 1, if (F,V) IF o — 8 <2, i, then (W, (Ry \ S),V), V(i) IF a and
(W, (Ro\S), V), V(i) IF =8. Now take VX such that VI is the same as V" ex-
ceptthat VIK(j) = VIK(k) = V (i), we have that (W, (Ro\ S), VIK), VIk(j) IF
aand (W, (Ro \ S), VIR), VIK(K) IF =4, so (F, VI¥) I j <2 a, (F, VIK) |-
B <% —k. Since VIK(j) = VIk(k) = VIk(i) = V(i), it is easy to see that
VIE(j — —k) = VI¥(i), so (F, Vi) - j — -k <g, —i.
For item 2, if (F,V) IF j <% a, (F,V) I 8 <3 —kand (F,V) IF j —
-k <2, —i, then V(j — —k) C V(=i), so V(i) € V(j A k), since i,j, k
are nominals, there interpretations are singletons, so V(i) = V(j) = V(k).
Now from (F, V) I j <2 a we have that (W, (R \ S),V),V(j) I «, and
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from (F,V) |- 8 <2 —k we have that (W, (Ro \ ), V),V (k) IF =8, so
(VV, (RO \ S)a ) V(l) I- o and (I/Va (RO \ S)7 V)a V(l) = =08, so (Fa V) I
a—f Sg, —i. O

Lemma 5. The residuation rules for — in Substage 1 and 2 are sound in F.

Proof. Itis easy to see that the residuation rules for — in Substage 1 are special cases
of the residuation rules for — in Substage 2 (modulo double negation elimination).
Now we only prove it for the residuation rule in Substage 2 where negation symbols
occur on the right-hand side of the inequalities, the other rule is similar.

For the soundness of the residuation rule for —, it suffices to show that for any
Kripke frame F = (W, Ry), any valuation V on F, (F, V) I+ o <%, = iff (F, V) IF
I5} gg’ —«. Indeed, it follows from the following equivalence:

(F,V)IFa <2 -8
iff forallw e W, if (W, (Ro\ S),V),w IF a, then (W, (Ro \ S'), V), w ¥ 3
iff forallw € W,if (W, (Ro\ S"),V),w I 3, then (W, (Ry \ S), V), w ¥
iff (F,V)IF 3<% —a. O

Proposition 9. The splitting rules, the residuation rules for —, $, 0, ¢, R, the second
splitting rule in Substage 2 are sound in F.

Proof. By Lemmal, 5, 6, 7 and 8. ]
Lemma 6. The residuation rules for ¢, in Substage 2 are sound in F.

Proof. We prove it for {, and the rule for [ is similar.

To show the soundness of the residuation rule for { in Substage 2, it suffices
to show that for any Kripke frame F = (W, Ry), any valuation V on IF, (F, V) I+
Oa <2, Biff (F,V) IF a <2, (O%)715.

=: if (F,V) IF 0a <2, B, then for all w € W, if (W, (Ro \ S),V),w IF
Oa, then (W, (Ry \ S7),V),w I B. Our aim is to show that for all v € W, if
(W, (Ro\ S),V),v IF a, then (W, (Ry \ S"), V), v IF (0% 715.

Consider any v € W such that (W, (Ry \ S),V),v IF a. Then for any u € W
such that (u,v) € (Ro\S), (W, (Ro\S),V),u IF Oa. Since (F, V) IF O <3, 3, we
have that (W, (Ro \ "), V), u I 3, so for any u € W such that (v,u) € (Ry\ S)™*,
(W, (Ro\ 8'),V),ull- B, s0 (W, (Ro \ §),V),vIF (O%)~B.

< if (F,V) IF a <3, (DS) 13, then for all w € W, if (W, (Ro \ S),V),w IF
a, then (W, (Ro \ "), V), w IF (0% ~15. Our aim is to show that for all v € W, if
(W, (Ro\'S),V),v Ik Qa, then (W, (Ro \ S"),V),v IF S.

Now assume that (W, (Ry \ S),V),v I Q. Then there is a u € W such that
(v,u) € (Ro\ S)and (W, (Ro\ S),V),u IF a. By (F,V) IF a <2, (3% 718,
we have that (W, (Ro \ S),V),u IF (O%7!3. Therefore, for v € W, we have
(u,v) € (Ro \ S)~ 1, thus (W, (Ro \ ), V),v IF B. O
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Lemma 7. The residuation rules for 4, in Substage 2 are sound in F.

Proof. We prove it for B, and the rule for ¢ is similar.

For the residuation rule for M, it suffices to show that for any Kripke frame F =
(W, Ry), any valuation V onIF, (F, V) I « §§, WS iff (F, V) Ik VipoVipm1 (imo ng
0% im1 = a Sg/u{(- i)y B)- Indeed:

1m0,

(F7 V) - vimOViml (imO Sgi <>Slim1 = Sglu{(imo,i,,nl)} 6)

iff forallw,v € W,if (w,v) € (RO \ S,
then (W RO, lmO;lml) H_ « <S’U{(lm0 lml)} B

where V&%O"ml is the same as V' except that: V'mo’lml( 0) = {w},
V™ (i) = {v}.
iff  forall u,v,w € W, if (w,v) € (Ro \ &)
and (W, (Ro \ S), Vamom1) Ik o,
then (W, (Ro \ (S" U {(imo,im1)})), V""O"ml) ulk B
iff  forallu € W, if (W, (Ro\ S), Vamd ™) u Ik o,
then for all v, w € W, if (w,v) € (Ro \ S'), then:
(W, (Ro \ (8" U {(imo, im1)})), Vi), u b 8
iff  forallu € W,if (W, (Ro\ S), a0y 1k o, then:
(W, (Ro \ "), lmo"ml) wl- M3
iff  forallu € W,if (W, (Ro\ S),V),ulF a, then:
(W, (Rp\ S"),V),u M3
(since i,,0 and i,,; do not occur in « and )
iff (F,V)IFa<2 WB. O

Lemma 8. The second splitting rule in Substage 2 is sound in T.

Proof. It follows immediately from the meta-equivalence that VaVy(a — SA7Y) <>
VaVy(a — B) AVaVy(a — ). O

Proposition 10. The packing rules in Substage 3 are sound in IF.

Proof. We only prove the soundness of the first packing rule, the others are similar.
It is easy to see that in the mega-inequality of the premise and in the conclusion,
contextual connectives [1, &, B, ¢ do not occur, so we can ignore the superscripts and
subscripts in the inequalities occuring in the rule.
We first define the following mega-inequalities and formulas:

. . . So ASo: S
Megag 1= Vin,0Vimg1(imeo <o 07ime1 = a < p)
M — Vi Vi . <Sn <>Sn- M
ega,, .= Vim,,0Yim,1(im,0 <s im,1 = Mega,_,)

Yo = Himoozlimol(A(imoo — <>50im01) A a)
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Then we can prove by induction on k that for any Kripke frame F = (W, Ry)

$n = EIimnOEIimnl("él(imno — Osnimnl) A (Pnfl)

and any valuation V' on it,

iff

iff

iff

(F,V) IF Mega,,

(F, V) I+ Wi, 0¥im, 1 (im,0 <2" 0% im,1

=+ Vim0 ¥img1 (imeo <o OFime1 = a <§ p) )
(F, V) Ik Fipn,0Fim,1 - - g0 Fimg1

(A(imn() — <>S"imn1) VANRIEIAN A(imOO — Qsoimol) A\ a) Sg D,
(F’ V) - ©n Sg p.

(i) When k = 0, for any Kripke frame F = (W, Ry) and any valuation V on it,

iff
iff

iff

iff

iff

iff

iff

iff

iff

iff

(F, V) IF Mega,

(I, V) IF W0 ¥imo1 (imgo <50 0Fimg1 = a <3, p)

for all w0, Wme1 € W,

if (Wnag0; Wime1) € (Ro \ So), then (F, V0ol ) I <, p
for all w0, Wme1 € W,

if (wm00> wmol) € (RO \ 50)7 then (Fa ViLTn%%y,lgitl) IFa Sg p
for all w0, Wme1,v € W,

if (wm00> wmol) € (RO \ 50)7 (]Fv V;Tn%(z)fggll(,l% vlF o

then (I, Vign 0o ), v I p

for all w0, Wme1,v € W, o

if (Wing0, Wimg1) € (Ro \ So), (F, Varndoiwor ), v I

then (F, V), v I p

for all Wing0, W1,V € W, o

i (F, Vigrosgsimgn) I Alimgo = 0%0mo1 ), (F, Vo) v I
then (F, V), v - p

for all w0, Wme1,v € W,

if (F, Vol ) 0 1k Alingo — 0%img1) A a

then (F,V),v I p

for all v € W, if there exists W0, Wimy1 € W s.t.

(F, Va1 ), v I Alimgo — OFime1) A v, then (F, V), v I p
forallv e W,

if (F, V), v I+ Elimooaimol(A(imoo — <>Soim01) AN Oé)

then (F, V), v - p

(F, V) Ik FipngoTimg1 (Alimgo — O%0img1) A @) <5 p.

(i1)) When £ = n, by induction hypothesis, we have proved the equivalence
between Mega,, ; and ¢,_1 <5 p. Then for & = n, for any Kripke frame F =
(W, Ryp) and any valuation V' on it,
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(F, V) IF Mega,,
iff  (F, V) IF Vip,0Vim,1 (im,0 <" 09im,1 = Mega, )
iff  (F, V) IF Vi, 0¥im, 1 (in,0 <3¢ 09im,1 = @1 <Z p)
iff (B, V) I+ i, 0Fim, 1 (Aim,0 = O™im,1) A @n_1) <2 p
iff  (F,V)IF ¢, <2 p. 0

Proposition 11. The Ackermann rules in Substage 4 are sound in F.

Proof. We only prove it for the right-handed Ackermann rule, the other rule is similar.
Without loss of generality we assume that n = m = 1. It suffices to show the
following right-handed Ackermann lemma:

Lemma 9. Assume « is pure and contains no contextual modalities U1, ), B, ¢ and
does not contain nominals in i, B is positive in p and 7y is negative in p, then for any
Kripke frame F = (W, Ry) and any valuation V on it,

(F,V) IF Vi(B(a/p) <L, v(a/p)) iff there exists a valuation VP such that
(F,V?) - a <2 p and (F,V?) I+ Vi(3 <L, %), where VP is the same as V except
VP(p).

Notice that « and p do not contain contextual modalities, so their valuation do
not change when the context is different.

=: Take V? such that V? is the same as V' except that V?(p) = V(«). Since
a does not contain p, it is easy to see that VP(a) = V(o) = VP(p). Therefore
(F, VP) I o <& p. Since the valuation of « and p do not change when the context is
different, so for any w € W,

(W, (Ro \ T), V?),w I Biff (W, (Ro \ T), V), w I B(a/p), and

(VV, (RO \ T,)v Vp)’ (Chiy Y 1ff(VV7 (RO \ T,)v V)’ (Chiy ’Y(Q/p): 80

from (F, V) I Vi(8(/p) <T, v(a/p)) one can get (F, VP) IF vi(s3 <L, 7).

<«: This direction follows from the monotonicity of 5 in p and the antitonicity of
7 in p, and that the valuation of o and p do not change when the context is different.

O

8 Success of ALBAM" on Sahlqvist Inequalities

ASML

In the present section, we show that ALB succeeds on all Sahlqvist in-

equalities, in the style of [18]:
Theorem 12. ALBASMY succeeds on all Sahlgvist inequalities.

Definition 9 (Definite e-Sahlqvist inequality). Given an order type ¢, * € {—, +},
the signed generation tree *¢ of the term p(p1, . . ., pn) is definite e-Sahlgvist if there
isno +V, —A occurring in the outer part on an e-critical branch. An inequality ¢ < 1
is definite e-Sahlqvist if the trees +¢ and —1) are both definite e-Sahlqvist.
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Lemma 10. Let {y; < 9; }ier = Preprocess(y¢ < 1) obtained by exhaustive appli-
cation of the rules in Stage I on an input e-Sahlqvist inequality ¢ < . Then each
i < Yy is a definite e-Sahlgvist inequality.

Proof. It is easy to see that by applying the distribution rules, all occurrences of
+V and —A in the outer part of an e-critical branch have been pushed up towards the
root of the signed generation trees +¢ and —. Then by exhaustively applying the
splitting rules, all such 4V and —A are eliminated. Since by applying the distribution
rules, the splitting rules and the monotone/antitone variable elimination rules do not
change the e-Sahlqvistness of a signed generation tree, in Preprocess(p < 1), each
signed generation tree +(; and —1); are e-Sahlqvist, and since they do not have 4V
and —A in the outer part in the e-critical branches, they are definite. ]

Definition 10 (Inner e-Sahlqvist signed generation tree). Given an order type &,
x € {—,+}, the signed generation tree *¢ of the term ¢(p1,...,p,) is inner e-
Sahlgvist if its outer part P» on an e-critical branch is always empty, i.e. its e-critical
branches have inner nodes only.

Lemma 11. Given inequalities ig <5 ; and 1p; <5 —ijobtained from Stage 1 where
+@; and —1; are definite c-Sahlqvist, by applying the rules in Substage 1 of Stage 2
exhaustively, the inequalities that we get are in one of the following forms:

1. pure inequalities which does not have occurrences of propositional variables;
2. inequalities of the form i Sg, o wWhere 4+« is inner e-Sahlqvist;
3. inequalities of the form gg/ —i where — 3 is inner e-Sahlqvist.

Proof. Indeed, the rules in the Substage 1 of Stage 2 deal with outer nodes in the
signed generation trees +¢; and —1); except +V,—A. For each rule, without loss of
generality assume we start with an inequality of the form i gg, «, then by applying
the rules in Substage 1 of Stage 2, the inequalities we get are either a pure inequality
without propositional variables, or an inequality where the left-hand side (resp. right-
hand side) is i (resp. —i), and the other side is a formula o/ which is a subformula of
o, such that o has one root connective less than «. Indeed, if o' is on the left-hand
side (resp. right-hand side) then —a/ () is definite e-Sahlqvist.

By applying the rules in the Substage 1 of Stage 2 exhaustively, we can eliminate
all the outer connectives in the critical branches, so for non-pure inequalities, they
become of form 2 or form 3. ]

Lemma 12. Assume we have an inequality i Sg, aorf §*§~, —i where +« and
—B are inner e-Sahlgvist, by applying the rules in Substage 2 of Stage 2, we have
(mega-)inequalities (k can be 0 where a mega-inequality becomes an inequality) of
the following form:
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1. Wing0Vimg1 (imgo <50 0Fimg1 =+ Vi, 0¥im, 1 (img0 <58 O%Fim,1 =
o Sg/ p)---), where e(p) = 1, « is pure and does not contain contextual
connectives L1, O, . ¢,

2. Vimg0¥imo1 (mgo <20 0%0ime1 =+« Vi, 0¥im, 1 (im0 <oF O, =
P Sg, B)--+), where e(p) = 0, B is pure and does not contain contextual
connectives U, O, . ¢,

3. Vimg0Yimo1 (ime0 <0 O%ime1 =+ Vi 0¥im, 1 (im0 <oF O, 1 =
o §§, v)---), where « is pure and does not contain contextual connectives
0,0, W, &, and 4+ is €%-uniform;

4. Vimg0¥img1 (imeo <o0 Oime1 =+ Vi 0¥im, 1 (im0 <oF O, =
v <%, B)--+), where 3 is pure and does not contain contextual connectives
0,0, &, and — is ea—uniform.

Proof. First of all, from the rules of the Substage 2 of Stage 2, it is easy to see that
from the given inequality, what we will obtain would be a set of mega-inequalities,
and by the second splitting rule those mega-inequalities are built up from inequal-
ities by Vivj(i Sg 0°j = Mega), so we will have mega-inequalities of the form
vimOOVimol(imOO Sgg <>Soim01 = - VlkaVlmkl(lka Sgl]z Oskimkl = Sgl
) - -+ ). Now it suffices to check the shape of 7y and §. (From now on we call §§, 0
the head of the mega-inequality.)

Notice that for each input inequality, it is of the form i §§, aorf §§, —i, where
4+« and —f are inner e-Sahlqvist. By applying the splitting rules and the residuation
rules in this substage, it is easy to see that the head of the (mega-)inequality will have
one side of the inequality pure and have no contextual connectives [1, ¢, l, ¢, and
the other side still inner e-Sahlqvist. By applying these rules exhaustively, one will
either have p as the non-pure side (with this p on a critical branch), or have an inner
e-Sahlqvist signed generation tree with no critical branch, i.e., e?-uniform. U

Lemma 13. Assume we have (mega-)inequalities of the form as described in Lemma
12. Then we can get inequalities of the following form:

1. a <G pwhere e(p) = 1, a is pure and do not contain contextual connectives
0,0, M. ¢,

2. p <5 a where e(p) = 0, a is pure and do not contain contextual connectives
L, 0., 4,

3. Vi Vi (T <€ ) where + is e2-uniform.

Proof. From the shape of the mega-inequalities, we can see that for all the mega-
inequalities we can apply the corresponding packing rules so that we can get the in-
equalities as described in the lemma. O
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Lemma 14. Assume we have inequalities of the form as described in Lemma 13,
the Ackermann lemmas are applicable and therefore all propositional variables can
be eliminated.

Proof. Immediate observation from the requirements of the Ackermann lemmas. [J

Proof of Theorem 12 Assume we have an e-Sahlqvist inequality ¢ < ¢ as input.
By Lemma 10, we get a set of definite e-Sahlqvist inequalities. Then by Lemma
11, we get inequalities as described in Lemma 11. By Lemma 12, we get the mega-
inequalities as described. Therefore by Lemma 13, we can apply the packing rules
to get inequalities and universally quantified inequalities as described in the lemma.
Finally by Lemma 14, the (universally quantified) inequalities are in the right shape to
apply the Ackermann rules, and thus we can eliminate all the propositional variables
and the algorithm succeeds on the input. (I

9 Discussions and Further Directions

Future interesting questions include the following:

» Extending the Sahlqvist sabotage formulas to inductive sabotage formulas as
well as to the language of sabotage modal logic with fixpoint operators;

* A Kracht-type theorem characterizing the first-order correspondents of Sahlqvist
sabotage formulas;

* A Goldblatt-Thomason-type theorem characterizing the sabotage modally de-
finable classes of Kripke frames;

» Extend results on sabotage modal logic to the class of relation changing modal

logics.([3])
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