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An Axiomatization of Range Voting
with Qualitative Judgement*

Wei Zhao

Abstract. Range voting requires voters to assign a valuation from [0, 1] for each alternative,
then picks the alternative who has obtained the highest average score to be the winner. In this
paper, we provide a semantical interpretation for range voting and define a new axiom NA
(neutralization of attitude) regarding the information of qualitative judgement. Then we give a
simple axiomatization of range voting. Moreover, two additional conditions are introduced to
recognize a legitimate winner after aggregation procedure.

1 Introduction

The study of voting systems, as an important part of social choice theory, for-
mulates how a group should choose the winner(s) from among several alternatives.
As the analysis in [20], a voting system should consist of two parts: a balloting pro-
cedure to state what information the voters are supposed to write on the ballots, and
an aggregation procedure to state how to aggregate the voted ballots into a collective
decision.

The most common voting system is plurality voting, where each voter can write
down his/her favorite option only and the alternative favored by most voters would
be the winner. When there are just two alternatives, plurality voting is equivalent to
the majority rule, which is finely justified by May’s theorem ([18]) and widely ac-
cepted for binary decisions in practice. However, for elections with more than two
alternatives, plurality voting suffers from the spoiler effect, which refers to an alter-
native who itself has no chance to win but could change the outcome by joining in the
election.! This highlights the fact that plurality voting has no information about the
voters’ preferences besides their favorite options.

The classical design of the balloting procedure is asking each voter to rank all
alternatives into a linear order. It provides more possibilities for the design of aggre-
gation procedure since more information has been collected. The systems built in this
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way, such as Condorcet method, Borda count, and instant-runoff voting are all called
rank-order systems. K.J. Arrow developed a method to study rank-order systems
within an axiomatic framework, and yet obtained a negative conclusion—Arrow’s
impossibility theorem. ([1]) In that pioneering work, he introduced three reasonable
axioms and proved that they are incompatible whenever there are more than two al-
ternatives. Basically, Arrow’s theorem tells us that no rank-order system is qualified
to be an ideal voting system.

Afterwards, scholars gradually turned attention to another kind of balloting pro-
cedure, which allows each voter to evaluate alternatives individually. The allowed
valuations are usually in the form of numbers and should be fixed beforehand. Mean-
while, the aggregation procedure is simply defined as an addition or averaging oper-
ation, which outputs a score for each alternative. We call systems of this kind scoring
rules. As a result, the central issue of scoring rules is about choosing an appropriate
set as the range of allowed valuations. Note that voters could select valuations from
the appointed set freely.? Then, they could express preferences with intensities when
that set is large enough, which should be an advantage over rank-order systems from
the informational perspective. Hence we prefer to choose an infinite set and there are
two common options: R or [0, 1].

The formal utilitarian voting has chosen R and interprets the valuations as utili-
ties or welfare of voters. Different axiomatic characterizations of it can be found in [9,
15, 22]. For the discussion of utilitarianism in economics, see [4, 7, 11, 10, 24, 25].
While some others proposed to normalize the utility into the set [0, 1] and obtained rel-
ative utilitarianism. ([5]) It presupposes that all the voters are strategic, so each voter’s
maximal and minimal valuations under formal utilitarianism are transformed to 1 and
0 respectively, and then the others into (0, 1) in proportion. By contrast, range voting,
another scoring rule that has chosen [0, 1] as the set of allowed valuations, does not
have any such presuppositions. Range voting is strongly advocated by W. D. Smith
([28, 29]), and has already had several axiomatic characterizations ([9, 16, 21, 22]).

This paper aims to justify range voting by replenishing an explicit semantical
interpretation, without which we have no reasonable grounds for performing the ag-
gregation procedure. Unlike relative utilitarianism, we regard one valuation as the
degree of voter’s satisfaction in the absolute sense. Moreover, we suggest collecting
another kind of information, the qualitative judgement, to know whether one voter
approves an alternative or not. This information is concerned by the approval voting
([3]) and D.S. Felsenthal divided it into three types: approval, disapproval and va-

For this reason, neither the point system in [27] nor the scoring function in [30] belongs to the
scoring rules we are talking about here. Instead, they are variations of Borda count and still belong to
rank-order systems.
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cancy ([6]). To highlight the differences from relative utilitarianism, we still choose
the set [0, 1] instead of [—1, 1] and let 0.5 indicate the vacancy of opinion. Therefore,
all the valuations higher than 0.5 mean approval and the others disapproval. In partic-
ular, 1 means an alternative is absolutely perfect for a voter and 0 means the opposite.
All of these statements should be acknowledged by voters.

Next in section 2, we construct a framework for formulating elections. Section 3
shows some commom axioms and clarifies two kinds of definitions. Also, by virtue
of the qualitative judgement, we introduce a new axiom called Neutralization of Atti-
tude. The main result of this paper, an axiomatization of range voting, is obtained in
section 4. Section 5 improves the system by introducing two conditions and section
6 comes to the conlusion part.

2 Preliminaries

There are five things we should make clear: voters, alternatives, the desired out-
come, balloting procedure and aggregation procedure. Usually, both the numbers of
voters and alternatives are fixed for formulating a voting system. However, consid-
ering that sometimes we need to aggregate the ballots separately and combine the
outcomes later, a voting system should be able to handle elections with variable num-
bers of voters and satisfy some kind of “consistency” with respect to the combination.
J. Smith introduced an axiom named separability in [27] to describe this property, and
as he emphasized in the title, his procedure works with “variable electorate”. Simi-
lar or equal axioms have been defined by others, e.g., elimination in [7], consistency
in [30] and reinforcement in [19].> Following this approach, we also define voting
systems for variable voters.

Let X denote the set of all alternatives and suppose card(X) > 3. The desired
outcome of an election includes how many winners there should be and whether the
order of winners matters. In this paper, we focus on the single-winner elections as
many others do since the procedures could be applied to plural-winner elections by
selecting alternatives one by one. Though others may insist that the combinations
of alternatives should be taken into consideration in plural-winner elections ([2]), we
can handle this issue by a modification on X. To be specific, if the order of winners
matters such as selecting two alternatives to be the president and the vice president,
the set for voters to estimate should be X’ = {(a,b) | a,b € X anda # b} C X x X,
where a and b denote those two positions respectively. Then, a plural-winner election
on X becomes a single-winner election on X'.

31t might be confusing that these axioms were not named in a unified way. For instance, the separa-
bility in [4, 24] are different with that in [27], but almost equal to the elimination in [7].



40 Studies in Logic, Vol. 14, No. 3 (2021)

The balloting procedure is that we proposed in the Section 1. Let vf € V be the
voter i’s valuation on alternative j, where V' = {v is a real number | 0 < v < 1}.
In particular, vi‘ = (vf = 1) indicates that j is the worst (best) alternative i could
imagine, and Ulj = 0.5 means that ¢ has little knowledge about j and he/she is neutral
for j to be the winner. Let P, = (vi tee ,vf’") € V™ be the voter i’s valuation on
X, then we can get a profile P™ = (P;,,---, P;,) € (V™)™ by collecting n voters’
valuations in order. Finally, we define the aggregation procedure as follows:

Definition 1 (Aggregation Procedure) An aggregation procedure F' is a group of
social scoring functions such that, for any number n, there exists a unique n-ary social
scoring function F" : (V™)™ — V'™ which takes any given profile P™ to F"(P™)
as the collective valuation F/(P™). 4

Let F™(P™)(j) or F(P™)(j) denote the collective valuation on alternative j.

3 Basic Axioms

Since F' is a scoring system, it provides a new way to define some axioms by
concerning the scores of alternatives rather than the order of them. However, these
two kinds of definitions have not been explicitly distinguished so far and many au-
thors still prefer to concern the ordering due to two main reasons: (1) Usually, the
order-concerned definitions state weaker requirements on F’ than the score-concerned
definitions do; (2) It is the order of alternatives instead of the scores of them that essen-
tially decides the winner. To clarify this distinction, we show both kinds of definitons
for some axioms and mark the score-concerned one with a star symbol *.

First, all of the voters should be treated equally, i.e., their names are insignificant
information for the election. This sort of equality can be defined as the axiom of
anonymity ([2, 30]):

Axiom 1 Anonymity (A). Forany profiles P = (P;,,--- ,P;,)and Q = (Q;y, - - -,
Qi, ), if there exists a permutation o of N = {1,2,--- ,n} such that P;, = @,
for all z € NV, then we have F(Q) = F(P).

The profile @ can be obtained from P via a permutation among voters’ valuations,
which regards P;, as the voter i, ;) ’s valuation. Axiom (A) states that the permutation
should not make any difference to the outcome.

Similarly, the equality among alternatives leads to an axiom called neutrality.> It

“The superscript n can be omitted when it is obvious or unimportant.

The combination of anonymity and neutrality is exactly the symmetry in [30].
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requires that any permutation among alternatives should cause the same permutation
of the outcome.

Axiom 2 Neutrality (N*). For any profile P = (P;,,-- -, P; ) and any permuation
7 of X, let 7(P) = (n(P,,),- - ,m(P;,)) where 7(P;) = (v “01),--- ,vTU™)) then
forall j € X, we have F(P)(w(j)) = F(n(P))(j).

The profile w(P) is obtained by regarding the valuations on 7(j) as valuations on
7 for all alternatives j. Axiom (N*) requires that the permutation of the outcome
preserves the scores of alternatives, while the classical order-concerned definiton of
neutrality makes a weaker requirement that only the ordering of alternatives needs
preserving.

F should be provided with the independence of irrelevant information, the two
kinds of definitions are as follows:

Axiom 3
* Unary Independence of Irrelevant Alternatives (UIIA*). For any profiles
P, P"andany j € X such that v{ = 5{ for all voters i, we have F'(P"™)(j) =
F(P™)(j).
. Binary Independence of Irrelevant Alternatives (BITA). For any profiles
P"™, P™and any j, k € X such that v} = vj vF = oF for all voters 7, we have
that F(P™)(j) < F(P")(k) <— F(P”)( ) < F(P”)(k)

The principle of axiom (UIIA¥) is that the voters’ valuations on others are irrelevant
information for deciding one alternative’s final score. It was named localization in
[15]. Axiom (BIIA) states that the order of any two alternatives should be completely
decided based on the valuations they have got. ([16]) It would be easy to check that
(BIIA) could be derived from (UIIA*).

When all the voters hold identical opinions on an issue, F' should keep this opin-
ion through the aggregation. This property is defined as the axiom of unanimity:

Axiom 4
* Unanimity (U*). For any profile P and any j € X, if vf =a € V forall
voters 4, then we have F'(P)(j) = a.

* Unanimity (U). For any profile P and any j, k € X, if vf < vf for all voters
i, then we have F'(P)(j) < F(P)(k).

Axiom (U) states that if all of the voters strictly prefer one alternative to another, so
should the collective decision. It was adopted in [1] and called weak Pareto principle
in [8, p. 20]. The strong Pareto principle (SP) has a weaker premise: If there exists
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a subgroup of voters who strictly prefer one alternative to another, so should the col-
lective decision as long as none of the others strictly prefers the latter alternative. ([4,
7, 16]) Others have different names for SP, such as: positivity in [14], individualism
in [13] and monotonicity in [9]. Axiom (U*) states a unanimity with respect to one
alternative’s score. When all the voters give the same valuations on an alternative, F'
has no reason to assign another value to that alternative, especially considering that
each value has a semantical interpretation in our system. Notice that neither of axiom
(U) and (U*) could imply the other one.

Also, there are different invariance axioms about transformations of profiles,
which depend on the stance to be taken towards interpersonal comparability. The
distinction of different approaches for interpersonal comparisons was first introduced
by A. K. Sen in [26, Ch. 7], and it was adopted by others later. Among all these invari-
ance axioms, full comparability (FC) is the weakest one ([24, 17]), and it was named
co-cardinal (CC) in [12, 4, 10]. In this paper, we take the view that the valuations of
different voters are fully comparable and introduce an axiom even weaker than FC:

Axiom 5 Ordinal Invariance under Isometry (OII). For any profiles P, 13", if
there exists a real number a such that for all ¢ and j, ’171]» = vf +a,thenforall j, k € X,
we have F'(P™)(j) < F(P™)(k) < F(P"™)(j) < F(P™)(k).

Note that P™, P are proper profiles and the value of number a is fixed accordingly.
The intuition of axiom (OII) is: when a profile can be obtained from another one af-
ter increasing/decreasing all the valuations by the same number, F' should keep the
ordering of alternatives unchanged since no alternative has gained advantage over
others in the process. This axiom can be regarded as a simplified version of the ax-
iom translation-invariance (TI) in [15], which allows more complex translations and
equipped with (BIIA) inherently. We have a direct corollary of (OII):

Corollary 1 For any profiles P", P, if there exists a real number a such that for
alliand j,v] = v] +a, thenforall j, k € X, wehave F(P")(j) = F(P")(k) —
F(P™)(j) = F(P")(k).

To make sure that F' is internally a coherent procedure, there are axioms that
describe the relations among the functions in F'. Usually, these axioms are formu-
lated as how F' should combine the decisions of two seperate groups into a final
decision, as mentioned in Section 2. For simplicity, from now on we assmue that
F satisfies axiom (A), then we can arrange a profile in any way as needed. Let
PuUQ = (P, - ,P,, Qi , Qi) denote the profile combined from profiles
P and Q, where P € (V™)"and Q € (V™).
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When a subgroup of voters varies their collective valuation, F' should be sensi-
tive to the variation and always give positive response in the outcome. This property
is defined as the axiom of monotonicity®:

Axiom 6 Monotonicity (Mon). For any profiles P, Q", é" and any j € X, we
have

F(Q")(j) < F(Q")(j) < F(PUQ™)(j) < F(PUQ™)(j).

Note that axiom (Mon) has no requirement about how the individuals in that subgroup
changed their opinions. With the help of axiom (A), we have a corollary of (Mon)
immediately:

Corollary 2  For any profiles P, 151, Q" Q” and any j € X, we have
F(P')(j) = F(P")(j)
F(Q")(j) = F(Q™)())

Moreover, if F satisfies both axiom (A) and (U*), we have another corollary of (Mon):

} — F(P'UQ™)(j) = F(P'UQ™)()).

Corollary 3 For any profiles P!, Q™ and any j € X, if F(P")(j) < F(Q™)(5),
then we have F(PY)(j) < F(P'UQ™)(j) < F(Q™)(j).

Coro.3 says that one alternative’s final score after a combination of two profiles should
remain between its two scores before. It can be interpreted as a two-way monotonic
property and fits well with our intuition.

Notice that each voter can be regarded as a group with only one member, by
axiom (U*) we have F'(P;) = P; for any voter i. Then it would be easy to check that
the (UIIA*) is included in Coro.2. We conclude these into a lemma:

Lemmal (A)+ (U*)+ (Mon) = (UILIA*).

When there are two groups of voters of equal number that hold opposite opinions
on an alternative with equal intensity, F' should not take any side of them, i.e., the
collective valuation of all these voters on that alternative should be neutral. Borrowing
the idea of neutralization reaction in chemistry, we call this property neutralization of
attitude.

Axiom 7 Neutralization of Attitude (NA). For any profiles P™, Q™ and any j €
X,wehave F(P™)(j) + F(Q™)(j) =1 = F(P"uUuQ")(j) =0.5.

®Though monotonicity is a typical score-concerned definition, there is an axiom named (EIG) which
can be regarded as the order-concerned version of monotonicity, see explanation in the appendix part.
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Axiom 8 Reverse Neutralization of Attitude (RNA). For any profiles P", Q™
and any j € X, we have F(P"UQ"™)(j) =05 = F(P™((j)+F(Q")(j) = 1.

By virtue of axiom (A), the axiom (RNA) states that if a group of voters has a neutral
valuation on an alternative, any fifty-fifty division of this group, if possible, would
result in two subgroups which hold opposite opinions on that alternative with equal
intensity. The following theorem gives the connection between (NA) and (RNA):

Theorem 1. Given axioms (U*) and (Mon), we have (NA) —> (RNA).

4 Axiomatic Characterization of Range Voting

Definition 2 (Range Voting) Range voting is an aggregation procedure A such that
for any profile P™ and any j € X,

vl 4] :
AP")(j)=—+——" =7/ (1<s<n)

Theorem 2. The range voting A is the unique aggregation procedure F which sat-
isfies axioms (A), (U*), (OII), (Mon), and (NA).

Proof It is obvious that A satisfies all these axioms, we prove the other direction
only. Suppose F' is an aggregation procedure which satisfies all five axioms above,
then F' also satisfies Coro.1,2 and (UIIA*) (by Lem.1).

We inductively prove that for all n, F'(P™)(j) = T)gs (1 < s <n),where P", j
are arbitrary.

* Base step:

1) n =L Since there is only one voter, by (U*) we have F'(P;,)(j) = v], =
17?8(3 =1).
(2) n=2 Letv] =aandv) =b,
(2.1) a+b=1,by (1) we have F(P;,) + F(P;,) = a+ b = 1, then by
(NA) we have

F(P;,,P,)(j) =05 = @fs(l <s<2).

22) a+b<llete=" <c05andd=05—c
Let k be another alternative and Q, é € P? be two profiels such
that é is obtained by an enhancement from @ in the distance of d.
In particular, the valuations on j, k are as follows:
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L =a, ufl =c é @h : Ngl =a+d, 652:0.5

c @iQ:ﬂz2—b—|—d ﬂf2:0.5
Since (a +d) + (b+d) = 1, by (2.1) and (U*) we have F(Q)(j) =
0.5 = F(Q)(k). Then by Coro.l and (U*) we have F(Q)(j) =
F(Q)(k) = c. Finally, by (UIIA*) we have that

F(PBiy, P,)(j) = F(Q)(j) = ¢ = = (1<s<2)

(2.3) a+b>1,similar to (2.2).
Induction step:
(3) Suppose the proposition holds for all n < 2z, then

(3.1) n =2z+ 2. By (A) we have that
F(Py, - 7Pi2z+2)(j) =F((Py, Pig, 7Pi2z+1)
U (Pizv Py, 7Pi2z+2))(j)-

By the inductive hypothesis, we have that

F(Py, Py, Py, )(j) = 0.(1 < s < 2242 sisodd),
denoted by v,;

F(Py, Py, Piyyn)(j) = 0L(1 < s < 22+ 2, siseven),
denoted by ve.
Let v, = Y£% and choose P, P;,, P;, such that vjo = 1, v{e = v,
and v{t = vy, then by (2) we have F2(P;,, P;,)(j) = v;. Moreover,

by (U*) we have
(PZwP )( )_ Vg
and
FZ—H(P%’”' 7]320)(]) = Yo, FZ+1(Piev"' 7P2e)(]) = Ve.
Then we have that

F((PZuPls»"' 7Pi2z+1) <P12>PZ47 o >Pi2z+2))(j)

= F¥2((P,,-+ P U (P, Pi)(j) by Coro.2
:FQZ”((P%J%@) U---U(Py, P.)) () by (A)
= F>T2(P,,P,)U---U (P, P,))(j) by Coro.2
= vt by (U*)

=0/ (1<s<22+2).
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(32) n=2z+1
< R
Letv, = o (1 <5 < 22+ 1), then v, = 21

’ 2z+2
Choose P;, such that Uz]'w = vy. Then by (U*) we have
F22+1(Bw’ U ’PZ’LU)(])
= Uw = F22+2(<Piw’ e 7Piw) U (Plul))(-])
By (3.1) we have that
F2Z+2((Pi1> T 7Pi2z+1) U (Pl ))(]) = Uy.
Then by (Mon) it must be the case that
F(-Piu e 7-Pizz+1)(j) = F2Z+1('I)iwv o an)(.])
:“w:?_’i(l <s<2z+41).

Then the proposition holds for all n < (2z + 2).

Now we have proved that F'(P™)(j) = T)st (1 < s < n) for all n, which means
F is exactly the range voting A. (Il

5 Improvement

5.1 Collective veto

Compared with rank-order systems, scoring rules not only distinguish alterna-
tives from good to bad but also have separate valuations for each of them. In range
voting, one alternative’s final score indicates how satisfied the whole group of voters
would be if it wins the election. Then the ties among several alternatives could be
broken randomly since voters are indifferent to them. Moreover, the information of
qualitative judgement puts forward a requirement for the winner:

Condition 1 If j is the winner of an election, then F'(P)(j) > 0.5.

This condition states that the winner should be approved by the group of voters.
Note that the threshold value must also be 0.5. Otherwise, by axiom (U*), there would
be an alternative who is approved by each voter but disapproved by the whole group
or vice versa.

When no alternatives could satisfy the Condition 1, voters have rights to reject
all of them and reorganize an election by nominating new alternatives if possible. So
our system can prevent the situations where voters have to choose the best one from
incompetent alternatives, or in other words, choose the lesser of several evils. This
kind of collective veto is a merit that no other systems have. Also, it should not be
regarded as a violation of the default axiom of universal domain ([8]) since the rights
of veto did not damage the system’s capability of selecting the best one, regardless
whether or not it is approved by the group.
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5.2 Limit on the violation of majority

One forceful attack on scoring rules is that they could cause a result against the
will of the majority. It is conceivable that one alternative preferred to another one by
most voters could have lower final score than that one in range voting. Would that be
acceptable?

First, we have a discussion about Condorcet method, which is a productive at-
tempt of applying majority rule to the elections of multiple alternatives. It checks
out the voters’ preferences between each pair of alternatives with the majority rule,
and select the one who has an advantage over each others as the Condorcet winner.
Though Condorcet method is reasonable enough, the only defect is that it violates
the axiom of universal domain because the Condorcet winner does not always exist.
Sometimes, there might be a cyclic structure formed by three or more alternatives,
within which each alternative is dominated by another one, in which case selecting
a winner from them would unavoidably violate the majority rule. So, the majority
rule itself is not a consistent principle for elections of multiple alternatives and the
violation of it seems not to be an effective charge.

The problem truly bothers here is that a Condorcet winner, though regarded as a
perfect candidate in general view, could still be defeated in scoring rules. However, as
we emphasized in Section 1, the information scoring rules have taken into considera-
tion are not just about preference but also the intensity of preference. In range voting,
an alternative can defeat a Condorcet winner only if its supporters in the minority sup-
port it with much more intensities. So, roughly speaking, range voting could avoid
delighting most voters by tremendously sacrificing the happiness of the others, while
majority rule lacks this very kind of protection for the minority. On the other hand,
range voting also has a tendency to slightly sacrifice most voters for great improv-
ments of a few others. The following condition set a limit for this tendency so that
the majority would not be disappointed too much:

Condition 2 If j is the winner of an election, then

card({vg | Uf > 0.5}) > card({vf | Uf < 0.5}).

This condition could make sure that the winner is at least an acceptable option for
most voters. Then we can accept the violation of majority as a necessary compromise
for employing scoring rules.

In summary, condition 1 and 2 provide criteria for voters to review the alterna-
tives after aggregation procedure. A legitimate winner is the alternative who has
highest final score and satisfy both conditions above. An election without such legit-
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imate winner should be marked with “unsuccessful” and the alternative with highest
final score could be a temporary winner. The voters have rights to reorganize a new
election whenever possible. In this sense, we say that the system of range voting is
improved by condition 1 and 2.

6 Conclusion

One novelty of this paper is provding an explicit semantical interpretation for
range voting, which includes the information of qualitative judgement and regards the
valuation as the degree of voters’ satisfaction in the absolute sense. By virtue of this
interpretation, we defined a new axiom named NA to handle valuations of opposite
judgements and an interesing corollary of it named RNA. Also, the interpretation
enabled us to define two conditions to be applied after aggregation. The alternative
who has highest score among those who satisfiy both conditions would be a legitimate
winner in our system. This additional procedure to review the alternatives could give
voters a better estimation of the ongoing election, which is an advantage over other
systems without qualitative judgement.

Another effort is clarifying two kinds of definitions of axioms in this literature.
In accordance with the distinction between rank-order systems and scoring rules, the
common axioms were classified into order-concerned and score-concerned defini-
tions in section 3. Then we got to survey these axioms from an overall perspective
and rename some axioms to unveil the relations among them.

The main result of this paper is an axiomatic characterization of range voting
which includes five axioms: (A), (U*), (OII), (Mon), and (NA). That constitutes a
mathematical justification for our system, while the conditions 1 and 2 in section 5
improve the system from procedural perspective.

Appendix

Proof of Corollary 3 Suppose F(PY)(j) = a < b = F(Q™)(j), let P'. Q"
be two profiles such that all voters valuation on j are a. Then by (U*) we have
F(PY(j) = F(Q™)(j) = a = F(P'UQ")(j). Then by Coro.2 and (Mon) we
have F(P'uQ™)(j) = F(P'uQ™)(j) < F(P'UQ™)(j). So we get F(P')(j) <
F(P'UQm)(5). Similarly, we can prove that F(P' U Q™)(j) < F(Q™)(j). O

Proof of Theorem 1 Suppose not, then there are profiles P™, Q" such that F'( P"™U
Q")(j) = 0.5and F(P™)()+F(Q")(j) # 1. Assume F(P™)(j) = a, F(Q")(j)
=band a+b < 1. Let Q™ be a profile such that &) = 1 — a for all voters 7, then by
(U*) we have F/(Q™)(j) = 1 — a. Then by (NA) we have F(P™ U Q™) = 0.5 since
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F(P")(]H—F(é")(]) = 1. Butby (Mon) we have F(P"UQ") > F(P™"UQ"™) =
0.5 since 1 — a > b. Contradiction! Similarly, it can not be the case thata + b > 1.
Then we are done. U

Axiom 9 Elimination of Indifferent Group (EIG). For any profiles P, @ and any
Jj,k € X suchthat F(P)(j) = F(P)(k), we have
F(Q)(j) < F(Q)(k) < F(PUQ)(j) < F(PUQ)(k).

The original idea of axiom (EIG) is: when a subgroup of voters are indifferent
to two alternatives, this subgroup could be eliminated without changing the order of
those two alternatives. ([7]) The separability in [4, 24] can be regarded as elimination
of indifferent individuals instead of subgroup.

However, we can give another explanation for (EIG). Instead of considering the
effect P have on @, we can see that F' give positive response on the issue of j versus
k when an indifferent profile P was combined with another profile Q). In this sense,
(EIG) is monotonic with respect to ordering and can be regared as the order-concerned
version of (Mon). We prove a theorem to demonstrate this relation:

Theorem 3. Given axiom (N*) and (A), we have (Mon) — (EIG).

Proof Given two profiles P, Q and two alternatives j, k € X suchthat F(P)(j) =
F(P)(k)and F(Q)(j) < F(Q)(k). Let w be a permutation on X such that 7(j) =
k,m(k) = jand m(s) = s forall s € X /{7, k}, then by (N*) we have

F(r(P))(j) = F(P)(k) = F(P)(j) and F(7(Q))(j) = F(Q)(k) > F(Q)())
By (Mon) and (A) we have
F(PUQ)(j) < F(PUT(Q))(j) = F(n(P)Un(Q))(j)
And by (N*) we have
F(n(P)un(Q))(j) = F(r(PUQ))(j) = F(PUQ)(k)

Then we come to the conclusion that F(P U Q)(j) < F(P UQ)(k). O
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